Acta Math. Univ. Comenianae 185
Vol. LX, 2(1991), pp. 185-194

EXISTENCE OF OSCILLATORY SOLUTIONS
FOR FUNCTIONAL DIFFERENTIAL
EQUATIONS OF NEUTRAL TYPE
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Dedicated to Professor Valter Seda on the occasion of his sixtieth birthday

1. Introduction

One of the important problems in the qualitative theory of functional di [eren-
tial equations of neutral type, which has currently received wide attention, is to
discuss the existence of solutions, either oscillatory or nonoscillatory, of the equa-
tion under consideration. As far as the nonoscillatory solutions are concerned,
there has been a lot of systematic investigations, and numerous results can be
found in the literature regarding the construction of such solutions with speci-
fied asymptotic behavior at infinity; see e.g. the papers [1-6]. However, virtually
nothing is known about the existence of oscillatory solutions of neutral functional
di Lerential equations even for the first-order case.

The objective of this paper is establish su [cieht conditions for the existence of
solutions for neutral equations of the form

dn

A g

[X(t) = Ax(t — T)] + F(t, x(91(1)), . ... X(gn (D)) = O,

where n = 1, A and 1 are positive constants, and gij(t), 1 < i < N, and
f(t,uy,...,uyn) are continuous functions on [tg, o) and [tp, o0) x RN respectively.
In particular, our results provide su [cieht conditions under which equation (A+)
has infinitely many oscillatory solutions which behave like

AYT [acos((2m — 1)mt/T) + bsin((2m — Dnt/1)], m=1,2,...

at t - oo, and equation (A-) has infinitely many oscillatory solutions which
behave like

AYT [acos(2mmt/T) + bsin(2mnt/T)], m=1,2,...
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at t - oo, where a and b are constants with a® + b? > 0. The desired solutions of
(A+) will be obtained as solutions of the following “integral-di [erence” equations

L (s— t)n—l

(Bx) x(®)ExAx(t—1)+ (D" . (=D f(s,x(g(s)))ds =0, t=T,

Ijt—l(t _ S)n—l
T (n—=1)!

where f(s,x(g(s))) = (s, X(91(s)),...,X(n(s))) and T > Ty is a constant, and a
fixed point analysis combined with a device of Ruan [6] will be applied for solving
(B+) or (Cx+).

We note that by a solution of equation (A+) or (A-) is meant a continuous
function X: [Tx, o) - R such that x(t) + Ax(t — 1) or x(t) — Ax(t — 1) is n-
times continuously dilerentiable and satisfies (A+) or (A-) for all su [ciehtly
large t > T«. Such a solution is said to be nonoscillatory if it is either eventually
positive or eventually negative. A solution is said to be oscillatory if it has a
sequence of zeros tending to infinity.

(Cy) X() £ AX(t—1) + f(s,x(@(s)))ds=0, t=T,

2. Main Results

The following conditions on gi(t), 1 < i < N, and f(t,us,...,un) in (As)
are assumed to hold without further mentioning: lim¢_ o gi(t) = o0, 1 < i <
N; and there is a continuous function F(t,vy,...,vn) on [Tg, o) x RY which is
nondecreasing in each vj, 1 <i < N, and satisfies

|f(t,U1,...,UN)| < F(t, |U1|,...,|UN|), (t,U]_,...,UN) E[ﬂ),oo) x RN.

The main results of this paper are as follows.

Theorem 1. Suppose that 0 < A < 1 and that there exist constants p (0, A)
and a > 0 such that

L
1) "IV (G, aA R O/T  aAIN (/T dt < oo

Then
(i) for any continuous periodic oscillatory function w—(t) with period T, equation
(A-) has a bounded oscillatory solution x—(t) such that

22) X_(t) = AYTo_(t) +o(AYT)  as t - oo,

(ii) for any continuous oscillatory function w.(t) such that w4 (t+1) = —w4(t)
for all t, equation (A+) has a bounded oscillatory solution x.(t) such that

(24) X+ () = AT, (t) +o(AYT) as t - oo.
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Theorem 2. Suppose that A > 1 and that there exists a constant a > 0 such
that

L
3) t"TIE(t, aAB /T aaIN(D/T) gt < oo,

Then
(i) for any continuous periodic oscillatory function w—_(t) with period t, equation
(A-) has an unbounded oscillatory solution x_(t) such that

(42) x—(t) =AYTo_(t)+0(1) as t- oo,

(ii) for any continuous oscillatory function w.(t) such that w4 (t+1) = —w(t)
for all t, equation (A+) has an unbounded oscillatory solution X, (t) such that

(4+) X+(t) =AY, () +0o(1) as t - oo.

