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SUPERREFLEXIVITY AND
J-CONVEXITY OF BANACH SPACES

J. WENZEL

Abstract. A Banach space X is superreflexive if each Banach space Y that is
finitely representable in X is reflexive. Superreflexivity is known to be equivalent
to J-convexity and to the non-existence of uniformly bounded factorizations of the
summation operators Sn through X.

We give a quantitative formulation of this equivalence.

This can in particular be used to find a factorization of S, through X, given a
factorization of Sy through [L2, X], where N is ‘large’ compared to n.

1. Introduction

Much of the significance of the concept of superreflexivity of a Banach space X
is due to its many equivalent characterizations, see e.g. Beauzamy [1, Part 4].

Some of these characterizations allow a quantification, that makes also sense in
non superreflexive spaces. Here are two examples.

Definition. Given n and 0 < € < 1, we say that a Banach space X is J(n, €)-

convex, if for all elements z4,...,z, Uk we have
i g
inf Zh — Zh n(l—eg).
1=k=n
h=1 h=k+1

We let Jn(X) denote the infimum of all €, such that X is not J(n, €)-convex.

Definition. Given n and ¢ = 1, we say that a Banach space X factors the
summation operator S with norm g, if there exists a factorization S, = BLAR
with An: I - X and Bn: X - 17, such that [Al, (1B, [ o.

We let S,(X) denote the infimum of all o, such that X factors S, with norm g.

Here, the summation operator Sp: IT - ID, is given by
C 1

(&) B &h

h=1
and Ux denotes the unit ball of the Banach space X.
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It is known that a Banach space is superreflexive if and only if it is J(n, €)-
convex for some n and € > 0, or equivalently, if it does not factor the summa-
tion operators with uniformly bounded norm; see James [5, Th. 5, Lem. B], and
Schd [er/Sundaresan [9, Th. 2.2].

Using the terminology introduced above, this can be reformulated as follows:

Theorem 1. For a Banach space X the following properties are equivalent:

(i) X is not superreflexive.

(ii) For all n CNIwe have J,(X) = 0.
(iii) There is a constant g = 1 such that for all n [Nl we have Sh(X) < g.
(iv) For all n [NIwe have Sh(X) = 1.

There are two conceptually di [erent methods to prove that X is superreflexive
if and only if [Ly, X] is. The one is to use Enflo’s renorming result [2, Cor. 3],
which is not suited to be localized, the other is the use of J-convexity, see Pisier
[7, Prop. 1.2]. It turns out that for fixed n

@ In([L2, X]) < In(X) = 2n?In([L2, X]);

see Section 2 for a proof. Similar results hold also in the case of B-convexity; see
[8, p. 30].

Theorem 2. If for some n and all € > 0, [L, X] contains (1 + €) isomorphic
copies of I}, then X contains (1 + €) isomorphic copies of I}.

Theorem 3. If for some n and all € > 0, [L, X] contains (1 + €) isomorphic
copies of 1%, then X contains (1 + €) isomorphic copies of 12,.

On the other hand, no result of this kind for the factorization of S is known,
i.e. if for some n and all € > 0, [L, X] factors S, with norm (1 + €), does it follow
that X factors S, with norm (1 + €)?

Assuming Sn([L2, X]) < o for some constant ¢ and all n = 1, one can use Theo-
rem 1 to obtain that J,([L>,X]) = 0 for all n = 1 and consequently
Sn(X) =1

The intent of our paper is to keep n fixed in this reasoning. Unfortunately, we
don’t get a result as smooth as Theorems 2 and 3. Instead, we have to consider two
diLerknt values n and N. If Sn([L2, X]) = o for some ‘large’ N, then Sh(X) <
(1+¢) for some ‘small’ n. To make this more precise, let us introduce the iterated
exponential (or TOWER) function Py(m). We let

Po(m):=m and Pg.q(m) :=2Ps(M,
We will prove the following two theorems.

Theorem 4. For fixed n [N and o > 1 there is € > 0 such that J,(X) < ¢
implies Sp(X) < 0. In particular 3,(X) = 0 implies Sn(X) = 1.
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Theorem 5. For fixed n [N, € > 0 and o = 1 there is a number N (g, n, 0),
such that Sy (X) < ¢ implies J,(X) < €. The number N can be estimated by

N < Pmn(cn),
where m and ¢ depend on ¢ and € only.

