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ROTATION SETS FOR SOME
NON-CONTINUOUS MAPS OF DEGREE ONE

F. ESQUEMBRE

Abstract. Iteration of liftings of non necessarily continuous maps of the circle into
itself are considered as discrete dynamical systems of dimension one. The rotation
set has proven to be a powerful tool to study the set of possible periods and the
behaviour of orbits for continuous and old heavy maps. An extension of the class
of maps for which the rotation set maintains this power is given.

1. Introduction and Statement of Results

Let p: R — S? denote the natural projection of the real line onto the circle
given by p(x) = exp(2mix) (where i denotes only here the imaginary unity). Given
amap f: ST — S, we say that F: R — R is a lifting of f if po F = f = p and
there is a k [CZ such that F(x + 1) = F(X) + k, for every x [CR. This k will be
called the degree of the lifting F.

We shall consider the discrete dynamical system generated by the lifting F,
i.e., the behaviour of points of R under iteration of the map F. In particular,
we shall consider maps (liftings) of degree one, since this case has been found to
have the most interesting dynamics (see [1]). It is easy to see that in this case,
F(x+k) =F(x)+k, for every x [Rl k [Zland that iterates of a map of degree
one are also of degree one.

The notions of orbit and cycle for maps of the circle extend in a natural way as
follows. We call the orbit mod 1 of x under F the set Ldo(F"(X) + Z). We say
that x is a periodic mod 1 point (or, equivalently, the orbit of x is a cycle mod 1)
of period g [CNIand rotation number p/q, if FA(x)—x =p 4 and F'(x) —x [IZ
fori=1,2,...,q—1.

Given a map of degree one, F, and x R we set Pe (xX) = liminf, L:?—X
and pg (X) = limsup % . If these two limits are the same we define pg (X) =
Pe (X) = Pe (X), and call it the rotation number of x under F. It is easy to see (see
Lemma 1) that if x is a cycle mod 1 of period g and rotation number p/q, then
pr (X) exists and equals p/q.
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The set of all limit points of the sequence {(F"(x) — x)/n : n [N} is called
the rotation set of x under F. This set is denoted by rot (x, F), equals the closed
interval [p_ (X), Pr (X)] (see Lemma 3) and describes, roughly speaking, how orbits
of points in the set p~1(x) behave in the long term. We define the rotation set
of F, Rot(F), as the set of all rotation numbers pg(x), for all x [CR such that
Pe (X) = pe (X). Although the definition may seem somewhat restrictive, we shall
show that for “well behaved” maps this set equals Lcggyot (X, F), and therefore
contains information about the behaviour of all the orbits mod 1.

The following are three nice properties that the rotation set of any map of
degree one should have:

(P1) Rot(F) is the closed interval [a(F), b(F)], with a and b maps depending
continuously on F.

(P2) For every p/q C(A(F),b(F)), F has a cycle mod 1 of period q and rotation
number p/q.

(P3) For every [a,B] CJa(F),b(F)], there exists x [CR such that rot(x,F) =
[o, B].

It is well known that properties (P1), (P2) and (P3) hold for continuous maps,
as proved by [4], [6] and [2], respectively. Therefore, continuous maps are naturally
well behaved.

However, in some problems, non continuous liftings of degree one are of interest.
For instance, when taking liftings of some monotone mod 1 maps (see [3]) or when
studying the Newton’s method of finding zeros of certain functions (see [5]). So,
it is convenient to determine which other classes of maps can be studied using the
rotation set as an appropriate tool. As an example, for old heavy maps the three
properties were proved to be true in [5].

The goal of this paper is to stablish a new class of maps of degree one, containing
(but not restricted to) continuous and old heavy maps, such that the rotation set
of every map of this class satisfies properties (P1), (P2) and (P3) above.

Let us now introduce some notation. Givenamap F: R - R and x R we
denote F (x+) = limy .+ F(y) and F (x—) = limy _, ,— F(y). We also introduce the
symbols F(x°) = F(x) and F(x?). This last symbol is a wild character meaning
any of the symbols F (x—), F(xe) or F(x+).

We shall consider the following classes of maps,

Bo={F : R—- R/F is bounded},
#1={F : R— R/F s of degree one and bounded on [0, 1]},

and # = By CA,. And also their subclasses,

A ={F LZA/F is non decreasing},
Z ={F LA/F(x—) and F(x+) exist for every x [RI},
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My =M n P, and F1 = F n H. In all these classes, the topology induced by
the distance d(F, G) = sup{|F (X) — G(X)| : x [RI} is considered.

Non decreasing maps of degree one play an important role in what follows, since
for any such map Lemma 1 shows that pg (X) always exists and is independent of
X. This means that under non decreasing maps, orbits always rotate in the same
direction, so the dynamic is rather simple. For every F [, we define p(F), the
rotation number of F, as pg (0).

From any given F [CZ, we construct the new maps Fi(X) = inf{F(y) : y =x}
and Fy(X) = sup{F(y) : y =< x}. These are two non decreasing maps lying
immediately below and sitting immediately above the original map, respectively.

Finally, we denote the sets Cont(F) = {x [CR/F is continuous at x} and
Const (F) = {x CR/F is constant in (X — &, x + €) for some € > 0}, and recall
that, using the notation introduced, a map F is an old heavy map if and only if
F C% and F(x—) = F(X) = F(x+), for every x [Rl

The main results we give in this paper are the following,

Theorem A. Let F [%;, and let, for any xo [CR, one of the following
conditions holds:

(A.1) there exists ¢ < Xg such that F(c?) = F(Xp) > F(Xo—) = F(Xo+) and
Fi(c) = Fi(xo),

(A.2) F(Xo)—=F(x0) = F(xo+),

(A.3) there exists ¢ > Xo such that F(Xo—) = F(Xo+) > F(Xo) = F(c?), and
Fu(xo) = Fu(c). If F(Xo—) = F(Xo+), then we need an extra condition:
there exists € > 0 such that F (xo—) = F (X), for all x (X, Xo + €),

(A.4) there exist € > 0, ¢ < Xp such that F(c?) = F(x) and F(c) = F(x), for
every |[X —Xo| <e.

