Acta Math. Univ. Comenianae 249
Vol. LXVII, 2(1998), pp. 249-271

OPTIMAL NATURAL DUALITIES FOR SOME
QUASIVARIETIES OF DISTRIBUTIVE DOUBLE p-ALGEBRAS

M. J. SARAMAGO

Abstract. Quasivarieties of distributive double p-algebras generated by an ordinal
sum M of two Boolean lattices are considered. Globally minimal failsets within
S(M?) are completely determined; from them all the optimal dualities for these
quasivarieties are obtained.

1. Introduction

This paper concerns natural duality theory, as developed in [3] and [1]. The
objective of this theory is to find a concrete representation, as a set of functions, of
each algebra in a given quasivariety A = ISP(M), where M is a finite algebra. Such
representations have been obtained for a considerable number of quasivarieties, in
particular of varieties of algebras having a lattice reduct, and it is of interest, and
of practical importance to the study of such varieties, to find workable dualities.

Given a quasivariety A = ISP(M) of algebras generated by a finite algebra M,
let R be a set of algebraic relations on M, i.e., a set of relations on M such
that each of them is the underlying set of a subalgebra of a power of M. Define

= (M; R, T) to be the topological relational structure on the underlying set
M of M in which 1 is the discrete topology. Given l\llL_,_\ive define the category
X = ISCP(IYIi_in which objects are all isomorphic copies of closed substructures
of powers of IYL_arI1d in which morphisms are the continuous R-preserving maps. Let
D and E be the natural hom functors A(—,M): A - X and X(—, I\ldi;lx - A
respectively. The set R yields a duality on A if A is isomorphic to its second
dual ED(A), for every A [CA (see [6], [3], [1] for further details). Even when
the dualising set R is finite there are cases where R is extremely large. This can
occurs, for example, when R can be taken to be S(M?) as it is the case of M
having a lattice reduct. In these cases it would be useful to know whether such a
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duality is optimal in the sense that no proper subset of R yields a duality. In [5]
B. A. Davey and H. A. Priestley present a general theory of optimal dualities. For
a given finite dualising set Q of finitary algebraic relations on M, they prove that
the subsets R of Q which yield optimal dualities are precisely the transversals of
the globally minimal failsets in Q, as defined at the beginning of Section 4. By a
failset we mean a set of the form

Failr(u) := {'s | u does not preserve s };

here r ranges over Q and u over the set of maps from D(r) to M which do not
preserve r. The globally minimal failsets are those failsets which are minimal
with respect to set inclusion.

Here we have a dual motivation. Our first aim is to obtain optimal dualities for
the varieties under consideration. The second, and potentially the more important,
is to use these varieties to explore the structure of globally minimal failsets in a
non-trivial case, and so to gain a better understanding of the general theory. At
the same time we present some techniques which can be used to determine failsets.
In our examples Q = S(M?), and so Q includes in particular the graphs of the
(non-extendable) partial endomorphisms of M. In general, failsets which do not
contain partial endomorphisms are easier to analyse than those that do. We are
able in our examples to describe certain globally minimal failsets containing as
minimal elements non-extendable partial endomorphisms of M. In this work we
apply the theory to certain quasivarieties of distributive double p-algebras. These
algebras have as reducts a pseudocomplemented distributive lattice and a dual
pseudocomplemented distributive lattice. In [5], B. A. Davey and H. A. Priestley
have already applied the theory to the quasivarieties B, of pseudocomplemented
distributive lattices.

For this work we have used some of the Pascal programs that B. A. Davey and
H. A. Priestley have used for studying optimality in [5], and which have as a basis
the backtracking algorithm presented in [8].

The author would like to thank to her supervisor, Dr. Hilary Priestley, for her
help and encouragement.

2. Preliminaries

An algebra A = (A; CI30,1) of type (2,2,1,0,0) is a distributive
p-algebra if (A; CIL0l 1) is a bounded distributive lattice and “is a unary oper-
ation defined by

x [ak= 0 if and only if x Cat,’

i.e., x™s the pseudocomplement of x.

Analgebra A = (A; LI, 3%,0,1) of type (2,2,1,1,0,0) is a distributive dou-
ble p-algebra if (A; CIL3D, 1) is a distributive p-algebra and (A; C1,1,0,1) is
a dual distributive p-algebra.
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For m,n [TLllet B,, and B,, be respectively the m-atom Boolean lattice and
the n-atom Boolean lattice. Define P, , to be the distributive double p-algebra
given by the ordinal sum By, [B}. The unary operations “and * are defined as
follows,

1 ) C1
% if x=0, % if Xx (B,
x L §3D"“ if X [Bm, xE0, and x+:$ﬂn if x [Bh, x 81,
if x (B, ifx=1,

where xgi is the complement of x B}, with i [{in, n}.

We denote by d; and dy respectively the maximum of B, and the minimum of
B, . Letm, i [{1,2}, be the natural projection maps from Bfn,n toP,, . Fora
given subalgebra r we denote m; [by p;.

Let m,n>1and let A = |3|5(Em,n) be the quasivariety generated by P, .
Let Q = S(Efn’n) be the set of all binary algebraic relations on P, ,,. For a given
subalgebra r of Bﬁm, we write r CPE ,, when we wish to think of r as a binary
relation and r ngn’n when it is regarded as a subalgebra of Efn,n.

In Section 3 we will need some elementary facts on the algebras P, ,, which we
next collect together for future reference.

Proposition 2.1. Letr E;Eﬁm. Then one of the following cases must occur:

(@ (0,1),(1,0) Crland then r is a product of subalgebras of P, ..
(b) (0,1),(1,0) Frland then r\{(dy,d>), (d2,d1)} is the graph of some one-
to-one homomorphism h: N [P}, , - P, .

