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1. Introduction. Phosphorus is commonly a limiting nutrient for plant growth
in many soils around the world (McDowell & Stewart, 2006). Plants take up phos-
phorus in the form of phosphate from the soil solution and its availability to the roots
is hence determined from the solubility of phosphate in the soil. Furthermore, there
is a feedback between phosphate availability and root system architecture. In most
soils, phosphate is strongly sorbed to the soil solid phase. Plant release of organic
acid anions such as citrate that compete for the same sorption sites with phosphate
can increase phosphate availability to plants.

Fig. 1.1. Experimental setup

In this work, we present a mathematical model of phosphate and citrate competi-
tion in soil and its effect on plant phosphate uptake. The model considers two spatial
scales: the scale of an individual root and the scale of the whole root system. The
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mathematical model is described in Schnepf et al. (2012). Aim of this study was to
provide a modelling tool to help interpret experimental results. We set up the three
dimensional model domain for a specific experiment where three plants are grown in
a column that is filled with soil and where the influence of plant root system on water
and nutrient dynamics can be measured (see Fig. 1.1) (Scholl et al., 2011).

Parameterisation of this specific experiment is ongoing. Here, we present a the-
oretical case study on this geometry that is parameterised with literature data for
oilseed rape plants grown in a soil with low phosphate concentrations (Schnepf et al.,
2012). With this modelling work we hope to enhance the general understanding of root
growth dynamics and its effect on plant mineral nutrition. The research question of
this study is to quantify the effect of different exudation patterns on phosphate uptake
from the soil column by the root systems of three oilseed rape plants. Root exudation
of individual roots is difficult to measure. Most available data report exudation rates
for whole plants grown in nutrient solution and in most models, constant exudation
rates are used (Kirk, 1999). However, Hoffland et al. (1989) showed that organic
anion efflux in phosphate-stressed oilseed rape is largely restricted to the root apices.
In this study, we investigate the effects of these two different exudation patterns on
root phosphate uptake. In the first scenario we assume that roots exude constantly
along the whole root axis during the whole simulation time, in the second scenario
we assume that roots only exude for one day, i.e. at the root tip. We assume that the
overall amount of citrate exuded per unit root length is the same in both cases during
the simulation time. Additionally, results are compared to a non-exudation scenario.
The three cases are depicted in Fig. 1.2 and explained further in section 2.2.

Fig. 1.2. The three exudation scenarios

2. Model description.

2.1. Competitive Langmuir isotherms. Phosphate and citrate are anions
that compete for the same sorption sites in soil. Using the competitive Langmuir
isotherm (Van De Weerd et al., 1999), we describes a situation where the soil has a
finite amount of sorption sites that can be occupied by both citrate and phosphate
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(see equations 2.1-2.2).

sp =
kL,psmax,pcp

1 + kL,excex + kL,pcp
(2.1)

sex =
kL,exsmax,excex

1 + kL,excex + kL,pcp
, (2.2)

where cp and cex are the solution concentrations of phosphate and citrate, sp and
sex are the adsorbed concentrations of phosphate and citrate, kL,p and kL,ex are the
affinity constants of phosphate and citrate, smax,p and smax,ex are the maximum
sorption capacities for phosphate and citrate.

Fig. 2.1(a) shows that when the solution concentration is very large, the adsorbed
concentration reaches the maximal sorption capacity for phosphate. However, at
realistic solution concentrations of phosphate in low P soils (0.1 - 10 µmol L−1)
sorbed concentration is far away from the sorption maximum. Fig. 2.1(b) shows
the competitive effect of different citrate concentrations in soil solution. The more
citrate there is in solution, the lower is the concentration of phosphate in the adsorbed
phase. Thus, at the same total (dissolved plus adsorbed) phosphate concentration,
more phosphate becomes available in the soil solution when citrate is added to the
soil.