Then F satisfies properties (P1), (P2) and (P3). More precisely, Rot(F) =
[P(F1), p(Fu)]-

Next picture shows graphical examples of these conditions.

AV A VAN

Al A.2 A3 A4

Notice that (A.2) means that F is heavy at Xg. The pictures tell us that F holds
a curious graphical property: it hides its discontinuities to anyone looking at it
either from the right or from the left. If we want to remove the extra condition
from (A.3), then we need to impose a similar one on (A.1) and change somewhat
(A.4). This way, we obtain a twin result that can be stated as follows.
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Theorem B. Let F [4; and let, for any X, R, one of the following condi-
tions holds:

(B.1) there exists ¢ < Xp such that F(c?) = F(X¢) > F(Xo—) = F(Xp+) and
Fi(c) = Fi(Xo). If F(Xo—) = F(Xo+), then we need an extra condition:
there exists € > 0 such that F(xX) = F (Xo+), for every x (o — €, Xp),

(B.2) F(xo—)=F(X0) = F(xo+),

(B.3) there exists ¢ > Xo such that F(xo—) = F(Xo+) > F(X¢) = F(c) and
Fu(xo) = Fu(c),

(B.4) there exist € > 0, ¢ > X such that F(x) = F(c?), Fu(X) = Fy(c), for
every |[X —Xo| <e.

Then F satisfies properties (P1), (P2) and (P3). More precisely, Rot(F) =
[p(F1), p(Fu)l-

Similar pictures can be drawn for these properties. We now give an illustration
of the extension achieved over the class of old heavy maps.

Corollary C. Let F: R — Rbe anold heavy map and let {x} : i =1,...,n},
{x5: i=1,...,n} be two subsets of [0,1) such that

(C.1) xi =xb<xi*?

(C.2) F(x{—) = F(xy+),

(C.3) F(x1,x3]) LIHGG+), F(x1-)I,
for all the possible values of i. Then, if we substitute F on the intervals [x}, x}]
by portions of any map in .%; such that (C.3) is still valid, properties (P1), (P2)
and (P3) hold. Moreover, the rotation set of the map remains the same.

To our knowledge, these results state the largest classes of maps for which
properties (P1), (P2) and (P3) are known to be true. The rest of this paper is
devoted to the proof of these results.

2. Preliminary Results

We first recall some well known results for maps of degree one.

Lemma 1. Let F: R — R be a map of degree one, X [R], p [(Zand q [N,

(1.a) if F is non decreasing, pr(X) exists, belongs to R and is independent on
X,

(1.b) if F9(X) = x + p then pg(X) = p/q,

(1.c) if F is non decreasing and F%(x) = x + p, then p(F) = p/q,

(1.d) if F is non decreasing and F%(x) < x + p, then p(F) < p/q,

(1.e) the map p: .#1 — R is continuous at every function F with an orbit
contained in Cont (F).

Proof. (1.a) is Theorem 1 of [7] and we omit the proof.
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If FA9(x) = x + p, then for any given n [N, we setn=kq+1i,0<i<q—1,
and obtain

FM() = FI(FK00) = FI(FE969 +p)

= FI(FOT2900 +2p) = - = FI(x +kp) = F'(x) + kp.
From this F-C=X = Fi("k)q:kip_x, where k tends to infinity whenever n tends to

infinity and the other quantities remain bounded, therefore %

p/q. This proves (1.b).

If F4(x) = x + p then FKI(x) = x + kp, for all k [N, hence qu,ﬁ# = p/q
and pe (X) = p(F) = p/q; this gives (1.c). (1.d) is proved similarly.

Finally, to prove (1.e), given any € > 0 we look for 6 > 0 such that for every
G A1, d(F,G) < b implies |p(F) — p(G)| < &. Given € take p [Zl q [CNI such
that p(F) — € < p/q < p(F), this gives F9(x) > x + p, for every x [R. Since F
has a point xg whose orbit is contained in Cont (F), then F is left continuous at
Fi(xo),0<i<q, i.e. for every & > 0 there exists 3; > 0 such that F(xo)—8; <z
implies Fi*1(xo) — &i < F(2), in particular Fi*1(xo) — & < F(F'(xo) — dj).
Consider gg—1 = (F%(Xo) —Xo—p)/2=>0, €j—1 = i/2,2<i=<q—1, and take 6 =
min(d1,02/2,...,8q—1/2,€—1) = 0. Now, if G ¥, satisfies d(F, G) < &, then
F(X)—06 = G(x), for every x [R], hence F (Xg)—01 < G(Xo) and F (F (Xp)—91)—0 <
G?(xo), this gives F (F (xo) — 81) — 82/2 < G?(Xo) and, from here, F2(Xp) — & <
G?(xo). Repeating this reasoning we obtain that F971(Xo) — 3q—1 < G 1(Xo)
implies F (F971(X0) —8¢q—1) —€q—1 =< G%(Xo), which gives F9(Xo) —2gq—1 < GY(Xo)
and therefore, Xo +p < G%(Xg) and p(G) = p/q = p(F) —¢. Similarly one can find
3™ 0 such that d(F, G) < 3"implies p(G) < p(F) +&. 1

A minimal set for F is any closed, non empty set B [Rlsuch that F(B) [BI
B +Z = B and B has no proper closed subset with these properties.

converges to

Lemma 2. Let F: R — R be a continuous map of degree one, then

(2.a) F has an orbhit disjoint from Const (F),
(2.b) if F is non decreasing, there exists a set B, minimal for F and disjoint
from Const (F). If Const (F) & [then such B is nowhere dense.