Proof. Note that (0,1) [rlif and only if (1,0) [rl So either (1,0), (0,1) [Cxlor
(1,0),(0,1) rrl

Suppose that (0, 1), (1,0) Crl For every a [pi(r) and b Cpi(r), letc,d [P n
be such that (a,d), (c,b) [rl Then we have that (a,1) = (a,d) [{Q,1) [Crland
(1,b) = (c,b) [(A,0) L[] and consequently (a,b) = (a,1) C(A,b) Cxrl Thus (a)
holds.

Now consider (b). We claim that we only have (a,0) [rifor a = 0. Suppose
that (a,0) Cr)with a 8 0. Since (a'1) [Cand (0,1) £T] we must have a < dj.
But then (d1,1) = (a,0) [({@51) Cdand so (1,0) = (d7,1*%) 1] contrary to
hypothesis. By using the same argument we also prove that (0,a) Crlif and only
if a = 0. Analogously, we prove that (a,1) [rl= a=1and (1,a) [(rl= a=1.
Let (a,b),(a,c) 1 We have that (0,b~1<), (0,b )’ Cxlwhich implies that
h™<l= 0 = b Cchand consequently b™%= c¢~' But then b = ¢ or d; [ChJc. We
also have that (1,b* [c),(1,b [c¥) [Crlwhich implies b* = c¢*. Thusbh =c or
b,c Cd}. If borcisin {dy,d>} then (a59),(a*,1) 1l and so a [{H;,d>}
because a== 0 and a* = 1. We prove in a similar way that (b, a), (c,a) [0
implies that (b = c or a,b,c [{H;,d,}). At last observe that if (a,b) [rlthen



252 M. J. SARAMAGO

(d1,d1) Crlwhenever 0 < a < d;, and (dy,d) Crlwhenever d; < a < 1. Now
it follows that r\{(dy, d2), (d2,d1)} is a subalgebra of Bﬁm and finally we have
that r\{(ds, d>), (d2,d1)} is the graph of a one-to-one (partial) endomorphism
of Prn- —1

From this proposition it follows immediately the following result.

Corollary 2.2. The endomorphisms of P, , are exactly the automorphisms
of P

Proposition 2.3.

(a) There exists a group isomorphism between AutP ., and Sy, % Sy, the
direct product of the symmetric groups S, and Sp,.

(b) If f CAutP,, ,\{id} then there exists a maximal subgroup H of AutP ,
such that ¥ ' H.

Proof. First observe that the group of automorphisms of a k-atom Boolean
lattice is isomorphic to the symmetric group Sk. Since the restrictions of the
automorphisms of P, , to By, and to By, are respectively automorphisms of B,
and B,,, every automorphim of P, . is uniquely determined by a permutation on
its atoms and by a permutation on its coatoms. Also, each automorphism of By,
and each automorphism of By, define an automorphism g of P, ... Now the claim
regarding (a) follows easily.

For (b) take the subgroup H = {g CAutP,, | g(a) =a} of AutP,, ,, where
a [A,,, is such that f(a) 8 a and a is either an atom or a coatom of P .
Suppose without less of generality that a is an atom of P, . and take ay, ... ,am
to be the atoms of P, , such that a =a;. Then {0 [Sh, | 0(1) =1} % Sy, is the
subgroup of S, XS, that corresponds to H. Since it is a maximal proper subgroup
of Sm > Sp, we have that H is a maximal proper subgroup of AutP,, .. 1

Let a [P, ,. A subalgebra N of P, is called a value of P,,, , ata if N is
maximal with respect to not containing a. Denote by N4 and N, the values of
P m.n atd; and d respectively. Observe that Ng, is {0} [BJ and Ng, is By [{IL}.

Given a partial endomorphism h of P, ,, we have that h(d;) [{H;,d.}, for
di CCdbmh, and since h is one-to-one on domh\{d;, d>}, by Proposition 2.1, we
also have that h(domh n Ng;) [Ng; whenever domh n Ng; 30, d;, 1}, with
J 1,2}, j & i. Then we may observe easily that if the codomain of h is Ng,,
for i {1, 2}, its domain is either Ng, or Ng, [{d1, d>}. Now the following result
follows immediately.

Proposition 2.4. Let i [{L,2}. Then D(Ny,) is the set of automorphisms
of Ng,.

For every subalgebra N of P, ,, we denote the set of atoms of N and the set
of coatoms of N by AtN and CoatN respectively.
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Lemma 2.5. Let h be a partial endomorphism of P, ,, with d;,d, [Cdomh
and h(di) =dg, h(d2) =d,. Then h is extendable if and only if
there is an atom a of domh such that neither a nor h(a) is an atom of P, ,,
or
there is a coatom ¢ of domh such that neither ¢ nor h(c) is a coatom of P, .

Proof. Let N = domh. If h is extendable then take h N" [P}, , - P,;, , to
be an extension of h. As N is a proper subalgebra of N “there exists a2 CAtN"
such that a“< a, for some a AN, or there exists ¢ [ Cobat N “such that ¢ < V]
for some ¢ [CQoatN. Suppose without loss of generality that there is such an
atom a Since hUis one-to-one, by Proposition 2.1, 0 < h'{a) < h(a). But then
a [CAtN and a,h(a) [ AtP,, ,. Conversely suppose without loss of generality
that a CAtN and that a,h(a) L AtP, ,. Then there are a;,a, CAtP,, , such
thata; <aanda,; < h(a). Foreveryx [N, we havea; [ X1= a [xX]= a, [h{x)
because a CAtN and h is one-to-one. Take

s = graph(h) [{{a, a2) LR, h(x)) | x [N} [ " a2")' LELh(x) | x [N}

It is not di Ccult to verify that s is the universe of a subalgebra of Bﬁm. Then
s = graph(h) for some one-to-one partial endomorphism h of P, ,. But then h
extends h. —1

Lemma 2.6. Let N and Q be two maximal proper subalgebras of P, . If
N and Q are isomorphic then there exists an automorphism g of P, , such that

g(N) =Q.

