Acta Math. Univ. Comenianae 221
Vol. LXI11, 2(1994), pp. 221-225

N—-TRANSITIVITY OF CERTAIN DIFFEOMORPHISM GROUPS

P. W. MICHOR and C. VIZMAN

Abstract. It is shown that some groups of diledmorphisms of a manifold act
n-transitively for each finite n.

Let M be a connected smooth manifold of dimension dimM = 2. We say
that a subgroup G of the group DiL(M) of all smooth di[edmorphisms acts
n-transitively on M, if for any two ordered sets of n di Lerent points (X, . .., Xn)

and (yq, - -

,Yn) in M there is a smooth di Ledmorphism f G such that f(x;) =v;

for each I.

Theorem. Let M be a connected smooth (or real analytic) manifold of dimen-
sion dimM = 2. Then the following subgroups of the group Di (W) of all smooth
di Ceamorphisms with compact support act n-transitively on M, for each finite n:
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™
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The group DiL(M) of all smooth di Leaimorphisms with compact support.
The group Di[®{M) of all real analytic di Ceaimorphisms.

If (M, o) is a symplectic manifold, the group Dilc(M, o) of all symplec-
tic di Leamorphisms with compact support, and even the subgroup of all
globally Hamiltonian symplectomorphisms.

If (M, 0) is a real analytic symplectic manifold, the group Di[*{M, o) of
all real analytic symplectic di [eamorphisms, and even the subgroup of all
globally Hamiltonian real analytic symplectomorphisms.

If (M,n) is a manifold with a smooth volume density, the group
Di (M, p) of all volume preserving di Ledmorphisms with compact sup-
port.

If (M, ) is a manifold with a real analytic volume density, the group
Di (M, p) of all real analytic volume preserving di Cedmorphisms.

If (M, ) is a contact manifold, the group Di[(M, a) of all contact dif-
feomorphisms with compact support.

If (M, a) is a real analytic contact manifold, the group Di[*{M, a) of all
real analytic contact di Ledmorphisms.
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Result (1) is folklore, the first trace is in [8]. The results (3), (5), and (7) are
due to [3] for 1-transitivity, and to [1] in the general case. Result (2) is from [7].
We shall give here a short uniform proof, following an argument from [7]. That
this argument su [Cced to prove all results was noted by the referee, many thanks
to him.

Proof. Let us fix a finite n [CN. Let M (™ denote the open submanifold of all
n-tuples (X, ...,Xn) CM" of pairwise distinct points. Since M is connected and
of dimension = 2, each M s connected.

The group DiL{M) acts on M by the diagonal action, and we have to show,
that any of the subgroups G described above acts transitively. We shall show below
that for each G the G-orbit through any n-tuple (X1, ...,X,) M contains an
open neighborhood of (X1, ...,Xn) in MM thus any orbit is open; since M is
connected, there can then be only one orbit. 1

Lemma. Let M be a real analytic manifold. Then for any real analytic vector
bundle E - M the space C“(E) of real analytic sections of E is dense in the
space C*°(E) of smooth sections. In particular the space X®(M) of real analytic
vector fields is dense in the space X(M) of smooth vector fields, in the Whitney
C<°-topology.

Proof. For functions instead of sections this is [2, Proposition 8]. Using results
from [2] it can easily be extended to sections, as is done in [6, 7.5]. 1

The cases (2) and (1). We choose a complete Riemannian metric g on M and
we let (Yij)jL, be an orthonormal basis of Ty, M with respect to g, for all i. Then
we choose real analytic vector fields Xy for 1 < k < N = nm which satisfy the
following conditions:

[Xk(Xi) — Yijlg <€ fork=(i—1)m+j,

) [Xk(Xi)lg <€ forall kK YT —1)m+1,im],
[Xk(X)]g <2 for all x and all k.

Since these conditions describe a Whitney C° open set, such vector fields exist by
the lemma. The fields are bounded with respect to a complete Riemannian metric,
so they have complete real analytic flows FI*%, see e.g. [4]. We consider the real
analytic mapping

f: RN oM™
Srol Lo FIRN) (1)
f(tl,...,tN):: L1
(FIZ o o FIEN) (Xn)
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which has values in the Di [®{M)-orbit through (X1, ...,Xn). To get the tangent
mapping at 0 of T we consider the partial derivatives

9

It o ©,...,0,t,0,...,0) = (Xk(X1), . . ., Xk(Xn))-

If £ > 0 is small enough, this is near an orthonormal basis of T, Xn)M(”) with
respect to the product metric g < ... < g. So Tof is invertible and the image of f
contains thus an open subset.