Theorem 3. Suppose that A > 1 and that there exist constants u (4, A) and
a > 0 such that

L4
(5) WYTE (@, ant ®/T  aaan /D) gt < oo,

where g-t) = max{gi(t),t}, 1<i<N.

Then

(i) for any continuous periodic oscillatory function w—_(t) with period t, equation
(A-) has an unbounded oscillatory solution x—(t) such that

(6-) X_(t) = AYTo_(t) +o(AYT)  as t - oo,

(ii) for any continuous oscillatory function w.(t) such that w4 (t+1) = —w4(t)
for all t, equation (A+) has an unbounded oscillatory solution X, (t) such that

(64+) X+ () = AT, () +o(AYT)  as t - oo,

Remark. Each of the functions
acos(2mmnt/T) + bsin(2mmnt/1), m=12...,

and
acos((2m — D)mt/1) + bsin((2m — D)nt/1), m=12,...,

a and b being constants with a? + b? > 0, can be used as w—_(t) and w(t),
respectively, in the above theorems.
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Proof of Theorem 1. Let w.(t) be fixed and put wi—= max|w+(t)]. Choose
c>0and T > to so that (1 + wAc/(A — ) < a,

@) To = min{T — 7, inf g1(t), ..., Inf gn ()} = max{to, T}
and

(S
(8) "I TYTRE (G a0/t aaIn T gt < .

T

Let X denote the set
X = {x [C[To, o0): [x(t)] < cu¥" for t = To},

which is a closed convex subset of Fréchet space C[To, o0) of continuous functions
on [Tp, o0) with the usual metric topology. Motivated by Ruan [6], with each
X X we associate the functions X.(t): [To, o) — R defined by

R _ }\c . E‘ —i }

Ke(t) = — AT () — (DN 'x(t+it), t=T —T,
) A—H i=1

Re(®) =X ()T —1), Tost=sT-1.
It is easily verified that, for each x [X, X4 (t) are well defined and continuous on
[To, o) and satisfy

(10) Re(t) EAR(E—T) =x(t), t=T.

Since x X implies

1 Le
(11) AT x(t+it)| < mu‘”, t=T -1,
i=1

it follows from (9) that

N Acwil . MC e _ AC(EH1) /0
and hence, in view of the fact that A < 1,
1 .
(12)  |R=(D)(@iD)] = 7}“()‘:’: m ) part < aNi®W’ Tt t>T, 1<i<N.
Now we define the mappings F.: X - C[Tg, o), via (9), by
Fax(t) = (-1)"1 - ﬂf(s X+(t)(@(s)))ds, t=T
(13) =+ ¢ (n — 1)' y N g l = 3

Fix(t) = FiX(T), To st T,
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where F(s,X+(9(5))) = F(s,X+(91(8)), - - ., R+(gn(S))). It will be shown that F.
are continuous and map X into compact subsets of X, so that Schauder-Tychono [
fixed point theorem is applicable to F4. In fact, if x [CX, then, using (13), (12)
and (8), we obtain
L

Fax@ls  SZ907
t

g

YT S TR (S, IRe @O, - - IR (D (O (S))]) ds

ey 1T (S, Xx(0)(9(s))) ds

t/t Sn—lp’—s/r = (S a)\gl(s)/r o a)\gN (s)/r) ds
scu¥T, t=T,

which implies that F.x [CX. Thus, FL(X) [XA. Let {Xx} be a sequence of
elements in X converging to an x [CX in the topology of C[Top, o). Since

1 1
ED'N "X (t+i1) - ED'AN'x(t+it) ask - oo
i=1 i=1
uniformly on compact subintervals of [T, o), the Lebesgue dominated conver-
gence theorem shows that Fixy(t) -» Fix(t) uniformly on compact subintervals
of [To, o). This proves the continuity of F... Finally, from the inequalities

[(Fex)t)| < F(t, a2 @/t aAN®/T) t =T forn=1
( t)n 2
Fex)(t)| < —

holding for all x X, we conclude via the Ascoli-Arzela theorem that the sets
F+(X) have compact closure in C[Tp, o).