Proof. Since N is a maximal proper subalgebra of P, .., N must contain either
Ng, or Ng,. Suppose without loss of generality that Ng, NI Then both N and
Q are isomorphicto P,,_; ,. Letay,...,am be the atoms of P, .. If m =2 then
N = Ng, ({d:} = Q. If m > 2 then there exist a;,, aj,, aj,,3j, CAtP,, , such
that a;, [aj, and a;, [aj, are respectively the atoms of N and Q that are not
atoms of P, ,. Take ((i1 j1)° (i2 j2),id) [Sh, xSy and let g be the corresponding
automorphism of P ., ... Then we have that g(N) = Q. 1

Proposition 2.7. Let h: N - P,,, be a non-extendable partial endomor-
phism. If either Ng, [CNland N has m — 1 atoms, with m > 2, or Ng, [Nl and
N has n — 1 coatoms, with n > 2, then

(a) there exists g CAUtP ,, , such that h =g - h is extendable;

(b) for every non-extendable partial endomorphism f: Q - P, of P,
where Q is isomorphic to N, there exist 91,9, CAuUtP,,, , such that f =

g1°hegalyl

Proof. Suppose that Ng, [Nl and N has m — 1 atoms, with m > 2. We may
assume that AtN ={as, ... ,am—2,am—1 [ak}, where a;,...,am are the atoms
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of P, h. Since h is one-to-one, by Proposition 2.1, and h is non-extendable, there
are aj, aj, aj,, aj, LAtP . suchthat h(a;) = aj, [ai}, and h(am-1 [ad) = a;, by
applying Lemma 2.5. There exists 0 S}, such that ¢(i1) = m—1, o(iz) = m and
a(j) = i. Now (a) holds by taking the automorphism g of AutP , , determined
by (o,id) S}, % Sp.

By Lemma 2.6, we only need to prove (b) for thecase Q= N. Letf: N - P,
be a non-extendable partial endomorphism of P, .. By Lemma 2.5, there are
aj,a; [N such that aj,a; CCAtP,, , and, for some a;,, aj,, aj,,8j, AP,
f(aj) = aj, [}, and h(a;) = a;, [aj,. Take g» to be the automorphism of P, ,
determined by ((i j),id) CSk, % S,. Let fP=f o go™1 o h™!, where h™* denotes
the inverse of the isomorphism from N to h(N) given by h. Since h(a;) is the
only atom of h(N) which is not an atom of P, , and f'¢{h(ai)) = f(a;), f is
extendable. Let g3 CAUtP , , be an extension of Y We have gy ch e ga[ = F.

In case Ng, [CNland N has n — 1 coatoms, with n > 2, the proof of the claim
is dual to this we have just done. 1

Recall that a subset R of Q entails a relation r (in symbols, R [T) if, for every
A [A, every continuos map ¢: D(A) — Pm n Which preserves every relation in
R also preserves r. The map R B R := {r Q| R [} is a closure operator,
referred as entailment closure (see [4] and [5] for further details). There are
di Lerknt ways of building relations from a subset R of Q in order that those new
relations are entailed by R. In [4] the authors present a list of constructs su [cieht
to describe entailment. Next we present some of those constructs which we will
need in Section 3.

Permutation. From a binary relation r, construct r == {(c,d) B3, |
(d,c) CFh.
Intersection. From binary relations r and s, construct r n s.

Domains. From a partial endomorphisme: N - P, construct the domain,
dome, of e.

Joint kernels. From (partial) endomorphismse;: N; - P, yandez: N, -
Pn With Ny, N, <P |, construct ker(eg, e2) := {(c1,C2) [Ny <N |ei(c1) =

e2(c2) }.

Composition. From (partial) endomorphismse;: N; - P, yande;: N, -
Pmne With Ny, N, < P, construct the composite (partial) endomorphism

e, ° e1 with domain {¢ Cdbme; | e1(c) Cdbmes }.

Action by (partial) endomorphisms. From r ﬁm and a (partial)
endomorphisme: N - P, ,of P, ., constructe-r := {(c,d) CPE, ,|c CN and
(e(c),d) Crh.

Let r CQand let u: D(r) - Pm,n be any map. Define

U = Fail(u) := {s | u fails to preserve s},



OPTIMAL NATURAL DUALITIES 255

U is called a failset of r (within Q) if it contains r. We say that U is a failset
whenever it is a failset of some r [U. Let u: D(r) - Pmn is @ map and
X,y [O(r). Then we say that (X,y) witnesses s [Fhil.(u) if (X,y) [Sh( but
(U, u(y)) sl

Proposition 2.8. For any map u: D(r) - Pm n, the complement of Fail (u)
in Q is a closed set for entailment closure.

Proof. This follows from the definitions. 1

A failset U is said to be a minimal failset of r if U is a minimal element of
the set of all failsets of r ordered by inclusion. If U is minimal in the set of all
failsets ordered by inclusion then U is called a globally minimal failset.

The following two results are Corollary 3.6 and part of Theorem 3.14 of [5].

