PSEUDO-UMBILICAL CR-SUBMANIFOLD OF AN ALMOST HERMITIAN
MANIFOLD
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ABSTRACT. In this paper, we firstly study differentiable functions on M, where M is a pseudo-umbilical
CR-submanifold of an almost Hermitian manifold, then give a theorem which concerns the geodesic
character of M, and extend Bejancu and Chen B.Y.’s conclusions.

1. INTRODUCTION

Let M be a real differentiable manifold. An almost complex structure on M is a tensor field .J of
type (1, 1) on M such that at every point & € M we have J? = —I, where I denotes the identify
transformation of T, M. A manifold M endowed with an almost complex structure is called an
almost complex manifold.

A Hermitian metric on an almost complex manifold M is a Riemannian metric g satisfying

(1.1) g(JX,JY) = g(X,Y)

for any X, Y € I'(TM).
An almo_st Hermitian manifold M vLith Levi-Civita connection V is called a Kaehlerian manifold
if we haveVxJ = 0 for any X € I'(T'M).
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Let M be an m-dimensional Riemannian submanifold of an n-dimensional Riemannian manifold
M. We denote by TM~* the normal bundle to M and by g both metric on M and M. Also, by
V we denote the Levi-Civita connection on M, by V denote the induced connection on M, by V+
and denote the induced normal connection on M.

Then, for any X,Y € I'(T'M), we have

(1.2) VxY = VxY +h(X,Y),

where h: ['(TM) x T(TM) — T'(TM%) is a normal bundle valued symmetric bilinear form on
I['(TM). The equation (1.2) is called the Gauss formula and h is called the second fundamental
form of M.

Now, for any X € I'(TM) and V € T(TM*) by —Ay X and V%V we denote the tangent part
and normal part of VxV, respectively. Then we have

(1.3) VxV = —AyX + VxV.
Thus, for any V € I'(TM~), we have a linear operator, satisfying
(1.4) 9(AvX,Y) = g(X, AvY) = g(h(X,Y), V).
The equation (1.3) is called the Weingarten formula.
Definition 1.1 ([1]). Let M be a real n-dimensional almost Hermitian manifold with almost
complex structure J and with Hermitian metric g. Let M be a real m-dimensional Riemannian

manifold isometrically immersed in M. Then M is called a CR-submanifold of M if there exists a
differentiable distribution D: z — D, C T, M, on M satisfying the following conditions:

(1) D is holomorphic, that is, J(D,) = D, for each z € M,

(2) the complementary orthogonal distribution D+: x — D} C T, M,
is anti-invariant, that is, J(D;) C T, M+ for each = € M.



Let M be a CR-submanifold of an almost Hermitian manifold M, then we have the orthogonal
decomposition

(1.5) TM+ =JD  gv.

By r denote the complex dimension of v, (x € M), Since v is a holomorphic vector bundle, we can
take a local field of orthonormal frames on T M+

{JE\, JEs, -, JE., Vi, Vo, -, Vi, Vip1 = IV, Vigo = JVa, -+ Vop = J V2 }
where {E1, Es, -, E,} is a local field of orthonormal frames on D+. Then we let
A =Ajg, As=Ay,, A =Ay.,
where
Gk =1, o, By, =1, ot B =1, 2,

Definition 1.2 ([1]). The CR-submanifold M is said to be pseudo-umbilical if the fundamental
tensors of Weingarten are given by

(].6) A X =a; X + big(X, Ei)Ei,
q
(1.7) AuX =aaX + ) bL9(X, E)E;,
=1
q .
(1.8) Ap-X = a0 X + ) bing(X, E;)E;,
=1

where a;, b;, Ao, ao+, be,, bl . are differential functions on M and X € T'(T'M).



Now let M be an arbitrary Riemannian manifold isometrically immersed in an almost Hermitian
manifold M. For each vector field X tangent to M, we put

(1.9) JX = ¢X + wX,

where ¢X and wX are the tangent part and the normal part of JX, respectively. Also, for each
vector field V' normal to M, we put

(1.10) JV = BV +CV,

where BV and C'V are the tangent part and the normal part of JV, respectively.
The covariant derivative of B, C, respectively, is defined by

(1.11) (VxB)V = V%xBV — BVV,
(1.12) (VxC)WW =VxCV — CVxV

for all X ¢ T(TM),V e I(TM™). .
A CR-submanifold M of an almost Hermitian manifold M is D-geodesic if we have

(1.13) h(X,Y) =0
for any X,Y € I'(D). M is mixed geodesic if we have
(1.14) h(X,Y) =0

for any X € I'(D) and Y € T'(D1).




2. MAIN RESULTS
Theorem 2.1 ([1]). Let M be a CR-submanifold of an almost Hermitian manifold M, then M
is mized geodesic if and only if
AyX €T(D), AyUeT(Dh)
for each X € T(D), U € T(D+), V e T(TM).

