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ANISOTROPIC MESH ADAPTATION FOR TRANSONIC AND
SUPERSONIC FLOW SIMULATION*

VIT DOLEJSI AND JIRI FELCMANT

Abstract. We present an efficient tool for the numerical simulation of high speed flows in two
and threedimensional domains. The space discretization is carried out with the finite volume method
on unstructured triangular and tetrahedral meshes. In order to achieve sufficiently accurate capturing
of shock waves, we have applied the anisotropic mesh adaptation technique which seems to be very
suitable for problems with complicated geometries. The anisotropic mesh adaptation is a universal
adaptive method which can be used without any modification for the numerical solution of arbitrary
boundary value problem. Numerical examples of supersonic and transonic flows are presented.
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1. Introduction. The investigation and numerical simulation of high speed
flows play an important role in the computational fluid dynamics. The motion of
compressible liquid is described by conservation laws, namely the conservation of
mass, momentum and energy. Neglecting viscous terms, which are small in compar-
ison with convective ones for transonic or supersonic flows, we obtain the hyperbolic
system of the Fuler equations.

Our goal is to develop a sufficiently accurate and robust method for the numerical
solution of the Euler equations. It is a known fact that the solution of hyperbolic
equations may be discontinuous even for smooth initial data. The discontinuities of
the solution represent physical phenomena which are called the shock waves. The
accurate capturing of shock waves requires the application of an adaptive method in
order to avoid enormous requirements for the memory and CPU-time.

In this paper we combine the finite volume method, which is sufficiently robust for
subsonic, transonic and supersonic flow regimes, with the anisotropic mesh adaptation
technique, which is very efficient for problems with complicated geometries. The
context of the paper is the following. We present the system of the Euler equations
in Section 2 and their discretization by the finite volume method in Section 3. The
basic ideas of the anisotropic mesh adaptation method and its application for the
computational fluid dynamics is given in Section 4. In the last section we present two
examples of inviscid flow simulation in two and three dimensional geometries.

2. Governing equations. The system of the Euler equations describing the
motion of an inviscid compressible fluid in a bounded domain @ C R¢ d=2,3and
time interval (0,7") can be written in the form

ow < Of,(w) . _
(2.1) o +y =0 i Q% (0,7),
s=1
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where

w = (pa pUL; - .-, PUA, e)Ta w = w(w,t), T < Q7 te (07T)7
fs(w) = (pUSv PUsV1 =+ 551p7 <oy PUsVG + 5Sdp7 (6 +p) US)Tv § = 17 crey d

In order to close the system we add the state equation for perfect gas

(2:2) p=(v—1)(e—plvf*/2).
We use the standard notation: ¢ — time, © = (z1,...,24) — Cartesian coordinates, p
— density, p — pressure, e — total energy, v = (v1,...,vq) — velocity, d;; — Kronecker

delta, v > 1 — the Poisson adiabatic constant.
The system (2.1) — (2.2) is equipped with the initial condition

(2.3) w(z,0) = w’(x) VxeQ,
where w? is a given function, and a set of boundary conditions. For their description

see, e. g., [8], [12].

3. Discretization. Let the domain {2 be approximated by a polygonal domain
Q. We construct a triangulation (for d = 2) or tetrahedrization (for d = 3) 7 of Qp,
with the usual properties (in the sense of the finite element method) which defines a
finite volume partition 75, = {T;};cs of the closure 0, into a finite number of closed
volumes (triangles or tetrahedra) T3; J is a suitable index set. The boundary 9T; can
be expressed in the form 0T; = Ujes(i) I';j, where I';; is either the common boundary
of T; and Tj or I';; C 90y, We set |T;| = d-dimensional Lebesgue measure of T, n;; =
unit outer normal to 9T; on I';;, d(T';;) = (d — 1)-dimensional Lebesgue measure of
Ti;, S(i) is a suitable index set. The time discretization of (2.1) is carried out with
the use of a partition 0 =ty < t; < ta < ... of the time interval [0, T]. We set 7, =
ti+1 — ti. We use a cell centered finite volume method (see [8]), with constant values
wf representing the volume average of the vector of conserved quantities w(-, t) on T;
at time t;. Integrating (2.1) over the set T; X (tg, tx+1) and using the Green theorem
we obtain the following explicit scheme:
(3.1) w?"'l :wf— |;€| Z H(wf,wf,nij)d(l"ij), ied, k=0,1,....

"l jes)

The term H (w?, w?, n;;) is the so-called numerical flux which approximates the flux
ijl nsfs(w) on Ty; in the direction n;; = (n1,...,nq). The values w¥ and w?
are the values of the function w(-,tx) approximated from the volumes 7; and T} on
the face I';;, respectively. We evaluate the numerical flux in (3.1) by the the Osher—
Solomon scheme [14] and/or the exact solver for the Euler equations [16]. For more
detail see [9], [11].