Proposition 2.9. Lets Q. Let U = Fail,(u) be a failset containing s. Then
there is a minimal failset Us of s with Us U1

Theorem 2.10. Let (& U QI Then the following are equivalent:

(a) U is a globally minimal failset;
(b) U is a minimal failset of r for all r UL

3. Globally Minimal Failsets in S(P3, )

As in the preceding section, let Q be S(Bﬁm). It is known that Q yields a
duality on A = ISP(P,, ), once P, , has a lattice reduct (see [3] and [6]).
For a given (partial) endomorphism h of P, ., we refer to r = graph(h) as h
whenever this causes no confusion. Note that each x [CD(r) may be identified
with the homomorphism x o f, where f: domh - r is the isomorphism defined
by f(a) = (a,h(a)), and hence we may identify D(r) with D(domh). In case
domh =P, D(r) is identified with AutP, .

Observe that any map u: D(N) - Pmn that fails to preserve a homomor-
phism h: N - P, also fails to preserve either idn or every extension of h.
Consequently a globally minimal failset U in Q which contains a partial endomor-
phism of P, , either contains every non-extendable extension of it or contains the
identity map on some value of P, ... This is the case for the two globally minimal
failsets in Q which contain the identity maps idn,, and idn,, respectively, as we
show next.

Lemma 3.1. For i [HI,2}, let ug;: D(Ng,) — Pmn be the constant map
with value d;. Then FailidNdi (ug,) is the unique minimal failset of idei and its
elements are the following (and no others):

(i) the partial endomorphisms of P, ., with codomain Ng, and their converses;
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(ii) the products Q < Ng; and Ng, < Q, where Ny, [QI [P},
Moreover Failide_ (ug;) = Png, » where Py, = {r CQ|r IZEiNdi }

Proof. Firstly, note that idei IZEhiIidNeli (ug;) is witnessed by (idei,idei).
Suppose that Failig,, (v) is a failset of idn,, and that (h,h) witnesses idn,, [
Fall.dN (v). We cIalm that Fall.dN (ug;) EB.Il.dN (v). Letr IZEhlI.dN (ug;)-

If ris a product of two subalgebras of P then ‘the identity map on one of
them must belong to Fall.dNdi (ug;). Since idn,, is the only identity map in
FailidNdi (ug;), r must be either Q < Ng; or Ng; x Q, for some Q [Pl . But
then r EElaiIidNoli (v). Thus, by Lemma 2.1, we only need to consider r when
r\{(dz,dz), (d2,d1)} is the graph of a one-to-one partial endomorphism of P, ..
Let h™be such a partial endomorphism. Since r contains the graph of an automor-
phism of N4, and it does not contain (d;, d;), hPmust be an automorphism of Ng,
and there is j {1, 2} such that d; £-pj(r). Consequently r is a partial endomor-
phism of P, , with codomain N4, or the converse of its graph. Suppose without
loss of generality that j = 1. Then (h,h™e h) [rland v(h) I 'Ng, = p1(r). Thus
(h, h™ h) witnesses r [ Edilig,, (v). We have just proved that Failig,, (Uq;) is the
unique minimal failset of idn,, ‘and that its elements are between those of (i) and
(i), which belong to ®n,, . Finally it is immediate that ®n,, IZIEiIidNdi (ug;). 3

Proposition 3.2. The minimal failsets ®n,, and ®n,, are globally minimal
failsets.

Proof. Letr E;Efmn and let v: D(r) - Pm,n be such that r [Eailr(v) [CDk,,,
with i [{1,2}. Suppose that idn,, L FEhil-(v) or otherwise ®n,, [Filr(v). Since
idng, is the only identity map in ®n,, we have that Q % Ng,, Ng, < Q LEhilc(v),
for every Ny, [CQ [P, . But then, by Lemma 3.1, we may assume that r
is the graph of some partial endomorphism h of P, , with codomain Ng,. Let
X,y [O(r) such that (x,y) Cribut (v(Xx),v(y)) £l We have that (v(x),v(y)) 1
domh x Ng,. Take r”=r [{d;, di)}. It is easy to verify that r” CEF, . Since
v(y) & di we have (v(x),v(y)) £TVand then r [Eail,(v). Thus r' @, and so
(di, d;) rr¥ 1

Take U to be a failset such that U contains an automorphism of P, .. The set
of the automorphisms of P, ,, which are not in U forms a subgroup of AutP, .
The smaller U is, the bigger this subgroup will be. So we may ask if globally
minimal failsets in Q containing automorphisms are “associated” with maximal
subgroups of AutP,, .. The following results give us the answer.

Let g be a (partial) endomorphism of P, . and let r be a binary algebraic
relation on P, ,, with (d1,d;), (d2,d2) [l We denote by g Cdnd 1 the binary
relations graph(g) [({{M,, d2)} and r [, d»), (do, d1)} respectively. Observe that
both these relations are algebraic.
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Lemma 3.3. Let H be a maximal proper subgroup of AutP, ., and K =
AutP,, \\H. Then

Wy =K 3" g CR} AgH™{ g (K}
is a minimal failset of each g K.

Proof. Let g [Kl and define a map u: AutP ., , — Pmn as follows:

Lol ifx 0w,

u(x) =
) d> otherwise.