Theorem 2.2. Let M be a pseudo-umbilical CR-submanifold of an almost Hermitian manifold

M, then M 1is mized geodesic.
Proof. For each X € T'(D), Y € I'(D%), according to the Definition 1.2 we get
AX =a;X €T(D), AuX =aoX €T(D), Ag-X =aq-X € (D)

and
AY = a;Y +big(Y, E;)E; € T(D),
q .
ALY =a.Y + > big(Y,E)E; € T(DY),
i=1
q .
ApY = ao-Y + > biug(Y,E;)E; € T(D4).
=l
The assertion follows from Theorem 2.1. O

Since a Kaehlerian manifold is an almost Hermitian manifold, we obtain the following corollary.

Corollary 2.1 ([1]). Any pseudo-umbilical CR-submanifold of a Kaehlerian manifold is mized
geodesic.



__Lemma 2.1. Let M be a pseudo-umbilical CR-submanifold of an almost Hermitian manifold
M, then

(2.1) g(Ajv X — JAvX + (Vx )V, Z) =0
for all X,Z e I(D), V € T'(v).
Proof. Let X,Z € T'(D), V € I'(v). From Weingarten formula and (1.1), we get
9(AwX —JAVX, Z) = g(-VxJV,Z) + g(AvX, T Z)
(22) = —g(VxJV, Z) + g(IVxV, 2)
= —g((Vx )V, 2).
The proof is now complete from (2.2). O
Lemma 2.2. Let M be a CR-submanifold of an almost Hermitian manifold M. Then we have
23) (VxB)V = VxBV — BVxV B
=AcvX — pAvX + (VxJ)V)"
for all X € T(TM), V € T(TM%).
Proof. Let X € T(TM),V € I(TM*). From (1.10) and Weingarten formula, we obtain
o (Vx )V = YXJV — o
=Vx(BV +CV)+ J(Ay X — VxV).

By using the Gauss formula, we get

(2.5) Vx(BV 4 CV) =VxBV + h(X,BV) — Acy X + VxCV.



Taking account of (1.9) and (1.10), we have
(2.6) J(AvX — VxV) = ¢AvX + wAy X — BVxV — CVx V.
From (2.5), (2.6), (1.11) and (1.12), (2.4) can become
o) (VxJ)V = (VxB)V +h(X,BV) - AcvX
+ (VO + ¢Ay X + wAy X

By comparing to the tangent part in (2.7), (2.3) is satisfied. O
Theorem 2.3. Let M be a pseudo-umbilical proper CR-submanifold of an almost Hermitian
manifold M. If ¢ > 1, then we have A;E; = Ay X = Ap= X =0 for all X € T'(D), i # j.
Proof. From (1.4) and (1.6), we obtain
9(Asg; Ej, E;) = g(Asg; Ei, B;) =0,

thus A;p, E; € T'(D). On the other hand, Ay, E; = a; E; +b;9(E;, E;)E; = ajE; € (D), hence
Ajgcl)r aolinit vector X € T'(D),by using (1.7), (1.1), (2.1) and (1.8) we have
(2.8) ao = g9(aa X, X) = g(AuX, X)
= g(AaX + (VxJ)Va, JX)
= g(aa-X + (VxJ)Va, JX)
= ao9(X, JX) + g(Vx J)Va, JX)
(2.9) = g((VxJ)Va) ", IX).



Taking (2.3) into account, (2.9) can become

(2.10) ao = g(=Acv, X + Ay, X, JX)
= g(—Aa- X, JX) + g(Aa X, X).

From (2.8) and (2.10), we have

(2.11) g(—Ag-X,JX) =0,

thus Aa-X € T(D4). On the other hand, Aa+X = ao-X + Y 1, b%.9(X, E))E; = ao-X € (D),

hence A, X = 0.
In a similar way we get A, X = 0. O

For E; € T'(D%) and a unit vector field X € I'(D), from a; = g(A;Ej, E;), ao- = g(Aa-X, X)
and (2.8), according to the Theorem 2.3, we have the following theorem.

Theorem 2.4. Let M be a pseudo-umbilical proper CR-submanifold of an almost Hermitian
manifold M. If ¢ > 1, then a; = aq = aq~ = 0.

Since a Kaehlerian manifold is an almost Hermitian manifold, we obtain

Corollary 2.2 ([1]). Let M be a pseudo-umbilical proper CR-submanifold of a Kaehlerian
manifold M. If ¢ > 1, then the functions aj, Go, Qo+ vanish identically on M.

Theorem 2.5. Let M be a pseudo-umbilical proper CR-submanifold of an almost Hermitian
manifold M. If ¢ > 1, then M is D-geodesic.



Proof. Taking account of Definition 1.2 and Theorem 2.4, we get

q T 2r
X Y)Y TE+ Y Vat Y. Var)
=1 a=1 a*=r+1
2r

q T
=Y 94X, V) + Y g4 X,Y)+ > g(4a-X,Y)
i=1

a=1 a*=r41

big(X, Eg(Y,E)) + Y Y big(X, E)g(Y, Ey)

a=1 i=1
2r q ;
+ > > bheg(X, E)g(Y, E;)
a*=r+1 i=1

for all X,Y € I'(D). From (2.12), we have

(2.12)

Il
.MQ

Il
-
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q T 2r
gX,Y),> JE+ > Vat > Var)=0,
o=l a=1

a*=r+1
so h(X,Y) =0, i.e., M is D-geodesic. O
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