Proof. (2.b) is Lemma 3.4 of [5], we prove (2.a). Since Const(F) is an open
set, Ay = E!“,;j)lF_i(Const (F)) defines a non-decreasing sequence of open sets.
Suppose [0,1] CTFA,An, the compactness of [0,1] then gives Kk [N such that
[0,1] [CTEJA, and, since An +Z = A,, R = [KJ,A, = Ac. Then, R =
K J}F~i(Const (F)) [_Cbnst(F¥) implies that F is constant on R, which con-
tradicts the fact that F is of degree one. Therefore, there exists x []D,1] —
5, An, then x FIEZ}F ~'(Const (F)), and therefore the orbit of x is disjoint
from Const (F). 1

Now, we prove some results for maps of the classes B and .%.
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Lemma 3. Let F A,

(3.a) Fj and F, are non decreasing maps of R,

(3.b) Fi(X) = F(X) =< Fy(x), for every x R,

(3.c) the maps from %y or %, into .# given by F B3 F,, F B Fy are Lipschitz
continuous,

(3.d) if F is non decreasing then F = F| = F,

(3.e) if F A, then F|, Fy 4,

(3.f) Cont(F) Cbnt(F;) n Cont(Fy),

(3.9) let x [Cont(F), then

Fi(xX) B F(x) XX Const(F)),
Fu(X) B F(X) XTI Const(F),

(3.h) if F A, then for every x R, rot(x,F) = [EF ), P (1,
(3.) if F A, then for every x [Rl, p(Fi) < p. (X) <Pr(X) < p(Fu).

Proof. If x < xPthen {F(y) : y < x} C{F(y) : y < X3}, hence Fy(X) < Fu(x)
and similarly for Fy, this gives (3.a). The proof of (3.b) and (3.d) is straightforward.

Take any F,G %, and let d = d(F,G), we show that for every x [R,
[Fu(X) — Gu(X)| =< d. Suppose there exist x [R], € > 0 such that F,(X) — G,(X) >
d + g, then there would exist y < x with F(y) > Fu(X) — € which would give
F{y) — G(y) > Fu(X) — € — Gu(X) > d, which is not possible. We can proceed
similarly for the other applications of (3.c).

Let F A4,

Fux+ 1) =sup{F(y):y=x+1}=sup{F(z+1):z<x}
=sup{F(2)+1:z=x}=F,(x) + 1.

Letm,M be such that m < F(x) < M, for every x []Q, 1]. For any x []Q,1]
and given y < x, there exist y=' [0, 1], k [N such that y = y™— k, this implies
Fy) = Fy"-k)=F@yY—k<M—k <M. This and F(x) < Fy(x) yield
m < Fy(X) < M, for every x []Q, 1], therefore F, ["#&;. Similarly one can prove
F 4.

Suppose Xo [Cont (F), we prove that F; and F are left continuous at xg, the
right continuity follows in a similar way. For any € > 0, there exists 6 > 0 such
that xo—0 <=z < Xp impliess F(Xp) — € <F(z) = F(Xo) +¢€. Let Xg—0 < X < Xg,
then

[Fu(%0) = Fu(¥)| = Fu(xo) = Fu(X) = sup{F (y) : y = Xo} —sup{F (y) : y = x}.

Now, sup{F(y) : ¥ < Xo} < max(sup{F (y) : y =< x}, F(Xo) + €) and sup{F(y) :
y < X} = F(X) = F(Xo) — €. From both inequalities we obtain

[Fu(X0) — Fu(X)| =< max(0, F (xo) + € —sup{F (y) : y = x}) < 2¢.
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Similarly, |Fi(xo) — Fi(X)| = inf{F(y) : y = X} —inf{F(y) : y = X}, since
inf{F(y) :y =x} = min(inf{F (y) : y = X0}, F (X0) — €) we get |Fi(Xo) — Fi(X)| =
max (0, inf{F (y) : y = Xo} — F (X0) + €) < ¢, since inf{F (y) : y = X0} = F(Xo).

Suppose Fu(Xo) B F(Xo), then Fu(Xo) > F(Xo) and there exists y < Xg with
F(y) > F(Xo). If F is continuous at Xo then there exists € > 0 such that F(y) >
F (), for every |x — Xp| < €, hence Fy(X) = sup{F(z) : z < xo — €}, for every
[X — Xo| < € and xo [Const(Fy). Similarly for F.

To prove (3.h) denote a, = % rot (x, F) is then the set of the limit points
of the sequence (an)nmnand is therefore a closed set, with Pe (xX) = infrot(x,F)
and pe(X) = suprot(x,F). The case [ (X) = P (X) is trivial, so we consider
Pe X) < pe(X) and show that for any r, BF(X) < r < pg(X) there exists a
subsequence of (an)n converging to r. For this we see that for every no [N
and € > 0 there exists n = ng such that |a, — r| <e€. Let

o =sup{|F(y)—yl:y 00, 1]} = sup{IF (y) —y| : y LRI},

then
n*1(x) — x F”(x)—xE
|an+1_an|:% n+1 - n
”+1(X)—F”(X)§ n 1 1E
=0 N+l [F() — x| ~1 n
_ i(Fn(X))—Fn(X)a&n(X)—X 1 - 2a
U n+1 U n th+1 7 n+1’
since [F"(X) =X| =| 1=, FK(X) = F*1(X)| < na. So, 8, = |an+1 — an| tends

to zero and for ng, €, we choose n; = ng such that n = n; implies 3, < 2¢, then
there is an n = n; with |ay — r| < € because, on the contrary, since there exist
ko = ky = nq such that ay, < r—e <r+e¢ =< ax, we could take ko = max{k : k; <
k=ky,ak=r—e}andgetax, <r—e<r+¢e=<ag+1 and Oy, = 2¢, ko = ny,
which would contradict the choice of nj.

