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DISCUSSION ON NUMERICAL MODELLING OF PHYSICAL

PROCESSES IN A COMBUSTION ENGINE∗

JAN ŠEMBERA AND JIŘÍ MARYŠKA†

Abstract. The contribution presents our approach to numerical modelling of processes in a
combustion engine and its present situation. The modelling was motivated by the aim of computation
of production of nitrogen oxides during the work cycle of such engine. There are the models of flow
of compressible gas, heat and mass transport, and chemical reactions and their connection presented
here. The model of flow is made by solution of Navier-Stokes and compressible continuity equations
by the finite element method. Transport problem is described by the advection equation and the
energy equation; both are solved applying the finite volume method. Chemical reactions are modelled
locally in each finite volume. All three models use the same mesh in each time step; the mesh is
changing in time.
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1. Introduction. The main motivation of working on the model is a task of
modelling of production of nitrogen oxides in a gas combustion engine. We decided
to develop a complete model of relevant physical and chemical processes and compute
the nitrogen oxide production as an outcome from it.

The task was divided into three main problems: flow, mass and heat transport,
and chemical reactions. Each of them was modelled separately. The models are solved
in a cycle and outputs from one model form inputs to another one.

In the paper, a brief description of the three models is set, the algorithm of the
computation is shown and a short summary of the first calibration computations is
presented.

The model is not able to compute the nitrogen oxide production, yet. The present
program assumes gas fuel, it does not model diffusion and turbulent processes and it
has many other limitations. The calibration shows that the global behaviour of the
model is good and we are optimistic in our prognoses of its future capabilities.

2. Physical model.

2.1. Governing equations. The model is governed by the equation of convec-
tion, the mass balance equation, the energy equation, the mass transport equation,
and the equations of chemical reactions, which are solved in a time-dependent bounded
region with boundary conditions and initial conditions.

As the equation of convection, the Navier-Stokes equation is used. We neglect
the gravity term, since it has no considerable effect:

∂

∂t
u + (u · grad)u = −

1

ρ
grad p +

η

ρ
∆u.(2.1)
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Here u denotes the flow velocity vector, p is pressure, ρ means mass density of the
gas, and η(T ) is the dynamic viscosity.

The continuity (mass balance) equation has to be used in the general compressible
form:

∂

∂t
ρ + div(ρu) = 0.(2.2)

The simplified energy equation models heat advection and production by com-
bustion and mechanical forces:

∂

∂t
(ρE) + div(ρEu) = −div(pu) + ρu · F + ρq,(2.3)

where E denotes the density of total energy of gas E = u + 1
2u

2, T is temperature,
q denotes the energy produced by chemical reactions, and F denotes the density of
external mechanical forces.

The mass transport is modelled by the advection equation:

∂

∂t
(ρci) + div(ρciu) = 0,(2.4)

where ci means the concentration of i-th gas in the gas mixture.
The chemical reactions can be described by very general chemical equations of

the following structure:

kl1Al1 + kl2Al2 + kl3Al3 + . . .
time t
−→ kr1Ar1 + kr2Ar2 + . . . + q.(2.5)

The time t consumed by the chemical reaction depends on temperature T , pressure p,
and concentrations of reacting species. The produced energy q depends only on the
amount of chemicals having been reacted.

The relation connecting temperature, pressure, and mass density is the equation
of state:

p

ρ
= RT,(2.6)

where R is a constant dependent only on type of gas.
The relations of the other thermodynamical coefficients of particular gases in the

mixture to temperature are:

cV i(T ) = cV i0 + aiT + biT
2 + ciT

3, Ri(T ) = Ri,

cpi(T ) = Ri + cV i(T ), κi(T ) =
cpi(T )
cV i(T ) ,

(2.7)

where cV i, cpi, Ri, and κi are isochoric thermal capacity, isobaric thermal capacity,
gas constant, and adiabatic exponent of i-th gas respectively.

All equations hold in a time-dependent region Ω(t) with boundary Γ(t).

2.2. Boundary conditions. The flow problem consists of Navier-Stokes equa-
tion (2.1), continuity equation (2.2), and Dirichlet and/or Newton boundary condi-
tions prescribed on ΓD(t) and ΓN (t) respectively, where ΓD(t) and ΓN(t) are disjoint
parts of the boundary Γ(t):

p = pD on ΓD,(2.8)

u · n− σ(p − pD) = uN on ΓN .(2.9)
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On the major part of the boundary, the homogeneous Neumann boundary condition
(i.e. Newton boundary condition with σ = uN ≡ 0) is prescribed, which expresses
the impermeability of the walls. The Dirichlet and Newton boundary condition may
appear when the vents are open, or exceptionally there, where the pressure is known,
e. g. from an experiment.