We have that g [CHhilg(u) is witnessed by (id,g). Let s [CHhilg(u). There exist
X,y CAutP,, , such that (x,y) [sland (u(x),u(y)) £-sl Then pi(s) = p2(s) =
Pm,n and s & P32 .. Hence, by Lemma 2.1, s = graph(f) or s = f ot (f ©) " for
some f K. Conversely suppose f [K. Then (id, f) witnesses f, f “F Fhilg(u).
Thus Failg(u) = Wy is a failset of g. Now let v: AutP,,,, —» Pmn be a map
such that g [Failg(v) [CHdilg(u). There exists X CAUtP,,, , such that v(g > x) &
g(v(x)). We claim that [y1CAuUtP ., ,, v(y) 81, d2}. If v(x) or v(g = X) is not
in {dy,d>}, then (X, g = X) witnesses T [Hhilg(v), where r = graph(g), and then
r CWy. Hence v(x),v(g - x) [({d;,d>}. Lety CAutP,, . If v(y) & di,d> then
(x,y) witnesses graph(y = x=1) [CHailg(v). Thus graph(y - x~1) [CHailg(u) and
this is false. Let KM= {f CAutP,, , | f CEhilg(v)} and let H"= AutP, ,\K"
Then H"is a proper subgroup of AutP ., . By the maximality of H, H"=H
and hence KM= K. Now it su [ced to prove that f [Fhilg(v) implies that £~ 1
Failg(v) in order to conclude that Wy [CEdilg(v). Suppose that ¥ [CEhilg(v). Let
x CAuUtP ., , such that v(f o x) & f(v(x)). If f = Ehilg(v) then (v(x), v(f X)) =
(d1,d,) and v(fKox) = v(fox) = d», for every k [I{note that (f<~1ox, fXox) [
f DIBut then v(x) = v(f~1 o f o x) = d,. Thus £ EFailg(v). 1

Proposition 3.4. Let H be a maximal proper subgroup of AutP,, .. Then
Wy is a globally minimal failset.

Proof. By Theorem 2.10 and Lemma 3.3, it su [ced to prove that Wy is a
minimal failset of each g~ vith ¢ K. Fix ¢ CH and let s = g ~'Suppose
s [Rhils(v) [y, for some map v: D(S) — Pm,n. Since Wy is a minimal failset
of g and, by Proposition 2.9, every failset that contains g must contain a minimal
failset of g, we only need to prove that g [Fhils(v). Observe that s = g-id “&ince
s [Eails(v) and id £ Fhils(v) because id = F W, we must have g [Ehils(v). 1

Proposition 3.5. Let U be a globally minimal failset. If U intersects AutP .,
then U is Wy for some maximal proper subgroup H of AutP,, .

Proof. Let K =U n AutP, , and let H = AutP,, ,\\K. Then H is a proper
subgroup of AutP,, .. Take HYto be a maximal subgroup of AutP ., con-
taining H. Let KM= AutP, \H"” [CH and let ¢ K" Since g [0 we
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may take x [CAutP,, , and a map u: AutP,, , - Pmn such that (X,g < Xx)
witnesses g U = Failg(u). If gm=2"0 then u(x) = di, u(g > x) = d and
u(g? > x) = u(g ° x) = dy (note that (g - x, g% > x) [Cgl)-'"Moreover u(gk > x) = ds,
for k I But then u(g™t e g o X) = dy, i.e. u(x) =d,. Thus Wy CO1 1

It follows from Lemma 2.1 that for every g CAUtP ., ,,, the subalgebra r, with
r = g 55 maximal with respect to not containing (d,, d;), that is what we call a
value of Bﬁm at (d2, dy). The next result gives us a globally minimal failset whose
elements are exactly the relations g “ahd their converses, with g CAUtP ,, ..

Proposition 3.6. The set {g5¢ 5™ g CAutP,, .} is a globally minimal
failset.

Proof. Let f [CAutP,, , and r = f~'Let u: D(r) » Pm,n be defined as
follows:

L if x(da, d2) = i,
u(x) = .
di if X(dy, d2) = .

Observe that
(i) for every g CAutP,, , we have

u@@epi) =u(ei) and g"={(agf ()| (ab) CH}

which implies that

(P19 > F7" e p2) Cgtahd (u(py), u(g = F7 = p2)) = (d2, d1) Lot

(ii) for every x [(r), X[glapncry is identified with an automorphism of P, ,
and then X(r) = Pm n. Therefore if s [Ehil,(u) then p1(s) = p2(S) = Pmn
and (di,d1), (d2,d2) [Csl Hence, by Lemma 2.1, s must be one of the
relations graph(g), g “o¥ (g™ for some g CAUtP ., .;

(iii) for every g [CAutP,,, and x [CI(r), u(g > x) = g(u(x)) and so g ¥ 1
Fail - (u).

Thus Faile(u) = {95 H "y CAUtP,, .}

We claim that {g ¢ 5™ 'g CAutP,, .} is a minimal failset of r. Suppose
that r [CRhil (v) CHil,(u), for some map v: D(r) - Pmn. Let X,y [C(r) such
that (x,y) Cand (v(X),v(y)) £l If (v(X),v(y)) 8 (dz,d1) then (X,y) witnesses
T [Ehile(v). But then T [Fhil(u) and this is false. Thus (v(x),Vv(y)) = (dz,d1).
Now take g CAuUtP,, . Since g = f~1 [ Fhil,(v) we must have v(g - f~1oy) =
g o F71(v(y)) = v(y). But then (x,g = £~ o y) witnesses g =1 Hail,(v). Thus
Fail,(v) = Fail.(u). Finally we apply Theorem 2.10 and we get that {g ¢ D™
g CAutP,, ,} is a globally minimal failset because it is a minimal failset of each
one of its elements. 1
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Proposition 3.7. Let U be a globally minimal failset. If U intersects the
globally minimal failset {g5€¢5™ g CAutP,,,} but U does not intersect

AutP . then U ={g“Q 5"y CAUtP,, ,}.