(a) Maximal sorption capacity (b) Low P soil solution range

Fig. 2.1. Competitive Langmuir isotherms

2.2. Solute movement in the soil near one individual root. We describe
solute movement near one individual root in 1-dimensional axisymmetric geometry.
We assume that each individual root grows into a soil with initially homogeneous
phosphate concentration. The root takes up phosphate and excretes citrate, and
both solutes move in the soil solution by diffusion. Conservation of mass leads to the
system of coupled partial differential equations given by equations (2.3)-(2.9). We
solved this model with Comsol Multiphysics 42a. For more efficient handling and
coupling with the root growth model, the Comsol model was converted into a Matlab
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function so that all simulations are performed within Matlab.[
θ + ρ

kL,pkL,exsmax,pcex+kL,psmax,p

(1+kL,pcp+kL,excex)
2

]
∂cp
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∂cex
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(2.4)

Dlpθf
∂cp
∂r =

Fmcp
Km+cp

+ acp at r = a0, (2.5)

Dlexθf
∂cex
∂r = −Fex(t) at r = a0, (2.6)

Dlpθf
∂cp
∂r = 0 at r = L, (2.7)

Dlexθf
∂cex
∂r = 0 at r = L, (2.8)

cp = cp,0, cex = 0 at t = 0, (2.9)

where t is the time, r is the radial distance from the root axis, a0 is the root radius, L
is the mean half distance between neighbouring roots, Dlp and Dlex are the diffusion
coefficients of phosphate and citrate in water, θ is the volumetric water content, ρ is
the soil bulk density, f is the impedance factor, kdec is the decomposition rate constant
of citrate, Fm and Km are the Michaelis Menten parameters, a is the coefficient of the
linear uptake term, cp,0 is the initial phosphate concentration in soil solution, Fex(t)
is the exudation rate of citrate.

We investigate the impact on phosphate availability and uptake when citrate is
continually exuded at a constant rate and when all the citrate is exuded initially
within one day. In the first case,

Fex = Fex,c,

where Fex,c is a constant exudation rate. In the second case,

Fex(t) =

{
TFex,c when t ≤ 1,
0 when t > 1

}
,

where T is the simulation time. Thus, in both cases, each root exudes the same
amount during the simulation time, but the dynamics of exudation are different (see
Fig. 1.2).

2.3. Phosphate uptake and citrate exudation by the whole root system.

2.3.1. Root system growth model. We aim to simulate the growth of the root
systems of three initial seeds of oilseed rape plants in the confined geometry of the soil
column. The model is based on L-Systems and it is described in Leitner et al. (2010).
Briefly, the algorithm computes elongation and branching of the roots according to the
initial growth speed, lengths of apical and basal zones as well as internodal distances,
the maximal number of branches and the branching angles. Growth direction can
follow user defined tropisms. In this study, roots follow gravitropism, i.e. the tendency
to grow vertically downwards, as well as thigmotropism, the tendency to grow along
a barrier. The latter is necessary for root system growth in a confined geometry. The
model has a stochastic component in that all parameters can be given with mean and
standard deviation. The algorithm is written in Matlab R2010a and provided online
at www.boku.ac.at/marhizo.
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2.3.2. Overall P uptake and exudation by the root system. Overall P
uptake and exudation by the root system is calculated by summing the uptake over
all root segments, i.e.

Fp,root system(t) =

s=N(t)∑
s=1

2a0πls
Fmcp(t− tb)|r=a0

Km + cp(t− tb)|r=a0

+ acp(t− tb)|r=a0
, (2.10)

Fex,root system(t) =

s=N(t)∑
s=1

2a0πlsFex(t− tb), (2.11)

where N(t) is the number of root segments at time t, tb is the birth time of the root
segment and ls is the length of the root segment. Thus, phosphate uptake and citrate
exudation by the root system are dependent on the age of each root segment, the
radius and length of each root segment as well as the mean half distance between
neighbouring roots. The solution concentration at the root surface at time t − tb is
computed with the model given by equations (2.3)-(2.9). Thereby, we account for
the dynamic development of the phosphate and citrate concentration profiles around
each root segment.

In order to calculate P and C concentration in the whole soil domain, we use the
same model as given by equations (2.3)-(2.9) on a 3-dimensional domain with no-flux
boundary conditions and include volumetric sink and source terms for root phos-
phate uptake and citrate exudation in predefined representative elementary volumes
(FP,REV , Fex,REV ).