Finally, we prove (3.i). Since Fj(X) < F(X) < Fy(X) for every x [Rland F, and
Fu are non-decreasing maps, we obtain F"(x) = F"(x) =< F[(x) for every x R,
n [N, and from this

Fr(x) —x - FM'(x) —x - Fi'(x) —x
n - n - n '

L1

Lemma 4. Let F 4, xo [Rland ? [{$,+,—},

(4.a) If there exist ¢ < X, € > 0 such that F(c?) = F (x) for every |[Xx —Xg| <,
then xo CConst (Fy) .
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(4.b) If there exist ¢ > Xp, € > 0 such that F (x) = F(c?) for every |x —Xo| <€,
then xo CCbnst (Fy) .

(4.c) xo Cont(F,) if one of the following conditions is satisfied:
(4.c.1) xo Cont (F),
(4.¢.2) xo [Const (Fy),
(4.c.3) F(x0—) = F(Xo+) > F(Xo),
(4.c.4) F(Xo—) = F(Xo+), F(Xo—) = F(Xo).

(4.d) Xo [Cont (F)) if one of the following conditions is satisfied:
(4.d.1) xo Cont(F),
(4.d.2) xo [Const(F),
(4.d.3) F(x0—) = F(Xo+) < F(Xo),
(4.d.4) F(xo—) > F(Xo+), F(X0)=F(xo+).

Proof. We first prove (4.a), (4.b) follows in a similar way. We can take ¢ < Xp—¢.
If 2 =o-o0r? = — then clearly, Fu(c) = F(c?). If? =+, takec <y < Xy —¢
and we get Fy(y) = F(c+) = F(c?). So, in any case, there exists y < Xg — €
such that Fy(y) = F(X), for every [X — Xo| < €. Now, |[X — Xp| < € implies
Fu(X) =sup{F @) :z=x} = max(sup{F(z2) : xo—e<z<=x} sup{F(2):z <
Xo —€}) =sup{F(2) : z < xo — €} = Fu(Xo — €), hence xo [Const (F).

If (4.c.1) or (4.c.2) is satisfied then (4.c) follows trivially. Note that F (xo—) =
F (Xo) implies that sup{F(y) : y < X0} = sup{F(y) : y < Xo} = sup{sup{F(y) :
y <X} : X <X} =sup{Fu(X) : X < Xg}. If (4.c.3) is satisfied then F(xq—) >
F (Xo0) gives sup{Fu(Xx) : X < Xo} = Fu(Xo) and Fy(xo) = sup{F(y) : y < Xo} =
inf{sup{F(y) : y < X} : X > Xo} = inf{Fy(X) : X > X}, since F(Xp—) =
F (Xo+); from both identities we obtain that F, is continuous at Xo. Finally
(4.c.4) implies F (Xo—) = F (Xo) which again gives that F is left continuous at Xg.
Also, F(Xo—) > F(xo+) gives the existence of € > 0 such that F(xo—) > F(X),
for every xo < X < Xg + €, hence there is a y < xg such that F(y) > F(x), for
every Xg < X < Xg + € and from here Fy(X) = Fy(Xo), for every Xg < X < Xg + ¢
and inf{F,(X) : X < Xp} = Fu(Xo). (4.d) can be proved similarly. 1

Lemma 5. Let F [C#, xo [CR. If there exists ? [{$, +, —} such that one of
the following conditions holds:

(5.1) there exists ¢ < Xp such that F (c?) = F(Xo) > F(Xo—) = F(Xo+),

(5-2) F(x0—) = F(x0) = F(xo+),

(5.3) there exists ¢ > Xg such that F(xg—) = F(Xo+) > F(Xp) = F (c?),
then F; and F, are continuous at Xy and verify

(5.a) if xo [CRI— Const (F;) then Fi(Xo) = F (Xo+),

(5.b) if xo CRI— Const (F,) then Fy(Xo) = F (Xo—),

Proof. The continuity of F| and F, at Xp follows from Lemma 4. We prove
(5.a). (5.b) can be proved analogously. If (5.3) is satisfied then the case is trivial
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because it implies, by (4.b), that xo [Qonst(F). If (5.1) or (5.2) hold then
Fi(xo) B F(Xo+) gives Fi(Xo) < F(Xp+) < min(F (Xo—),F (X)), hence there
exist € > 0, y > Xp such that F(x) > F(y), for every |[x — Xp| < €, therefore
Xo [Const (F)). 1

3. Main Tools

In this section we give two technical results that identify su [cieht conditions
for a map of % to satisfy the properties of our interest. The proofs of these results
follow closely those of Proposition 5.1 and Theorem B of [5], respectively, but are
given for completeness.

Proposition 6. Let F A, verify the following conditions:

(6.1) F; and F, are continuous and p(F;) < p(Fu),
(6.2) Const (F;) and Const (F,) are non-empty,
(6.3) if x CRI— Const (F;) then F(x+) = F|(X),
if x [RI— Const (F,) then F(x—) = Fy(X),
(6.4) for any x3 < yi1, Xo < Yy, satisfying x; I Qonst(F,), y1 Y Qonst(F,),
F(xi+) < x2 and F(y1—) = y», there exists a strictly increasing map
b: (X2,¥2) — (X1,Y1) such that
(641) Fo q) =Id (X2,y2)1
(6.4.2) if F(X1+) < Xz then inf ¢(X2,Y2) > X3,
(6.4.3) if F(y1—) >y then sup d(x2,y2) < Y.
Then, for any p [CZ, g [Nl such that p(Fy) < p/q < p(Fu), F has a cycle mod 1
of period g and rotation number p/q.