Proof. Let g CAutP,, , and suppose that g~ 10. Take g"'CAutP,, , and

let f = g7 -g. Note that g== f - g™ Since f U and g = £ we must have
gt 1

Denote by g the algebraic relation graph(g); the subalgebra r, where r = @, is
a value of Efm at (0,1) and then r is uniquely covered by Eﬁm. Also now we get
a globally minimal failset whose elements are the relations g, with g CAutP ., ..

Proposition 3.8. The set {g|g CAutP,, ,} is a globally minimal failset.
Proof. Let f CAUtP ., ,and r=T. Let u: D(r) — Pm,n be defined by

Cob it x(dy, dp) = d,

u(x) =
() 1 otherwise.

Note that

(i) EICAUtP,, ., (p1,9°Fopy) [Fland (u(p1), u(gef~tepz)) = (0,1) LTI

(i) if s [CFhil(u) then s must be one of the relations graph(g), g {g 5™ or
g, for some g CAuUtP, ,, by applying Lemma 2.1;

(III) IXIED([), X(dl, dz) = X(dz, dl) since dl = X(dl, dl) = X(dl, dz) Mdz, dl)
and d; = x(dz, d2) = x(d1,d2) [X{d2,d;). If x,y [CO(r) such that (x,y) [Sland
u(x) 8 u(y), then (d,dz), (dz,d;) [sl
Thus {g | g CAutP,, .} = Failc(u) is a failset of r. Let U be a failset of r
contained in Faily(u). For every g CAutP,, ,, we have r = (g™t -f)-g. Since
g~ tef IFhil(u), and consequently g~ f FUl, we must have g [Ul or otherwise
F 0. Thus U = Fail(u) and Fail.(u) is a minimal failset of r. Finally we apply
Theorem 2.10 and we have that {g | g CAutP,, .} is a globally minimal failset. 1

Proposition 3.9. Let U be a globally minimal failset. If U intersects the
globally minimal failset {g | g [CAutP,, ,} but U does not intersect AutP ., ,
then U ={g|g CAuUtP, .}.

Proof. Use a similar argument to that in the proof of Proposition 3.7. 1

The following result gives us two globally minimal failsets that contain non-
extendable partial endomorphisms of P, .. Later on we will see that they are
the unique globally minimal failsets, within Q, containing non-extendable partial
endomorphisms of P, , and containing no identity maps.

We denote by EndiEm’n the set of non-extendable partial endomorphisms of
P . having as its domain a maximal proper subalgebra of P, ., containing Ng;.
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Proposition 3.10.

(@) If m> 2 then the set Wy, = {h, h¢hDTh CERd' P, .} is a globally
minimal failset.

(b) If n > 2 then the set Wy, = {h, h5¢hH™h CENd* P, , } is a globally
minimal failset.

Proof. Next we prove the claim regarding (a). By Theorem 2.10, it is enough
to prove that Wy, is a minimal failset of each of its elements. Take h: N - P,
to be a homomorphism in Endlgm’n. Hence N is isomorphic to P,,_, ,,. Define
amapu:D(N) - Pmn by

él if x is non-extendable,
u(x) = .
d, otherwise.

We claim that Wy, = Failn(u). Let f: Q - P,,, be a homomorphism in
End! Pmn. By Lemma 2.6, there is g IE_uthn such that g(N) = Q. Con-
sequently (g, F = g[J) witnesses f, f =+ Fhilp(u). Conversely let s [Fhil,(u).
Then one of the pairs (di,d2),(d2,d;) is not in s. By applying Lemma 2.1,
s = graph(f) or s = f ot s = (f ) dr some one-to-one partial endomorphism f
of P, n- Let X,y [CO(N) be such that (x,y) witnesses s [Fhil,(u). Then either
X is non-extendable or y is non-extendable. Since (x,y) [SN{(d1,d>),(d2,d1)}
which is either graph f or (graph f) -dnd y - x! is non-extendable, we must have
that T is either y e x™* or x - y~1. Hence f is non-extendable and its domain is
isomorphicto P, .

Next we prove that Failn(u) is a minimal failset of h. Let v: D(N) - Pmn
be a map such that h [CHail,(v) [CRhilh(u). For every f [CHail,(u), there are
01,02 [CAutP,, , such that h = g; o = g2, by Lemma 2.7. Consequently
Failn(v) contains every ¥ [Hailn(u) because it contains no automorphisms of
P .n- Suppose that Failh(v) & Failn(u). Then there exists f [Ehiln(u) such that
f “F il (v). We claim that h®—2 il (v), for every h™ CHailn(v). Let h™ [
Failh(v) and suppose that (X, y) witnesses h®—FFhil,(v), for some x,y CDI(N).
Then (x,y) also witnesses h” [Fail,(v). We apply Lemma 2.7 again and we have
that h= gi’> f o g5}y, for some g1, g5’ CAUtP,, . Since

gr{v(F © gz'> x) = v(h™ x) 8 h{{v(x)) = gr'> F(v(g5"> X))

and (g5 x, f g5 x) CFI-we must have v(g5x) = d; and v(f - g5~ x) = d,. But
then (d1,dy) = ((v(X), v(h™- x)) = (v(X), v(Y)) AP —ahd this is absurd. Denote
by h™! the partial endomorphism from h(N) into P .n given by the inverse of
the isomorphism from N to h(N) given by h. As h,h™! [Hhil,(v) we have that
h5¢th~1) “FFhil,(v). Therefore h = h =l ((h~1) 5T FFhil,(v). Hence Wy, is a
minimal failset of h.
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In order to finish our proof we only need to see that Wy, is a minimal failset
of s = h—Buppose that s [Fhils(v) [Ril,(u), for some map v: D(s) > Pmn.
Observe that s = h - id =—'Since id —# Hhils(v), h must be in Fails(v). By the
minimality of Fail,(u) as a failset of h we have that Fails(v) = Wy, .