The other equations are completed with the Dirichlet boundary conditions of
concentrations of chemical species and temperature:

ci = cj,i

T = Tj

}

at Γj(t), j = 1, . . . , J,(2.10)

where the boundary Γ(t) is decomposed into J disjoint parts with various boundary
conditions. It allows to model more different vents in the engine.

2.3. Initial conditions.

ρu(t = 0) = f0, ρ(t = 0) = ρ0,

ci(t = 0) = c0,i, T (t = 0) = T0
(2.11)

The initial conditions are chosen such that the initial mass density ρ0, temperature
T0, and concentrations c0,i are constant in the whole volume Ω(0) and the initial flux
f0 could be fixed either directly experimentally, or indirectly by identification.

3. Numerical model.

Decomposition of the problem. The time-dependence of the domain compli-
cates the mathematical formulation of the problem. The problem (2.1)–(2.11) is then
decomposed to time steps, which are solved in several substeps the following way:

• Isochoric processes:
– Production of mass and energy (chemical processes)
– Flow
– Transport of mass and energy

• Adiabatic expansion/compression

Numerical solution of flow. For numerical simulations the Navier-Stokes equa-
tion (2.1) and mass balance equation (2.2) was discretised by finite difference method
in time and the mixed-hybrid weak solution of the discretised system was derived.
The approximation of the weak solution is searched in the space discretised by finite
element method using trilateral prismatic elements.
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Fig. 3.1. A typical shape of a finite element/finite volume

The application of the method results into solution of the nonlinear algebraic
system
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which is linearised either by explicit method, or solved iteratively (p and f are esti-
mated and iterated – see Fig.3.2). The system matrix of such a way linearised problem
is large sparse symmetrical indefinite.

The vector p describes elementwise constant approximation of pressure function,
the vector λ includes values of facewise constant approximation of traces of pressure
function on element boundaries, and the vector f describes elementwise linear Raviart-
Thomas approximation of flux function f = ρu.

Setting of initial

conditions f T c ;

n=1
0, 0, 0, 0, ir

Setting of estimates
fe, ep

Computation of mass
and energy transport

(changes c ,T )n, i n

Computation of energy
and mass production

(changes Tc , )n, i n

If possible, increase
the time step

Are the estimates
differing from the

solution?

If needed, decrease
the time step

+

-

Does any element
strongly overflow?

Decrease
the time step

+

-

Solution of iterative
system of flow
(changes fn np )

,

Reset the estimates
fe, ep

Output of computed
variables to a file

n=n+1; Mesh change;
Recomputation due to

adiabatic process

Fig. 3.2. Rough diagram of the computational algorithm

Numerical solution of transport. The equations of transport of energy (2.3)
and the equation of transport of mass (2.4) are solved by finite volume method. The
shape of finite volumes is identical to the shape of finite elements of the flow model.

The right-hand side terms in (2.3) are modelled separately – the term of energy
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sources in the step of chemical processes computation and the term of transformation
of mechanical energy in the step of adiabatic volume change.

The method then results in solution of a large number of simple equations

V e

∆t
ρece

i +
4

∑

l=0

cel

i fe
l =

V e

∆t
ρe0ce0

i ,
V e

∆t
ρeEe +

4
∑

l=0

Eelfe
l =

V e

∆t
ρe0Ee0,(3.1)

where ρe, ce
i , and Ee denote average mass density, average concentration of the i-th

part of gas mixture, and density of total energy in the finite volume e respectively, V e

means the volume of the finite volume e, ∆t is the time step, the exponent 0 means
the initial condition for the computed time step, f e

l is the outer flux through the l-th
face of the volume e, and

cel

i =

{

ce
i for fe

l > 0

c
e∗l
i else

, Eel =

{

Ee for fe
l > 0

Ee∗l else
,

where e∗l denotes the finite volume neighbouring e through its l-th face.
There is a complication in the solution of (3.1). When the fluxes, computed by

flow model, are large in the sense that during one time step inflows and outflows
more mass than it is present inside the finite volume at the start of the time step,
but the final mass density inside the element stays positive (we say that the element
“weekly overflows”), it is needed to shorten the time step for transport computations.
In such a case the computation of transport is made in several time substeps. The
worst situation is, when the flow model gives such a solution that there is a “strongly
overflowing” element, i. e. that after the whole time step computed with the given flow
array, the element would include non-positive mass. It has to be solved by shortening
the global time step and re-starting the computation.
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Fig. 3.3. Various local models of energy production