Problem. Is condition (6.2) redundant?

Proof. Take k = p/(p,q), n = q/(p,q) ((p,q) denotes here the largest common
divisor of p and q), then k/n = p/q and (k,n) = 1. By Lemma 1 F"(x) <
x +k, F'(x) > x +k, for every x [R and, by (6.1), (6.2) and (2.b) there exist
nowhere dense sets By and By, minimal for F; and F, respectively, such that
B n Const (F) = [@nd By n Const (F,) = [L_\We choose the points z,z, in
the following way. If Bj n By 8 [then we take z; =z, [(By nBy. If Bin By = [
then, since B| and By are nowhere dense, closed and unbounded from both sides,
we can take z; [CH, and z, B, such that z, <z, and (z,,21) n (B [BY) = [
We first claim

(6.0) Fl'(z) —k<zy=sz <F](zu) — k.
If z, = z), then F"(z1) < z1+k =z, + k. If z, <z then (zy,z1)) n By = Cdnd

since z; + k > F"(z;) B, we obtain F"(z;) — k < z,, but B; n By, = Cimplies
F\"(z1) — k < zy. Similarly one can prove the second inequality.
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Second, we show that for every m [N

(6.ii) FM(F"(21) — k) < min(F"(21), F{" (z0))

' = max(F"(21), F{" (zu)) < FJ'(F{'(zu) = K).
Since F["(z1) — k < z; and F is non-decreasing, F"(F"(z1) — k) < F™(z1). If
equality holds then F™(z;) = F/"(F"(z1) — k) = F"(F"(z1)) —k and F"(z)) is a
periodic mod 1 point of F; with rotation number k/n, which contradicts p(F;) <
k/n. Since F"(z1) — k < z,, Fi = Fy and Fy, Fy are non-decreasing, we obtain
FM(F"(z1)—k) < F"(zu). Suppose that the equality holds, then BjnB, & yields
z1 = zy and F'(z1) = F"(zu) = F™(F"(z1) — k) < F™(z1), which contradicts
Fi < Fu. Hence F™(F"(z1) — k) < min(F"(z1), F{"(zyu)). Similarly one can prove
the second inequality.

Now, we construct the set of points {Xi}{_,, {Yi}i—o as follows,

%(FP(ZO —k), ifo<i<n,

Xj = I=SN(z, +sk), ifsn<i<(s+1)n, 1<s<(pq),
(@) —k+p, ifi=q,
@(zu), if0<i<n,
Vi = TSN (EN(zy) — k + sk), ifsn=si<(s+1n,1<s<(p,q),

We check that for every pair (Xi, Vi), (Xi+1,VYi+1), i =0,1,...,q—1 the assumptions
of (6.4) are satisfied. Clearly, x; [CB; implies x; Y Qonst(F), yi B, implies
yi I Qonst(F,) and x; < y; by (6.i), (6.ii) and F of degree one. Note that
Xq = Xo +p and yq = yo +p. Since x; L Cbnst (F;) and y; L Const (F,) we obtain,
by (6.3), Fi(xi) = F(xi+), Fu(yi) = F(yi—), i=0,1,...,q — 1. Hence, if n does
not divide i + 1, then F(xj+) = Xj+1 and F(yi—) = Yi+1. Moreover,
fori=n—1, (p,q) > 1,

Fi+) =F"(F"(@) —K) <F'(21)) <z1 + kK < Xi+1, F(Yi—) = F{(Zu) = Vi+1;
fori=jn—1,1<j<(p,q)

Fi+) =F"(@+ (0 — 1K) <z + jk = Xiv1, F(yi—) = FJ(F{(zu) + ( — 2)k)
= FLT(ZU) +(J — DK = Yi+1;

fori=q—1, (p,q)>1

F(xi+) = F (21 +p — k) = Xij+1, F(yi—) = FJ(F](zu) + p — 2k)
> F((zu) +p— K =VYi+1;
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for i=q—1, in the case (p,q) =1
F(xi+) =F"(F"(@) — k) <F"@) = Xi+1, F(yi—) = F{'(@u) > 20 +K = Yin1

Consequently, the assumptions of (6.4) are satisfied. Also, there exist r,s [l
{0,1,...,qg—1} such that F (X, +) < Xr+1, F(Ys—) > Ys+1. Let ®i : (Xj+1,VYi+1) B
(Xi,vi), i=0,1,...,9—1 be the corresponding maps and

O=doodro°dg—1:(Xq,Yq) —— (Xo,Yo)-

Then, by (6.4.2) and (6.4.3), inf @(Xq, Yq) = Xo, SUP ®(Xq,Yq) < Yo.

Consider the set A = {z [(Ko,Yo) : 9(z + p) = z}, this set is non-empty
(p(z + p) < z, for all z gives inf{o(z + p)} < inf{z} = Xp) and it supremum, t,
belongs to (Xo, Yo) (Sup A =y gives that for every e > 0 thereisayp—€ <z <yp
with @(z + p) = z, hence sup @(Xo, Yo) = sup{z} = yo). Moreover, @(t +p) = t,
since from @(t+p) < t for every z [C(¢(t+p),t) we obtain @(z+p) < @(t+p) < z,
and from @(t + p) >t for every z [, @(t + p)), ¢(z +p) > @(t +p) > z, both
conclusions contradicting the definition of t.