Therefore, by the Schauder-Tychono [CTtheorem, there exist fixed elements & [
X of F4, which satisfy

F(s aNIL &t aAINGT) (g5 t =T, for n =2,

1

_ n—1 (s—pn!
&x() = (=1) TS £.(9)s))ds, t=T.
t (n—1)!
Combining the above equation with (10) (with x = &) yields
Cd gyt

(14) () xNL(t—1) = (-1 t f(s,&.(g(s)))ds, t=T,

(n=21)!
implying that E;(t) solve the integral-di [Cerknce equations (B+). Dilerkntiation
of (14) shows that &..(t) are solutions of the neutral di Lerkntial equations (A+) on
[To, o). From (9) and (11) we have

JC
st A VgLt =5 t=T -1,
&= (t) — — =0 uu
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which shows that E..(t) satisfy the asymptotic relations (2.). It is obvious that
&+ (t) are oscillatory. 1

Proof of Theorem 2. The proof is essentially similar to that of Theorem 1.
For fixed wa(t) define wi—= max|wx(t)|, and take ¢ > 0 and T > tp so that
L+ wHNe/(A—1) < a, (7) holds, and

1

IR (8, an e O/ aaIN /T g <.
N

Define the set Y [CJTp, o0) and the mappings G.: Y — C[Tg, oo) as follows:

Y ={y [[Tg,o0): [y(®)]<c for t=Tp}

e (s—tn?
Gey(t) = (-1 . (=D

Gay(t) =Gay(T), To<t<T,

f(s.¥=(9(s)))ds, t=T,

where f(s,+(9(s))) = f(s,¥=(91(5)), - ... ¥=(9n(s))) and ¥x: [To,0) — R de-
note the functions defined by

. _ )\C . E‘ —i A
Jo) = =7\ 0s() — (DM y(t+it), t=T -7,
i=1
o AC 1 . .
V() = A0~ (DMWY + (i -1), Tost<T-T.
i=1
As is easily verified, y Y] implies that .. [Cl[ty, o) and
() =AY (t—T) =y(1), t=T.

Furthermore, since -;:; 1 k‘i|yi(t +iD)|=c/A—1),t=T —T1,

}\cwi‘j}\tﬁ+ c _ (wE - I)Ac
A—1 A—1 A—1

¥ (1) < AT t=T,,
and so
[J+(@i())| <ars®’T  t=T, 1<i<N.

Proceeding as in Theorem 1, we see that the Schauder-Tychono [fixed point the-
orem is applicable to G.. Let n+ [X be fixed points of Gs.. Then, the functions
fl+ (t) satisfy the integral-di [erence equations (B.), so that they solve the neu-
tral equations (AL). Since na(t) - 0 as t - oo, the solutions fj«(t) have the
asymptotic properties (4+). Notice that lim¢_ o[A+(t) £ Af+(t—T1)] = 0. 1

Proof of Theorem 3. We intend to construct the desired oscillatory solutions
as solutions of the integral-di [erknce equations (C..). Let w.(t) be fixed and put
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0= max|w«(t)]. Let v (L, A) be fixed and choose ¢ > 0 and T > t; so that
1+ wHAc/(A —v) < a, (7) holds,

(15) "IVt < VYT for t=T

and
4

(16) WYTE (L aN DT O/ g < ¢
T

Consider the set Z [C]Typ, o) and the mappings H+: Z — C[Tg, oo) defined by
Z ={z [Ty, 0): |z(t)| <cv¥" for t=To}

and

0 o

D

(17) Moz == o=
Hoz() =0, Tost<T,

f(s,Z+(g(s)))ds, t=T,

where T (s, Z+(9(s))) = f(s,Z+(91(8)), - - -, Z+(9n(s))) and Z..: [Tp, 0) - R denote
the functions constructed from z [Zl according to the rule

7 (t):iw‘m(t)— (CODAA'z(t+iT), t=T-—1
(18) - AN iz -

L) =Z.(T —1), Tost=T-—T.

For every z [Z, Z, [Ty, o) and satisfy

(19) Z() AL (t—T)=2(), t=T.
Since
1
(20) AN ze(@+it)| < [ve/A—V)VY" t=T -1,
i=1
we have
y )\C(*)il:l t/t Ac t/t (wi:]"' 1))\0 t/t

which implies, in view of the fact that A > 1, that

Zo (i) = ar%®/T t=T, 1<i<N.
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From (17), (15), (16) and the above inequality it follows that for z [Z

=
IHez(t)] < t"* i [T(s, Z+(9(s)))| ds

< tn—lut/r ] LJ._S/TF(S, [Z+(92(3))]. - - -, |1Z=(an(S))]) ds

VT pSTE(s, antt DT anan /Ty gg
T
=T, t=T.