Model of chemical reactions. Each reaction is started when temperature
reaches a defined critical temperature. The kinetics of chemical reactions can be
computed by one of several simplified local kinetic models (see Fig. 3.3). The sim-
plified model is applied locally (on each element separately), i. e. it is supposed that
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elements are isolated from each other during the chemical reactions take place. In
fact, the speed of the reaction does not depend on time from start (like it is drawn
on Fig. 3.3), but it depends on concentration of “burning gas” (a pre-defined part of
gas mixture) inside the finite volume – see Fig. 3.4.
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Fig. 3.4. The dependency of reaction speed on concentration of the “burning gas” due to the
local models

The process of chemical reaction is modelled by change of concentration of react-
ing gases and by production of heat (increase of temperature).

Moving mesh. The changing part of the region has cylindrical form and only
the height of it changes. The moving mesh is built using these properties. In top view,
the circle is discretised by triangles, and in side view, the cylinder is split to layers.
The resulting form of all finite elements/finite volumes is trilateral prism. The top
view discretisation does not change in time; height and number of layers may differ.

Fig. 3.5. An example of a moving mesh

The mesh is changing always between computations of two time steps. Concur-
rently the recomputation due to adiabatic process takes place. The meshes are built
so that each “new element” (or a few of them) corresponds to an “old element” (or
a few of them) so that it is uniquely defined, which mass is placed in which element
of the new mesh. To ensure such a correspondence, each two sequential meshes have
either the same number of layers, or the ratio between their numbers of layers is
integer.
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4. First calibration tests. There were some tests of the flow, transport, and
mesh changing modules performed and the following conclusions may be done:

• In the cylinder changing its volume with homogeneous initial and homoge-
neous Neumann boundary conditions, temperature and density are changing
due to the adiabatic process, vortices are preserved, linear flows are vanishing
in time, and mass balance is preserved.

• Applying Dirichlet or Newton boundary condition, mass is inflowing, or out-
flowing, local mass balance is preserved.

These tests show that the global behaviour of the flow, transport and adiabatic parts
of the model is good.

• When large fluxes appear, the stability of computation is damaged.
It shows the weakness of the algorithm of iterations of nonlinear system of the flow
problem.

Calibration of the module of chemical reactions was made independently on the
other computing modules of the simulation software (flow and transport were not
computed at all). After calibrating non-physical parameters of the model, we observed
rather good behaviour of the energy production.
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Fig. 4.1. Global characteristics of the work-cycle of a gas combustion engine computed by the
described model MOTOFLOW compared with data obtained from the calibrated global model TLAK (in all
graphs dashed) – computation with no open vents, i. e. no gas inflow or outflow (using the upper
left model of energy production from Figs 3.3 and 3.4)

Further calibration of complete model was made on such a problem: a cylindrical
engine with all vents closed. The initial conditions are homogeneous, chemically cor-
responding to well mixed methane-air mixture. The results of our model MOTOFLOW
were compared with results of another model TLAK developed at the Department of
Transport Machines of TU in Liberec. TLAK is a model computing global physical
parameters of the gas inside the engine (mean pressure and mean temperature) and
it was well calibrated using measurements on real engine of simple cylindrical geom-
etry. Our parameters and initial conditions correspond to the real engine. The only
difference from reality was closing all vents.
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Figure 4.1 shows the result of one of performed computations in comparison with
data obtained from the global model TLAK.

Calibration of the behaviour with open vents is complicated by appearing very
large fluxes around the open vents and it would be done after improvement of the
iterative process of the flow module, which becomes unstable now.

5. Conclusion. There was a model of physical processes in a combustion engine
formulated and implemented. Many calibration tests were made and the results show
that the model is able to produce globally relevant data. We did not calibrate the
local outputs, since we had not good data for comparison.

The tests showed also the need of some changes in the model, especially in the
iteration cycle of the flow model. The model does not include diffusion transport and
it does not include turbulence, it does not consider fluid fuel. There is a lot of work
to do, yet.
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