Now, from F o ¢; = Id («,,, y;.,) it follows that Fi(t) = F9(@(t + p)) = t+p,
hence t is a periodic mod 1 point of F with rotation number p/q, by (1.b). Also,
forany i [{0,1,...,9—1}, F'(t) = F'(@(t +p)) = i © div1 o+ © Pg—1(t+p) [
di © Pivr - © Pg—1((Xq»Yq)) T (Ai,yi). Let m < q denote the period of t, we
have F™(t) = t+ j, for some j [Zl Suppose m < g, then since j/m = k/n and
(k,n) =1, mis of the form m = sn with 1 < s < (p,q). We have xm = z; + sk
and ym = F(zu) —k + sk, with j = K = K0 — gk From this, F™(t) = t+sk [
(Xm, yYm) and t (@, F(zu) —k), which contradicts t C(Xo, Yo) = (F,"(z1) —k, zu).
Hence, m =q. 1

Proposition 7. Let F [CZ; verify the following conditions:

(7.1) F; and Fy have an orbit disjoint from Const (F;) and Const (F,), respec-
tively,

(7.2) if x CRI— Const (F;) then F(x+) = F|(X),
if x CRI— Const (F,) then F(x—) = Fy(X),

(7.3) there exists ? [{H,—} such that for any x; < y1, Xz < Yy, satisfying
X1 FQonst(F), y» Y Qonst(F,), F(X1+) < x2 and F(y1—) = y», there
exists a strictly increasing map ¢: (X2,Yy2) — (X1,Y1) such that
(731) Fo q) =1d (X2,y2)1
(7.3.2) $(x?) = ¢(x),

(7.3.3) if F(X3+) < Xz then inf ¢(X2, y2) > X1,

(7.3.4) if F(y1—) > y2 then sup ¢(Xz2,¥2) < V1.
Then, for any a, B with p(F)) < a < 8 < p(Fy), there exists x such that
rot(x,F) = [a, B]. In particular, Rot(F) = [p(F)), p(Fu)]-

Proof. The case p(F;) = p(Fy) follows trivially from (2.g) and (2.h). Assume for
the rest of the proof that p(Fy) < p(Fu) and fix ng = 1/(p(Fu) — p(F1)), (Pr)n=n,
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and (rn)n=n, two sequences of integers such that pn/n, ro/n C(p(F), p(Fy)) for
every n = ng and limp pn/n = q, limg rp/n = 3.

We define inductively positive integers in, jn, Mn, Vn and integers kn, u, for
n = np in the following way: in, = 1, Kng = Pngs Mny, = No, Un = Kn + Jnfn,

= Mnh JnN, Kn+e1 = Un + insefBn+1, Mp+1 7= Vn + ipe1(n + 1) jn is such that
gﬁl — o L4 is such that g‘{:ﬁ - ?1”:11@ ﬁ

By (7.1) there exist points zj, z, with their orbits under F, F,, respectively,
disjoint from Const (F), Const (F,), respectively. If both orbits have a common
point z we set z; =z, z, = z + 1, if not, we can assume z; < z,,.

We construct the sequences (Xq)qma (Yq)q rn@s follows:

Xt = I:|t(zl)1 Yr = FLE(Zu),
fort=0,1,...,ng—1
Xmp+jn+t = F(Z1 + Kn + jTn), Yma+jn+t = F{Zu + kn + )
forj=0,1,...,jn—1,t=0,1,...,n—1
Xvn+i(n+1)+t = F(z1 + Un + ipn+1), Yvn+i(n+1)+t = Fi(zu + Un + ipns1) ;

fori=0,1,...,iph+1—1,t=0,1,...,n.

Note that xq Y_Qonst(F), yq L Qonst(F,) for every ¢ [N, which implies
F(Xq+) = Fi(Xq), F(yq—) = Fu(yq). If q is not of the form mn + jn —1 or
Vn+i(n+1)—1, then Fi(Xq) = Xg+1, Fu(Yq) = Yg+1 and therefore F (Xq+) = Xq+1,
F(Yg=) =Yg+1. fqa=mp+jn—1,1<j < jn then Xq = F"" (Xm +G—1)n):
since p(F1) < rn/n we have F"(X) < X + r, for every x [CH, hence Fi(Xq) =
FI"Xmp+(—1n) = F'@ +Kkn+({ —1)rm) < zj+Kn+jrn = Xm, +jn = Xq+1 and,
from this, F (Xq+) = Fi(Xq) < Xg+1. Analogously, F (yq—) > yq+1 and similarly
for the points of the formg=v, +i(n+1)—1, 1 <i < ip+1.

Moreover, Xq < Yyq for every ¢ [N If q is of the form mn + jn or vy +i(n + 1)
this is immediate since Xq = Xm,+jn = Z1 + Kn + jrn < zZy+Kn +jran =yq. So, it
is enough to show that if t = 0 then F(z)) < F}(zu). Since z; < z,, Fi < Fy and
both maps are non-decreasing, F'(zi) < Fl(zu). If equality holds, then the orbits
of zy and z, under F, and F, respectively, intersect, but then we have z, =z, +1
and Fl(z)) < Fl(@)+1=< Fi(z1)+1=F}(z1+1) = Fl(z,), which is not possible.

Thus, for every pair (Xq,Yq), (Xg+1, Yq+1) the assumptions of (7.3) are satisfied.
Denote ¢q: (Xg+1,Yq+1) — (Xq,Yq) the corresponding maps and @q = ¢o © ¢y ©

o Bg—1 1 (Xg+1, Yg+1) —— (X0, Y0) = (21,Zu). We set Aq = @q((Xq+1,Yq+1)) and
claim that there exists w [Caf2yAq and rot(w, F) = [a, B].
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Let ag = infAy, By = supAy, since F(Xq+) < Xg+1, F(Yq—) = yq+1 for
infinitely many g, we obtain an increasing sequence (In)n=1 [Nlsuch that ¢, <
Olpess Blosy < Bi,- S0, Ag CA; LA, 1. andap <0 <0 < -+ <
B2 < B1 = Bo, With ag < Bg. If 2 = + we take w = limq 4. For each n, there
exists wy [CA, such that By,., < wn < By,, which implies wh+1 < wp and
limhwn, = w. For a fixed g, there is an n; such that n = n; implies I, = q and
wn Ay, A} Since @q is increasing, the sequence ((pq_l(wn))?:nl is decreasing
and, since (pq_l(wn) [(Xq,Yq) it converges to some z [Xq,yq). If z = Xq then
Oq = lim,wn = w, which contradicts oy, < a,,,, < w for every n = n;. Hence,
z Xy, yq) implies (since ¢; is right continuous for all i and therefore @ is right
continuous) @q(z) = limpwn =w [AL. Therefore, w [af2Aq. If ? = — we take
w = limg agq and proceed similarly.