3. Results and Discussion.

3.1. Single root scale. Figs. 3.1(a)-3.1(b) show the concentrations profiles of
phosphate and citrate after 16 days with respect to distance from the root axis. When
there is no exudation, there is a depletion zone of phosphate near the root surface due
to concentration dependent uptake. When the root exudes along the whole root axis
for 16 days, there is a peak of phosphate near the root surface that coincides with the
region of increased citrate concentration. Thus, citrate did mobilise phosphate and
increase solution concentration by up to a factor of three. When the roots exude only
for one day (but with exudation rate 16 times larger), citrate diffuses further away
from the root surface, inducing an accordant peak of phosphate in this region. The
initially larger exudation rate in the 1 day scenario causes a small advantage in P
uptake during the first five days. After that, cumulative phosphate uptake is largest
in the case where root exudes constantly along the whole root axis for 16 days (Fig.
3.2).

3.2. Root system scale. Fig. 3.3 shows total (dissolved plus adsorbed) phos-
phate concentrations in a vertical slice through the soil column. The slice only cuts
through one of the three root systems where we can see concentration changes in
the soil. 3-dimensional root systems are added to the plot for comparison with the
phosphate concentrations. In this front view, on root system is hidden behind one
of the other root systems. Depletion zones stay close to the roots in all cases. As
expected, depletion is larger in the two exudation scenarios. Fig. 3.4 shows that total
citrate concentrations in the soil are different for the two exudation scenarios. In the
case when roots exudate only for one day, citrate concentration is largest near the
root tips of the root system.
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(a) Phosphate (b) Citrate

Fig. 3.1. Concentration in soil solution around a single root

Fig. 3.2. P influx into a single root in the three exudation scenarios

As expected, cumulative phosphate uptake is larger when the roots exudate citrate
due to mobilisation of additional phosphate from the solid phase. The overall amount
exuded by the root system is dependent on the age distribution of the root segments.
A root system commonly exists mainly of young parts. In this simulation, more than
half of all the root length is younger than six days. Therefore, the overall exudation
of the whole root system is much larger when the roots exude everything at the
beginning of their life time (Fig. 3.5(b)). However, for the plant and soil parameters
used in this study, the additional mobilisation due to the higher citrate concentrations
near the tips do not result in more P uptake (Fig. 3.5(a)) at the root system scale.
Thus, the carbon costs per mol of additional phosphate taken up are much larger in
the case where roots exude for one day only but with a larger exudation rate.

4. Conclusions and Outlook. Together with the paper of Schnepf et al. (2012)
we are the first to show the root age dependency of citrate exudation on the root
system scale and its effect on root phosphate uptake. Schnepf et al. (2012) simulated
phosphate uptake by oilseed rape from a rhizotron, but in this case the exudation
rate was always the same, no matter whether the roots exuded at the tips only or
along the whole root axis. In that case, the amount of citrate exuded by the whole
root system is of course less when roots exude only for one day. However, they also
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(a) Roots exude all along the
root

(b) Roots exude only at the tip (c) No exudation

Fig. 3.3. Overall phosphate concentration in the column after 16 days.

(a) Roots exude all along the
root

(b) Roots exude only at the tip

Fig. 3.4. Overall citrate concentration in the column after 16 days.

showed that overall phosphate uptake by the root system is largely dependent on the
early dynamics of the single root model because the root system mainly consists of
young roots.

Work on parameterisation and validation of this model is ongoing in close cooper-
ation with experimentalists. Furthermore, we aim to advance the formulation of the
sink and source terms in the 3-dimensional model such that the average macroscopic
concentration fields feed back into the single root scale model.

With our mathematical modelling studies we hope to help interpret experimental
results as we can adapt the geometry to any required shape of rhizotron, pot or
column. Results are relevant for finding root traits that enhance plant phosphate
efficiency. They will be beneficial for plant nutrition management as well as breeding
programs. In particular, they will encourages the use of root architecture traits in
future crop improvement efforts.
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(a) Phosphate uptake (b) Citrate exudation

Fig. 3.5. Whole root system dynamics
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