Using (1), we obtain the following consequence.

Corollary 6. For fixed n [N, g > 1, and 0, = 1 there is a number
N (01, n, 02) such that Sy ([L2, X]) < 0, implies Sh(X) < 03.

Proof. Determine € as in Theorem 4 such that J,(X) < € implies Sh(X) < 031.
Choose N = N(3£;,n,02) as in Theorem 5 such that Sy ([L2, X]) < o2 implies
Jn([L2, X]) < 5%. By (1) we obtain J(X) < & and hence S, (X) < 01. —1

The estimate in Theorem 5 seems rather crude, and we have no idea, whether
or not it is optimal.

2. Proofs

First of all, we list some elementary properties of the sequences S,(X) and
Jn(X).

Fact.

(i) The sequence (Sh(X)) is non-decreasing.
(i) 1 =< Snh(X) =< (1 +logn) for all infinite dimensional Banach spaces X.
(iii) The sequence (nJn (X)) is non-decreasing.
(iv) For all n,m [Nlwe have Jn(X) < Jam(X) =< In(X) +1/n.
v) If 3,(X) - 0 then for all n [CNIwe have J,(X) = 0.
(vi) Jn(R)=1—1/n for all n [N
(vii) If g and € are related by € = (1 — €)™ then Jn(lg) < 4¢€ for all n [N

Proof. The monotonicity properties (i) and (iii) are trivial.
The bound for S(X) in (ii) follows from the fact that the summation operator
Sn factors through 15 with norm (1 + logn) and from Dvoretzky’s Theorem.

To see (iv) assume that X is J(n, €)-convex. Given zg,...,Znm [Ul, let
1 T—1
Xh = — Z(h—1)m-+k forh=1,...,n.
m
k=1
Then
%:I n — N S—
inf Zh — Zh m inf Xh — Xh mn(1 —¢),
1<k=nm 1=sk=n
h=1 h=k+1 h=1 h=k+1

which proves that X is J(nm, €)-convex, and consequently J,(X) < I m(X).
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Assume now that X is J(nm, €)-convex. Given z;,...,z, [Uk, let

X1 =...= Xm =21

X(n—1)m+1 = .. =Xnm =Zn.

If
——— o
inf Xh — Xnh [lis attained for kg,
1=k=nm
h=1 h=k+1

there is | [0, ...,n} such that m/2 + (I — 1)m < ko < m/2 + Im, hence

2 S H B T,

h=1 h=ko+1 h=1 h=Im+1 h 1l
where | ={ko+1,...,Im}or I ={lm+1,...,ko} according to whether ko < Im
or kg > Im. It follows that
=
nm(l—¢)>m inf Zh — Zh m,
1=k=n
h=1 h=k+1

and hence J,(X) = € — 1/n. This proves (iv).
(v) is a consequence of (iv).
For (vi) and (vii) see Section 3. 1
For the convenience of the reader, let us repeat the argument for the proof

of (1) from [1]. The left-hand part of (1) is obvious, since X can be isometri-
cally embedded into [L2, X]. To see the right-hand inequality, assume that for all

Z1,...,Zn Uk

o

inf Zh — Zh n(l—eg).
1<k=n

h=1 h=k+1

Obviously, if [zZ4[(ZF .- = [z} it follows by homogeneity that
B "aHae-o Tmt
2 inf Zh — Zh (1-¢ Zi [
Isks=n 1 h=k+1 k=1

If zy,...,zn are arbitrary, let m := mini<x=n ZAL N = m/[ZiJand Zx =
(1 — Ak)zk. It turns out that [z} — Zx = m and therefore by (2)

1 U 1
inf Zh — Zh [ZﬂIE(l—e) [z} — 7, 1
I=k=n h=k+1 k=1 k=1
r 1 . [ | LAY 104
< A—-M)+A - = (1—el)? Zil21 .

k=1 k=1 k=1
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Now, at least one of the Ay’s equals one, while the others are greater than or
equal to zero. This yields

1 C@ Cy— LA
inf % Zn — Zn I%{—8)2+n—1|;'l2 Zi 21

h=1 h=k+1 k=1

I — B
< (n—2e+¢%)2 Zi21 .