Thus, since F o ¢; = Id (x;., yi. 1), FI(W) (g, Yq), for all g. Write P = {m, +
jn:n=ng, j=0,1,...,.jn—1} M +i(n+1):n=ng, i=0,1,...,in+1—1} If
q = mp+jn then both w and F%(w)—(k, +jrn) are in (Xo, Yo) = (z1,2y) and their
distance is at most z,—z;. If ¢ = vp+i(n+1) then both w and F9(w)—(uUn+ipn+1)
are also in (Xp,Yo). Hence for ¢ [P of one of the above forms (F%(w) — w))/q
dilers from (ky + jrn)/(mp + jn) or (Un + ipn+1)/(vh + i(n + 1)), respectively,
by at most (zy — z1)/q. The number (kn + jrn)/(mpn + jn) lies between kn/mp
and rp/n and the number (un + ipn+1)/(va + i(n + 1)) lies between un/v, and
pn+1/(n + 1). Therefore, since limg(zy — z1)/q = 0, we obtain

1 %l [1TT11
I|m|nf min ey ?p—;r—; = I|m|nf Fiw) —w
n n
|:| %
Ea(w) —
< IimsupL < Ilmsup max —n Un Pn rn
q[P] mn Vn n'n
Also, E‘“ - 41@ L and %ﬂ p—@ 1 give
| [IT1 1 [1TT11
liminf min I%l—n T Jiminf min —n,ﬁ ,
n’'n Mp Vn
and
1 [IT1 1 [1TT11
. r .
limsup max I%l—n - =limsup max —-, Un
n n n mn Vn

Now for ¢ = mp, we have

aw) — . )
w=w_ E‘ Zu ! and for g = v W) —w _ U_nE( Zu—a
q v cu

q q
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Hence,

1 I 1 111
.. Fiw)—w Un n Un
I|m|nf—<I|m|nf min —, 2 <I|msup max —,—
qF] q Mp Vn Mnp’ Vn

q —

slimsupu.
aza q

Therefore, since a = limp pn/n < B = lim, ry/n we have

ao=Iliminf(FY(w) —w)/q, B = limsup(F%w)—w)/q.
q Pl q [Pl

Finally, if ¢ ' B then g = a+b, for somea R, b <n (a = mn+jn
or a = vn +i(n +1)). Since iy, j, are positive for ngp < v < n — 1 we have
g=>a=2(np+Mo+1)+---+(n—1)) = (n—ng)(np +n—1). There existsy [Nl
such that |p(F))| <vy and |[p(Fu)| <V, then x —y < Fi(X) < Fy,(X) < x+y for
every X [CR and, consequently, E: vy <F/°(X) < x+uvy for all v = 1. Hence,

2(w)—w

[FA(w) — F&(w)| <by <ny and y. Therefore,
q —_ Fa — 1 a —
E (V\g 2 (Wa) W@aqu(w)—Fa(w)Hq qaﬁ (Wa) WE

(n—ng)(no+n—1) n—c

From all this, p_(w) = a and pg(w) = B, which together with (3.h) yields
rot (w, F) =aq, B] ThIS and (3.i) give Rot (F) = [p(F1), p(FW)]- 1

4. Proofs of the Main Results

Proof of Theorem A. We make use of Propositions 6 and 7. Lemma 4 gives the
continuity of Fy and F, which together with (2.a) gives (7.1). Lemma 4 and the
fact that (A.4) implies xo [Cbnst (F;) n Const (F,) give (6.3) and (7.2).

If p(F1) < p(Fy) then (6.1) and (6.2) are also satisfied. For a given Xo, if
(A.1) holds then xo [Qonst(F,) and (c,xo) [Const(F)), if (A.3) holds then
Xo [Const (F;) and (Xo,c¢) [Cbnst(F,) and if (A.4) holds then (Xo —¢€,xo+¢€) [1
Const (F;) n Const (Fy). If (A.2) holds for some Xg and F is not continuous at Xg
then F (Xo—) > F (Xo+), which gives the existence of & > 0 such that (xo—29, Xp) [1
Const (F;) and (Xo, Xo +9) [Cbnst(F,). The last case to consider is when F is
continuous everywhere, but then p(F)) < p(Fy) means that F| & F, and F is not
non-decreasing, by (3.d). Hence there exist x <y such that F(x) > F(y) and
there is a & > 0 with (x —9§,x +0) [ Cbnst(F|) and (y — 6,y +9d) [ Cbnst(F,).
This proves Const (F;) and Const (F,) are non-empty.
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To end with the proof we show that our assumptions also give (7.3) and conse-
quently (6.4). Then, a(F) = p(F) and b(F) = p(F,) satisfy properties (P1), (P2)
and (P3), the continuity of a and b at F following from (1.e) and (3.c).

For any given Xy, Y1, X2, Y2 as in (7.3), consider the map G: R —- R defined

by ]
EEpat). X < X,

G(x) = %X)a X1 <X <Y,
y1i—) Y1 =X,
G has limits from both sides at any point, is bounded and is trivially continuous
on (—oo, X1] [Jyh, +00). We see that G, is continuous and satisfies

(A.i) if x CRI— Const (Gy) then Gy (X) = G(x—).