Thus, Hy map Z into itself. Since the continuity of H. and the relative compact-
ness of H.(Z) can be verified easily, the Schauder-Tychono [CTheorem guarantees
the existence of the elements (. [Z such that (- = H..{., i.e.,
L= I L e 121
=+ - T (n _ l)l y G g ] = .
In view of (19) the above can be rewritten as

- - l;] (t — S)n—l -
(21) M EAM(t—T1)=— - T(s,(9()))ds, t=T,
T (h=1!

which shows that Z.(t) solve the equations (C.) for t = T. Di[efentiating (21)

n times, we see that Zi(t) are solutions of the neutral equations (Ax) on [T, o).
That Zi(t) satisfy (6+) follows readily from (18) and (20). Observe that the limits
liM¢ ., oo[Ca (t) = Ao (t — T)] exist in the extended real line and are di [efent from
zero in general. This completes the proof. 1

3. Examples

Examples illustrating the above results will now be given.

Example 1. Consider the equations
n
(224) ;F[x(t) + e Ix(t — 1)] = (1 £ e 2)e® VO x(6t)|Ysgn x(6t) = 0,

where y and 6 are positive constants such that y6 > 1. These equations are special
cases of (A+) in which A =e™%, T =1, g(t) = 8t and the function F (t,v) can be
taken to be F(t,v) = (1 + e 2)e@=Y®OtyY  Since
[ [N
tn_ll.l_t/TF (t, a)\g(t)/‘l') dt = aV(l + e—2) tn—lu—te(l—Zye)t dt
L

—a'(l+e7?) " /p)tdt < oo
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for any p such that e?=2Y® < p < e™1, condition (1) is satisfied for (22..), and so
by Theorem 1, given any continuous periodic oscillatory function w—(t) of period 1
and any continuous oscillatory function w, (t) such that w(t + 1) = —w4(t) for
all t, there exist bounded oscillatory solutions x4 (t) of (22.) satisfying
X+(t) = e te(t) +o(e™) as t - oo.

In particular, (22.) possess infinitely many bounded oscillatory solutions xz (t),
m=1,2,..., such that

X, (t) = const - e tcos(2mmt) + o(e™") as t - oo,

X+ (t) = const - e tcos((2m — 1)) +o(e”") as t - oo.

Example 2. Consider the equations
n
(23.) c;%[x(t) +ex(t—1)]+ (—1)" (1 = eH)tYe Y x(log t)|Ysgn x(log t) = 0,

which are special cases of (Ax) with A = e, T = 1, g(t) = logt, and F(t,v) =
(1+e?)t¥e~tvY. Suppose that y > 0. Condition (3) is satisfied, since
L
t"TIE (L, a9/ T dt = a¥ (1 + €?) t"*2Y~le 7t gt < oo.

On the other hand, condition (5) is satisfied if 0 <y < 2, since in this case
(= 1
UWYTE@aN D/ dt=a¥(1+e?) VeV /p)t < oo

for any p such that max{1,e¥™*} < pu < e. Theorem 2 implies that (23..) have
unbounded oscillatory solutions x.(t) satisfying
(24) X+ (t) = e'we(t) +0(1) as t - oo

for any continuous oscillatory functions w. (t) such that w4 (t +1) = —w4(t) and

w—(t+ 1) = w_(t) for all t. According to Theorem 3, if 0 <y < 2, then (23+)

have, in addition to these x4 (t), unbounded oscillatory solutions y.(t) such that
y+(t) = e'w.(t) +0(e?) as t - oo

for the same functions w+(t) as above. In particular, if 0 < y < 2, there exist
for every m =1,2,... two dilerkent kinds of oscillatory solutions x& (t) and yZ(t)
with the properties

X (t) = const - e*sin(2mmt) +0(1) as t - oo,

Ym(t) = const - etsin(2mmt) +o(e') as t - oo;

X (t) = const - e'sin((2m — 1)mt) +o(1) as t - oo,

ym(t) = const - e'sin((2m — 1)mt) + o(e') as t - oo.
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