k=1

On the other hand, we trivially get that forall 1=k <n

E: L 104
Zh — Zh I’]ll2 [z I"ﬁl .
h=1 h=k+1 k=1
Therefore
re{r 1 r %( . 1
—1 z,— Zh (n—2c+e?)+(—1)n [z 21
k=1 h=1 h=k-+1 k=1

for all zy,...,zn CX. Ifin particular fy, ..., fy Uk, x;, then

¥ 1 r |§< 1
— () — fa)Cx (n®—2e+¢%)  EL(H)E]

k=1 h=1 h=k+1 k=1

r 1 l‘—% @ 1
— fn— > (n?—2e+¢?) [Fi|Lo B n(n? — 28 + £2).

k=1 h=1 h=k+1 k=1

This implies that

o " hi.H
inf i — o, 2 (n? —2e +€2)Y? < n(1-d)
1<k=n h=1 hek-+1
for & = £/2n?. Therefore Jn([L2, X]) = Jn(X)/2n2. —1

Let us now prove Theorem 4.

Proof of Theorem 4. Choose £ < m such that 1 +2(n + 2)le < 0. If
JIn(X) =< ¢, we find z4,...,z, [k be such that

1
inf g Zh — Zh n(l—eg).

h=1 h=k+1
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By the Hahn-Banach theorem, we find yx Ul —such that

| S I
nl—g) =  [ZhyF (Zh, yk ]
h=1 h=k+1

Obviously | [zh, yk 1< 1. If for some h < k we even have

[zh,yk[£ 1 —ng,
then
| S | r 1
nl-g= [@yHF @, yk[x (n—=1) + (1 —ng) =n(l —¢g),

=1 I=k+1

which is a contradiction. Hence

3) l—ne<(zh,yk[£1 forallh<k.
Similarly
4) l—ne<—I[zh,yk[£1 forallh>k.
Let X := (z1 +2zn)/2. Then it follows from (3) and (4) that there are X1, ..., Xn

U and ys,...,yn [Ukoso that

Cd—ne1)  ifh=k,

Y/ .
B e ifh >k
The assertion now follows from the following distortion lemma. 1
Lemma 7. Suppose that € < m and that there are Xq,...,xn, [Ux and

Y1,...,Yn Uk =such that

Cd-e1  ifh=k,

YT !
P e ifhsk

Then SH(X) =1+ 2(n+1)le.

Proof. Fix h [{L,...,n}. Let o) := X}, yx ] Consider the system of linear
equations

r 1 i—-uhk if h <k,
o = . k=1,...,n
=1 —0hk if h > k,
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in the n variables &, ..., &,. Its solution is given by
£ = FetEL)
" det(auk)

where (B|(|:n)) is the matrix (oyk) but with its m-th column replaced by the right-
hand side of our system of equations. It follows that

| 1 | 1
|det(B,(,T))I=E sgn () ;?Q(’,(Es nle™. | < nle.

mrm(m)
n k=1

Since for all permutations m that are not the identity, there exists at least one k
such that m(k) > k, we have |0y y«| < € and hence

L 1 1 I 1
| det(onk)| = E sgn (1) O(n(k)k%E Q‘ Okk €
k=1 k=1

s n&id
={1—¢)"—nle=1—ne—nle=1—(n+1le.

. . h .
Hence if € < ﬁ the solutions & satisfy

[EM] < 2nle.

Defining An: I —» X by

h
Anen = Xm&® +xp,
m=1

—

we get that (AL, [ 1+sup, - |E,(Q)| =1+2(n+1)!e. Defining Bh: X - 17,
by

Bnx = (X, yk D=1,

we get that [Bl,[< 1 and S, = BhAn. This completes the proof, since Sp(X) <
A, OB, X 1+ 2(n+1)l. —1

Interlude on Ramsey theory

Our proof of Theorem 5 makes massive use of the general form of Ramsey’s
Theorem. Therefore, for the convenience of the reader, let us recall, what it says;
see [3] and [6].

For a set M and a positive integer k, let M X be the set of all subsets of M of
cardinality k.
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Theorem 8. Given r, k and n, there is a number Ry (n, r) such that for all
N = Rg(n, r) the following holds:

For each function f: {1,...,N}< _ {1 ... r} there exists a subset M [
{1,...,N} of cardinality at least n such that f(M]) is a singleton.

The following estimate for the Ramsey number Rg(l,r) can be found in
[3, p. 1086].

Lemma. There is a number c(r, k) depending on r and k, such that
Rk(l, 1) < Pi(c(r, k) - 1).