Note that x; can only verify (A.1) or (A.2) and y; can only verify (A.2) or (A.3).
Now, by (3.f) and since the cases X = X3, X = y; are straightforward (G, (X1) =
F(x1+) = G(x1—) and y1 L Const(Gy) gives Gu(y1) = G(y1) = G(y1—)) we take
Xo [(X1,Yy1), then

(A.ii) if F satisfies (A.2) at Xo then G satisfies (5.2) at Xo.

(A.iii) if F satisfies (A.1) at xo then G satisfies (5.1) at Xo.

Since x; I Qonst (F;) and (c,Xp) CCbnst(F)), X1 < c. If x; < ¢ then (A.iii)
follows. If X3 = ¢, since F(X1—) > F(x1+), F(X1) = F(Xx1+) implies x; [1
Const (F)) and F(x1) > F(x;—) = F(x1+) gives c”'< x; such that (c5x;) 1
Const (F;) and x; [CQonst (F;). We are left with the case when F is continuous
at xp, but then, G(x1) = F(X1+) = F(X1?) = F(Xg) > F(Xo—) = F (Xo+), which
leads to (5.1).

(A.iv) if F satisfies (A.3) at X then G satisfies (5.3) at Xo.

This can be proved analogously to (A.iii).

(A.v) if F satisfies (A.4) at Xg then xog CConst (Gy).

As in the proof of (A.iii), X3 < c¢. If X; <c then G(c?) = F(c?) = F(X) = G(X)
for every |x — Xp| < g, this gives Xo [Qonst (Gy). If X3 = ¢, then it follows as
above that F has to be continuous at x;, which gives G(x1) = F(x3+) = F(X1?) =
F(X) = G(X), for every |[x — Xp| < € and therefore, xo [CConst (Gy).

Using (A.ii) to (A.v) and Lemma 5 we obtain that G is continuous everywhere
and satisfies (A.i).

Since (x2,y2) CH(X1+), F(y1—)) CBE(X1+), F(y1—)] LGL(R), we can define
¢: (X2,¥2) = (X1,¥1), ¢(X) = sup{y: Gu(y) = x}; we have ¢(x) [(ki,Yy1)
and ¢(x) FTonst(G,). Since Gy is non-decreasing, ¢ is non-decreasing and
since ¢ is one-to-one, by the definition, ¢ is strictly increasing. We show that F
satisfies necessarily (A.2) at $(x). The fact that G(¢p(X)—) = Gu(d(X)) = G(d(X))
prevents (A.1) to happen, and (A.4) would give ¢(x) [CTonst(Gy). Finally,
if (A.3) holds for ¢(x) then there exists (using the additional property in the
case F(p(X)—) = F(p(X)+))e > 0 such that F(y) < F(¢p(x)—) for every y [1
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[D(X), (X) + €) hence, there exists p(X) <y < y1 with Gy(y) = Gu(d(x)), which
contradicts the definition of ¢.

Therefore, G(¢p(X)—) = G(dp(X)) = G(d(x)+) and, in particular, G(p(x)—) =
G(p(x)). If G(d(X)—) = G(d(x)) then there exists € > 0 such that G(y) <
G(p(x)—), for every y CIP(X), p(X) + €), hence there exists y > ¢(x) such that
Gu(y) = Gu(9(x)), which is not possible.

From all this, X = Gy($p(X)) = G(d(X)—) = G(d(X)) = F(P(X)), which proves
F oo =1d(.y,) Also, §(X) = ¢(x+). Suppose ¢p(x+) > a > ¢(x), this implies
that for 6, = % > 0, n = ng (for some ng [CN), there exists a non-decreasing
sequence (Yn)n, ¥n > a such that Gy(yn) = x + % lety = limpyn = a > ¢(X),
then G, (y) = limn Gu(yn) = X, which contradicts the definition of ¢(x).

If F(X1+) < X2 then G(X1) < X2, hence inf ¢p(X2,y2) = X1. If F(y1—) > Vy»
then G(y1) > y2, hence sup ¢(X2,y2) < yi1. This ends the proof. 1

The proof of Theorem B follows closely that of Theorem A. One has to use G,
instead of G, and define ¢(x) as inf{y : G,(y) = x}, obtaining ¢(x) = ¢p(x—).

Proof of Corollary C. We show that the new map, F, satisfies the hypotheses
of Theorem A. As the intervals [x},x}] are disjoint, we can restrict ourselves to
the case n = 1, denoting x; = x{, for j = 1,2. Moreover, if x; = xp, F satisfies
F(x—) = F(X) = F(x+) for all x [CR and the case is trivial. We then assume
X1 < Xo.

Take any xo [CR. If Xo FJX1,X>] then F(xo—) = F(Xo) = F(Xo+) and
(A.2) holds for xg. If Xg [(Ky,X2) then there exists ¢ = X; < Xg such that
F(c—) = F(x1—) = F(x) for all x (X1, x>) and (A.4) holds for Xo.

If Xo = X1 and (A.2) does not hold for x; then there exists ¢ = x, > X; such
that F(x;—) = F(xy+) > F(x1) = F(c+), with Fy(X1) = F(x1—) = Fy(c+). If
F(x1—) = F(x1+) then F(x;—) = F(x) for all x (X1, %»). Hence (A.3) holds
for Xo.

If Xo = X2 and (A.2) does not hold for x, then there exists ¢ = x; < X, such
that F(c—) = F(x1—) = F(X2) > F(X2—) = F(xo+), with Fi(c—) = F(X2).
Hence (A.1) holds for Xo. 1
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