The proof of (b) is done by using the same kind of arguments as those used to
prove (a). 1

Proposition 3.11. Let U be a globally minimal failset. If there is a non-
extendable partial endomorphism h of P, such that domh is a maximal proper
subalgebra of P, , and h [U, then either U = &y, or U = Wy,, for some

i 1,2}

Proof. Let h: N - P, be a non-extendable partial endomorphism of P, .,
where N is a maximal proper subalgebra of P, ,. Then N must contain either
Ng, or Ng,, so that either h CEhd* Pnnorh [Ehd? P .n- Suppose that h Ul
and suppose without loss of generality that h EEndlﬂm,n. By Proposition 3.5,
U does not intersect AutP , ..

Firstly consider the case m = 2. Then N = Ny, [{#;} and h(di) = ds.
Take f CAUtN,, to be hiy, . Observe that graphh = (f~* - (id 5 ghd so

1. (id H™F1. Consequently either f~* [CWlor id “ £l Since Un{g5¢ T
g CAutP,, .} = L by Proposition 3.7, we have that id —#0. Hence we must
have that f~* [0l Letg CAUtP, , begivenby gLy, =f tandgly, = idn,,.
We have that g U and consequently idn,, because graphf—t =g- Ol -
Finally U = &y, by Theorem 2.10 and Lemma 3.1.

Now consider the case m > 2. We claim that U = Wy,. Letu: D(N) — Pmn be
a map and x,y [CO(N) such that (x,y) witnesses h [Ul = Fail,(u). Let f Wy,
be a non-extendable partial endomorphism of P, .. We apply Lemma 2.7 and
we get that there exist 91,92 [AutP,, , such that h = g; = f = g2l Since
01,02 £ 0 and h O, f must be in U. We still need to prove that f 0.
Observe that h'™= (g;* - (g2 - F T Therefore if h™1_0 then f10
because g;,9> £ 0. Hence it only remains to prove that h ™. Suppose that
(u(x),u(y)) = (d1,d2). Let h™! Wy, be the partial endomorphism of Pmn
corresponding to the inverse of the isomorphism N - h(N) given by h. Once
again there are gp, g5’ CAuUtP,, , such that h = gr'>=h™ o g5 Sincey = h°x we
have that u(h~* o gi'e x) = gI™ ' (u(y)) = dz and u(gs> x) = g5{u(x)) = d;. But
then (h™1 = g5'e x, g5’ x) witnesses h =11, —1

Our next step is to find out if there are any other globally minimal failsets
containing proper partial endomorphisms of P, ..

Lemma 3.12. Let U be a failset and suppose that idg 13 [Ul. Then @y, [UI
or ®n,, LUl
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Proof. This is a consequence of the equality [ng n Lng = Lgohy and of Propo-
sition 2.9 and Lemma 3.1. 1

Lemma 3.13. Let U be a failset. For every subalgebra Q of P, , such that
Ng, [CQ, Ng, n Q [HD,d,1} and ido [U, there exists a maximal proper
subalgebra N of P, |, such that Q [Nland idn [UL

Proof. We prove the result by induction on m — k, where k is the number of
atoms of Q.

For m—k = 1, Q has m — 1 atoms and therefore Q is a maximal proper
subalgebra of P, since Ng, Q. Now suppose that the result is valid for
subalgebras of P, ,, containing Ng, and having k atoms. Let Q be a subalgebra
of P, , containing Ng, and let as, ... ,ax—1 be the atoms of Q_. There exists i [1
{1,... ,k—1} such that a; L AtP ., ,. We may assume that i =k—1. Then ax_1
is of the form a;, [&} [afor some a;,,a;, CALP,, , and some a [P}, » such that
ai, [ala] andai, [ala]. Nowwetake Q ,Q, B}, ,suchthat Ng, [QL, Q>
and Atg1 = {ai,...,ak—2,a &}, aj,} and Atg2 = {a1,...,ak—2,a [a},,aj, }.
Note that Q = Q1 n Q2. Since idg [ one of the two identity maps idg,, idg,
must be in U. Then by our inductive hypothesis there exists a maximal proper
subalgebra N of P, |, such that Q [CNland idy [Ul 1

By using a similar argument we also have the following result:

Lemma 3.14. Let U be a failset. For every subalgebra Q of P, , such that
Ng, [CQ, Ng, n Q [ID,dy, 1} and ido [0, there exists a maximal proper
subalgebra N of P, , such that Q [CNland idyn [l

Lemma 3.15. Let U be a failset and suppose that U contains neither idn,, nor
idn,, and that U does not intersect AutP ., . Let Q be a subalgebra of P, , such
that Q 8 {0,1}. If ido then U contains the identity map on some maximal
proper subalgebra of P, .