We can now turn to the proof of Theorem 5.

Proof of Theorem 5. The proof follows the line of James’s proof in [4, Th. 1.1].
The main new ingredient is the use of Ramsey’s Theorem to estimate the num-
ber N.

Let n, € > 0, and g be given. Define m by

L1 Ll
(5) 2mo< ——
and let
(6) N = Rom(Rzom(2nm + 1, m), m),

where R denotes the Ramsey number introduced in the previous paragraph.
The required estimate for N then follows from Lemma 9 as follows

N < Pom(C1P2m(Cc22nm)) < Pam(csn),

where ¢1, ¢z, and c3 are constants depending on m, which in turn depends on ¢
and e.

Replacing, e.g. o by 20, we may assume that in fact Sy (X) < o in order to avoid
using an additional & in the notation. If Sy (X) < o then there are Ay : I - X
and By : X - IN such that Sy = ByAn and [ABy CFE 1, [BhyCE 0. Let
Xh = Anen and yi := B €k. Note that

L i<k,

(X1, OACZo and K,y
= =0 B, Vi 0 ifh>k

For each subset M [{1,...,N}, we let F,(M) denote the collection of all

sequences F = (F1, ..., Fm) of consecutive intervals of numbers, whose endpoints
are in M, i.e.
Fj:{|j,|j+1,...,l’j}, |j,l’j M, |j<|’j<|j+1,

for j =1,...,m. Note that F,,(M) can be identified with M 2™
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The outline of the proof of Theorem 5 is as follows. To each F = (Fq,...,Fm),
we assign an element x(F) which in fact is a linear combination of the elements
X1, ..., XN Next, we extract a ‘large enough’ subset M of {1,..., N}, such that
all x(F) with F CH,(M) have about equal norm. Finally, we look at special
sequences FO ... FM and ED, ..., EM in F,(M) such that

x(F(E‘))— ' x(FI(h))é nx(EM) ]

h=1 h=k+1

Since X{EM) CIX(FM) [ hormalizing the elements x(F(M) yields the required
elements z1, ...,z to prove that J,(X) <&.

Let us start by choosing the elements x(F). For a sequence F [CHn(M), we
define

1 1
L |

i forall | CE}
.: o . - J
S(F):= x hﬂzhxh.sg]mzms& MyEFECED =1 m

By compactness, there is x(F) [SKF) such that
FHZF inf X1
A= LU

Lemma 10. We have 1/0 < IX{F) (=% 2m for all F CHL({1,...,N}).
Proof. Write Fj = {l;,...,rj} and let

™ 1
X:==x,+2 (=1)'x,.
i=2

Then for | CF}, we have

XyE-1+2 (-1 1+2 (=1" 0= (-1),
i=2 i=j+1
hence x [CS(F) and IX{(F) [ XI'< 2m — 1.
On the other hand,
1=|X(F),y, = o IX(F) L]

Hence 1/0 < IX(F) [ 1

By (5), we can write the interval [1/0,2m] as a disjoint union as follows

O mpr s M e M P
E,Zm 1 Aj, where A= .
i=1

o 1—c¢ " l1—¢
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For F=(F1,...,Fm) [CBEn{L,....N})and 1<j<m, let
Pi(F) := (F1,....F;) CH{L....N}).
Obviously
X(Pj—1(F)) = X(Pj(F)) (X 2m forj=2,...,m.

It follows that for each F CHn({1,...,N}) there is at least one index j for
which the two values [X(P;—1 (F)) Cand X{(P;(F)) CHelong to the same interval A;.
Letting f(F) be the least such value j, defines a function

fo{1,... N} g1 m}.

Applying Ramsey’s Theorem to that function, yields the existence of a number jg
and a subset L of {1,...,N} of cardinality |L| = Rom(2nm + 1, m) such that for
all F [CHn(L) the two values [X{Pj,—1(F)) dnd X{P;,(F)) (Delong to the same
of the intervals A;.

Next, for each F [Hm(L) there is a unique number i for which the value
X{Pj, (F)) Celongs to the interval A;. Letting g(F) be that number i, defines a
function

g: L™ _ {1,...,m}.

Applying Ramsey’s Theorem to that function, yields the existence of a number ig
and a subset M of L of cardinality [M| = 2nm + 1 such that for all F CH»(M)
we have

(M X(Pj, (F)) LILA,,
and hence, by the choice of jo and L, also
() X(Pjo—1(F)) CICA, .