In case (1), we can choose smooth vector fields Xy with compact support which
satisfy conditions (9). 1

For the remaining cases we just indicate the changes which are necessary in this
proof.

The cases (4) and (3). Let (M, o) be a connected real analytic symplectic
smooth manifold of dimension m = 2. We choose real analytic functions fy for
1 < k =N = nm whose Hamiltonian vector fields X, = grad®(fy) satisfy condi-
tions (9). Since these conditions describe Whitney C* open subsets, such functions
exist by [2, Proposition 8]. Now we may finish the proof as above. 1

Contact manifolds.

Let M be a smooth manifold of dimension m = 2n+ 1 = 3. A contact form
on M is a 1-form a CQ*(M) such that o [{do)" CQP"+1(M) is nowhere zero.
This is sometimes called an exact contact structure. The pair (M, a) is called a
contact manifold (see [5]). The contact vector field Xy [CX(M) is the unique
vector field satisfying ix, o = 1 and ix_da = 0.

A diledmorphism f [CDil[(M) with f'é = A¢ - o for a nowhere vanishing
function Ay [CQ*°(M, R\ 0) is called a contact di Ledmorphism. Note that
then Ar = ix (A - a) = ix fld = i ¢-1y,0) = Ff x,0). The group of
all contact di Ledmorphisms will be denoted by Di (I, a).

A vector field X [X(M) is called a contact vector field if Lxa = px - o for
a smooth function ux [CA*(M, R). The linear space of all contact vector fields
will be denoted by X«(M) and it is clearly a Lie algebra. Contraction with o
is a linear mapping again denoted by a: Xq(M) - C°°(M,R). It is bijective
since we may apply ix_, to the equation Lxa = ix da + da(X) = px - o and
get 0+ ix_da(X) = px; but the equation uniquely determines X from a(X) and
HUx. The inverse f 3 grad®(f) of a: Xq(M) —» C*(M,R) is a linear di[erential
operator of order 1.

The cases (8) and (7). Let (M, ) be a connected real analytic contact manifold
of dimension m = 2. We choose real analytic functions fx for 1 = k = N =
nm such that their contact vector fields Xy = grad®(fx) satisfy conditions (9).
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Since these conditions describe Whitney C? open subsets, such functions exist by
[2, Proposition 8]. Now we may finish the proof as above. 1

The cases (6) and (5). Let (M, ) be a connected real analytic manifold of
dimension m = 2 with a real analytic positive volume density. We can find a real
analytic Riemannian metric y on M whose volume form is p. Then the divergence
of a vector field X [Mect(M) is divX = X5 where X = y(X) CQY(M)
(here we view y: TM - TOWI) and [k the Hodge star operator of y. We also
choose a complete Riemannian metric g.

First we assume that M is orientable. We choose real analytic (m — 2)-forms
Bk for 1 = k = N = nm such that the vector fields Xy = (—1)™*1y~1 [Py satisfy
conditions (9). Since these conditions describe Whitney C* open subsets, such
(m — 2)-forms exist by the lemma. The real analytic vector fields Xy are then
divergence free since div Xy, = [dILyIXy = [ddiBx = 0 Now we may finish the proof
as usual.

For non-orientable M, we let 1: M — M be the real analytic connected oriented
double cover of M, and let : M — M be the real analytic involutive covering
map. We let m~1(x;) = {x}, x2}, and we pull back both metrics to M, so § := ny
and § := m'g. We choose real analytic (m — 2)-forms B Ijlm_z(l\ﬁ) forl <
k < N = nm whose vector fields Xg, = (—=1)M*1§~! CdP satisfy the following
conditions, where we put Yi’j’ = TX'?,— nt.Y; forp=1,2

IXp, ) —YElg<e fork=(i—1)m+jp=12,
(10) IXe. (<P)g < € forallk I —1)m+1,im],p=1,2,
IXp,lg < 2 for all x CM and all k.

Since these conditions describe Whitney C! open subsets, such (m — 2)-forms
exist by the lemma. Then the vector fields %(XBk + ¢Xp,) still satisfy the
conditions (10), are still divergence free and induce divergence free vector fields
Zg, [X(M) which satisfy the conditions (9) on M as in the oriented case, and
we may finish the proof as above. 1
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