4. Anisotropic mesh adaptation. In this section we present a brief description
of the anisotropic mesh adaptation method for d—dimensional (d = 2,3) problems.
This approach is based on the control of the interpolation error of the solution of
the considered problem and therefore it can be used without any modification for
the numerical solution of wide range problems of physics and engineering described
by partial differential equations. As the mesh adaptation criterion is independent on
the form of the governing equations (2.1), we have to choose only a significant scalar
quantity which is characteristic for a considered problem.



80 V. DOLEJSI, J. FELCMAN

In this paper, we have chosen the density as the significant quantity. For viscous
flow problem (see [7]), it is better to chose the Mach number. In the case of heat
conduction problem (see [2]), we used a temperature. The complete description of
two and three dimensional version can be found in [6] and [10], respectively. Similar
adaptive strategies can be found in [1], [3], [13], [15], [17] and in the references therein.

4.1. Necessary condition. Let u be the significant scalar flow quantity in
which we measure the discretization error. For a given t; € [0,T], u* means the
function € Q — u*(x) = u(zx, tx). The function u* is supposed to be an element of
the space of trial functions U which has to be specified. Let us consider the space of
piecewise linear discontinuous functions

(4.1) Un = {un € L'(W);un|, € P(T)VT € Tp },

where P;(T) denotes the space of all linear polynomials on 7. Let uf € Uy, be the
approximation of u* computed by a numerical method. To measure how close the
approximate solution uy, is to the exact solution u we define the discretization error
as

(4.2) en = |lu—unllx,

where ||+ || x is a suitable norm such that the expression ||v|| x has a sense Vv € UUU},.
The ultimate goal of a numerical method is to compute the approximate solution
satisfying

(4.3) ep <w

where w is is a prescribed tolerance.

In what follows we present the necessary condition for the relation (4.3) and show
how its satisfaction can be used for the construction of adaptive meshes. Let ITj:
U — Uy, be an operator such that

(4.4) lw—pw|x = min ||lw—w|x VYweU.
wp €UR

It is evident that
(4.5) [lu — pul|x < ep.

This is the crucial point of the proposed adaptation strategy: Any numerical method
computes the approximate solution up with the discretization error which is bounded
from below by ||u — Hpu||x. Then the necessary condition to fulfill (4.3) is

(4.6) lu — Mpul|x < w.

In order to give the numerical method the chance to satisfy (4.3), the mesh on which
(4.6) holds is needed. It is evident that the magnitude of |ju—II,ul| x strongly depends
on the choice of 7 and it is completely independent of the numerical solution uy, itself.
We will modify the given mesh 7}, in order to satisfy the necessary condition (or its
modification). Moreover we require that #7}, is as small as possible (in order to save
the memory and CPU-time), where #7}, denotes the number of elements of 7},.
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4.2. Interpolation operator. We have introduced the operator II; in (4.4)
but the construction of IT,u, which depends on the choice of the norm | - ||x, is
difficult. Therefore we introduce a new simpler operator which will be used for further
consideration. Let x; € T; be a given point VT; € 75 and u € C(£2) then we define
the interpolation operator ry, : U — U}, such that

(4.7 rpu(z;) = u(e;) VT, € Tp,
Vrpu(x;) = Vu(z;) VT; € Tp,.

The definition of 7, is unique for a given set of points {x;} and r,u € Uy can be
simply constructed for given u € C1(Q). As rpu € Uy, we have from (4.4)

(4.8) lw — Mpw|x < ||lw—rLw|x Ywe U.
Therefore the condition
(4.9) lu —rpullx <w

is stronger than the necessary condition (4.6) but as it is easily computable and we
use it for further consideration.

4.3. Mathematical background of AMA. Our aim is to adapt a given mesh
71, so that after adaptation it satisfies the stronger condition (4.9) and #7}, is minimal.
Let us suppose that the dependence of ||u — rpul|x on #7; is monotone. Then the
inverse problem can be formulated: Adapt a given mesh 7, in such a way that the
interpolation error ||[u — rpul|x is minimal for a fixed #7j,.

The basic idea is the following: In order to minimize the interpolation error for a
given #7},, the interpolation error function defined by

(4.10) Ei(z) = |u(x) — rpu(x)|
should be equidistantly distributed over the whole computational domain €2, i.e.
(4.11) Ei(x)~C VYV € (),

where C' > 0 is a constant. If u € C?(Q) then using a Taylor series expansion at a
point o € 2 we have

(4.12) u(x) — rpu(x) = %(az —x0) T H (o) (2 — o) + 0|z — z0*),
where 52 J
(4.13) H(z) = { ax“ézi} 3

is the Hesse matrix of the function w.