We now define sequences

FO=FEM . FM) and E® :=E®X,... EX)

of nicely overlapping intervals.
Write M = {p1,...,P2nm+1}, Where p; <pz <--: < panm+1 and define

FO=F® . FM™M \.(M) h=1,...,n

as follows

1 -
EPh - Pn+2n-1} ifj=1,
Fj(h) = $(2j—3)+2h1 <o Pnej—p+2n—1}  fj=2,...,m—=1,
pn(2m—3)+2h' ey pn(2m—1)+h} ifj =m.
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It turns out that

©) EX = ' Fj(fll)l - F;(h) k=1,...,n
h=1 h=k+1
is given by
Ej(k) ={Pn@j-1)+2k: - - -1 Pn@j—1)+2k+1} Fj=1,....m—1
Hence (Ef‘), ceey Er(r‘,‘)_l) [CHmn—1(M). In order to obtain an element of F(M)
we add the auxiliary set ES .= {P2nm; - - - » P2nm+1}, this can be done for n = 2,

which is the only interesting case anyway since J;(X) = 0 for any Banach space
X. We have E® = E®, .. EX) (B.(M).
The following picture shows the sets Fj(h) and Ej(k) inthecasen =3 and m = 4;

(1)[)1 P2 P3 P4 Ps Pe Pr P8 P9 P1o P11 P12P13P14 PL5PLePL7PI8 P19 PoP21 P22 P23P24P25
J

It follows from (9) that for L=<k <n

10—  — (-
o X(Pj, (FM)) + X(Pj, (FM))  S(Pj,—1(EX))
h=1 h=k+1

hence

e =
XPioF™) = X(Pjo (F™)) 2 nIx(Pjo-2(EV)) L]

h=1 h=k+1

Let z, := 0 (1 — €)' x(Pj, (FM)). Then

E: _
Zh — zh[2no(1—g) x(Pj,—1(EX)) ]
h=1 h=k+1
By (7) we have [X{Pj, (F()) (LA, which implies [z} C< 1. On the other hand,
by (8) we have [X{Pj,—1(E®)) I Ak,, which implies

g: o, Gl
Zh — Zh no(l—g)o = 1—s =n(l-¢).
h=1 h=k+1 ° &
Consequently J,(X) < &. 1
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3. Problems and Examples

Example 1. Jh,(R)=1—-1/n.
Proof. Let |€x|<1forh=1,...,n. Fork=1,...,n define
K 1 T 1
k= & — &n
h=1 h=k+1

and let no := —npn. Obviously [Nk —Nk+1| <2 fork =0,...,n—1. Since no = —nNn
there exists at least one ko such that sgn ny, 8 sgn nk,+1. Assume that |ng,| > 1
and [nk,+1] = 1, then |n, — Nko+1| = 2, a contradiction. Hence there is k such
that |nk| < 1. This proves that

| S— l‘;i 1
inf Eh — Eh 1=n—,
1<k=n n
h=1 h=k+1

and hence Jn(R) =1— 1. —1

Example 2. If g and € are related by

e=(1—¢g)i?t

then Jn(lg) < 4e forall n [N

Proof. Given € > 0 find ng such that

No no—1
then
1
A N 1
No No
If n < ng, choosing
[ I s O

Xp = (=1,...,—1,+1,...,+1,0,...),

we obtain
1 | 1 |
Xh — Xh Xh — Xh =n.
h=1 h=k+1 9 h=1 h=k-+1

And since

X [g= N9 < ny/@ < 1/(1 —¢)
it follows that Jn(ly) < €.
If n > ng, there is m = 2 such that (m — 1)np < n < mny. Hence, by
Properties (iii) and (iv) in the fact in Section 2 it follows that
1
In(X) < —m:oJmno(X) < —m:o (Gny+ ) = —m:o 2¢ < 4e. (-
0

The main open problem of this article is the optimality of the estimate for N
in Theorem 5.
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Problem. Are there 0 = 1 and € > 0 and a sequence of Banach spaces (Xn)
such that
Stmy(Xn) =0 and Jn(Xn) =k,

where f(n) is any function such that f(n) > n?
In particular f(n) > Pn(n), where m is given by (5) would show that the
estimate in Theorem 5 for N is sharp in an asymptotic sense.
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