In order to minimize the interpolation error function E;, we introduce the discrete
version of the condition (4.11). We consider the interpolation error function Ej over
edges for practical reasons. Let e be an edge of 7;, (connecting two nodes of 73), le
notes the Euclidean length of e and let xe be a centre of e. We approximate Eyl|e
by the mean value of E1 over e. Then the omitting the terms of higher order yields

1
E[’ez @/e|u(m)frhu(m)| ds =~
o 1
- \/536

(4.14) é'H(xe)é

)

1
| liw — ze) (e —we)) ds = -



82 V. DOLEJSI, J. FELCMAN

where € € IR? is the vector parallel with the edge e and with the Euclidean norm
equal to £e We define the norm of the edge e corresponding to the matrix IH by

) 1/2
We have from (4.14) and (4.15), that the interpolation error function is uniformly
distributed over the mesh 75, if

(4.15) lellz = (’éT]H(a:e)é

1
4.16 Eile ~ —|le||?; ~ w for any edge e of 7,
(4.16) ile \/ﬂH I y edg h
where w > 0 is the given accuracy. With the aid of (4.16) we define the following:
DEFINITION 4.1. The mesh 7}, is optimal iff

(4.17) lekllm, =€ Vey € Th, e, edge of Ty, Hy = H(xe, ),

where € > 0 is a given constant which plays a role of accuracy.
In order to measure how the mesh is close to the optimal one we define the quality
parameter of T, by

(4.18) anﬁ S (lexlm, -,

€Ty

where sum is taken over all edges of 73, and #€ is their number. The quality parameter
is always nonnegative and it is equal to zero if the mesh is optimal in the sense of the
Definition 4.1. Therefore to improve the quality of the mesh we modify 7} in order to
decrease )7;,. The mesh adaptation is performed by an iterative process consisting
of the combination of the following local operations:

e Case d = 2: removing an edge, inserting a node in the centre of an edge,
swapping a diagonal of quadrilateral formed be two adjacent triangles and
moving a node, see [5], [6].

e Case d = 3: removing an edge, inserting a node in the centre of an edge,
swapping a face for boundary tetrahedra, swapping an edge for internal tetra-
hedra and moving a node, see [10].

In order to evaluated the second order derivatives in (4.13), we approximated u
by the numerical solution u;, and use some smoothing technique, see [6]. Then the
computational process consists of multiplicative application of the finite volume solver
in combination with the anisotropic mesh adaptation. We stop the computational
process when two successive meshes are almost identical.

5. Numerical examples. In this section we present two examples of compress-
ible inviscid flow. The finite volume method was used as an iterative time marching
process with k — oo for obtaining the steady state solution.

5.1. 2D supersonic scramjet inlet. The first case consists of an internal su-
personic flow at Mach number (= |v|/(yp/p)*/?) equal to 3 in a scramjet inlet, Figure
5.1 shows the geometry of the problem. The supersonic inlet and several obstacles
with sharp angles give the solution with a few shock waves, see [4]. Although the
configuration is symmetric, the nonsymmetric mesh of the whole domain has been
computed to observe if the solution remains symmetric or not.

Using five automatic mesh adaptations we have obtained the final mesh. Figures
5.2 and 5.3 show the final triangular mesh (52285 elements) and the corresponding
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F1c. 5.1. Geometry of the problem 5.1

isolines of Mach number, respectively. We see rather complicated geometry of shock
waves and it is interesting to notice that there are no oscillations in the solution and
that the finite volume solver is robust and accurate even for such meshes with very
anisotropic triangles. Moreover the numerical solution stays symmetric.
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F1c. 5.2. Final triangulation for a supersonic scramjet inlet

5.2. 3D transonic flow through 3D GAMDM channel. The three-dimensional
transonic inviscid flow through the channel (with 25 % spherical bump on the lower
wall) of air with inlet Mach number Miyjet = 0.67 was solved. The size of the channel
is 1 € 10,2], z2 € [0,1.5] and z3 € [0,1]. The direction of the flow is parallel with
x1 axis and goes from left to right. Figures 5.4 and 5.5 show the final tetrahedral
mesh (with 8786 elements) achieved after five mesh adaptations and the corresponding
isolines of Mach number, respectively.

Despite the small number of elements used in the computation of the 3D test
channel flow, the anisotropic mesh adaptation method leads to satisfactory results.
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Fic. 5.3. The corresponding isolines of Mach number for a supersonic scramget inlet
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Fic. 5.4. Final tetrahedrization of 3D GAMM channel
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