Proof. Let Q1 = Ng, [CQ and Q2 = Ng, Q. Observe that Q1 and Qy are
universes of two subalgebras Q, and Q, of P, ,. Since idg andQ=0Q,n
Q, one of the identity maps idg,, idg, must be in U. Suppose without loss of
generality that idq, [U. By hypothesis, idn,, £U and therefore Q1 & Ng,.
If Q1 n Ng, [{0,d;,1} then, by applying Lemma 3.13, there exists a maximal
proper subalgebra N of P, , satifying Q: [Nl and idy [U. Now suppose that
Q1 n Ng, C{0,d1,1} and so Q1 = Ng, [{d1}. There exists a map u: D(gl) -
Pm,n such that idg, [Hhailig,, (u) UL Let x [D(Q,) such that x [Q; and
u(x) £ Q;. Hence 0 < u(x) <d; and then there exist distinct atoms a,b of P, ,
such that a [Cu(x) and b [Culx). Now we take N to be the maximal proper
subalgebra of P, ,,, containing Ng,, whose atoms are a [hland all the atoms of
P n dilerent from a and b. Observe that x [N and u(x) ' N. Thus idy UL [
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Proposition 3.16. Let U be a globally minimal failset. Suppose that U con-
tains neither idn,  nor idn,, and suppose that U does not intersect AutP,, . For
every subalgebra Q of P, ,, idq £UL

Proof. Let Q be a subalgebra of P, ,. If Q = {0,1} then idn,,, idn,, LU
implies ido YUl by Lemma 3.12. Now consider Q £ {0, 1}. Suppose that idg [l
By Proposition 3.15, there exists a maximal proper subalgebra N of P,  such
that idy [CU. Let h be a non-extendable partial endomorphism of P, , having
N as its domain. We have that idy U implies h [0l and from Proposition 3.10
and Proposition 3.11 we get U = Wy,, for some i {1, 2}, and idy I Wg,. Thus
ido [ 1

Lemma 3.17. Let U be a failset and suppose that U contains no identity maps.
For every one-to-one non-extendable partial endomorphismh: N - P, of P
if Ng, NI, for some i [{1,2}, and h [l then U intersects End' P, ..

m,n?

Proof. Leth: N - P, , be aone-to-one non-extendable partial endomorphism
such that Ng, [N, for some i [{Il,2}, and h [U. Suppose without loss of
generality that i = 1. Note that d; [Cdbmh because h is non-extendable. Since h
is one-to-one and h(d), h(dz) [{d,d>} we must have h(d;) = d; and h(d;) = d,.
Thus Ng, n N & {0,d;,1} or otherwise h would be extendable. Let k be the
number of atoms of N. We will prove the result by induction on m — k.

If m—k =1 then N has m-1 atoms. Hence N is a maximal proper subalgebra
of P, » and there is nothing more to prove.

Now suppose the result is valid for partial endomorphisms whose domains have
at least k atoms. Let h: N - P, be a one-to-one non-extendable partial en-
domorphism of P, ,, such that h U, Ng, [Nl and N has k —1 atoms. Let
ai,...,ax—1 be the atoms of N. Since h is non-extendable and k —1 < m, there
exists a; CAtN such that a; Y AtP, ., but h(a;) CAtP,, . Suppose without
loss of generality that j = k —1 and let b be the atom h(a;) of P, ,. Then ax—1
must be of the form ay, [al, [alfor some distinct atoms a,, ax, of P, ,, and for
some a [Pl , (eventually 0), with a < d;. The one-to-one non-extendability of h
also implies the existence of some I'in {1,... ,k—2} such that a; CAtN nAtP, ,
but h(a)) LAtP ., ,, and so h(a) is of the form a;, [Caj, Cat'for some distinct
atoms ay,,aj, of P, and some a” [H,, , with a”< d;. Now two cases may
occur:

Case 1: there exists a; [CAtP,, , for which h(a)) = a, [aj, at for some
distinct atoms aj,, a, of P, , and some 0 < a“< d; such that aj,,a;, [aT

Case 2: for every ay CAEN nAtP,, ., h(a) is either an atom of P, | or is the
join of two atoms of P, ..

Observe that the subalgebras of P, ,, are completely determined by their atoms
and their coatoms, and every one-to-one partial endomorphism of P, ,, is com-
pletely determined by the following conditions:
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(i) The bijection from the set of the atoms of the domain, if non empty, into
the set of the atoms of the codomain;
(ii) The bijection from the set of the coatoms of the domain, if non empty,
into the set of the coatoms of the codomain.
We begin with case 1. Let N; and N, be the subalgebras of P, ,, such that
Ng, [NL, N> and
AtN; ={a1,...,ak—2,a,,a, [}

and

AtN, = {ay,, a, [af} CALh(N)\{h(a))}.

Let hy: N; - P, , be the one-to-one partial endomorphism determined by
hy @dl = h@dl and

&P ifx= a,
hy(x) = if X = a,,
if x = Ak, Cal
h(x) otherwise

for every x [CAtN,. Observe that the non-extendability of h implies that h; is
also non-extendable. Let ho: N, — P, , be the one-to-one partial endomorphism
determined by h; @Ll = idL.TQLj11 and

% if x = ay,,
if x = &, (&1
h2(9) = Chl if x = b
X otherwise

for every x CAtN,. We claim that ker(hy, h2) = graph(h). Note that ker(hy, h2)
= (N3, nker(hy, hy)) C(NE n ker(hy, hy)). Since hy bW, =h &, and ol =
id [y}, we have N& nker(hi, hy) = N§ ngraphh. Let x,y [Ng,. We are going
to prove that (x,y) [ker(hi, hy) only for x [CN. Suppose (X,y) [CKer(hi,hy)
with x [CN;\N. Then one and only one of the atoms ay,, ax, [alof N, is less or
equal to x.

If ax, CxXIthen b = hi(ax,) [Chi(X) = hy(y). But then a;, [hl [Ch(y).
Thus hi(ax, [a) = a, [Chi(x) and this is false because h;(x) [Chl(ax, [Ca) =
hi(x C(@, [a)) =0.

If ax, Callxdthen a;, = hi(ak, [a) [Chd(x) = ha(y). But then a;, [Chi(y).
Thus hy(ax,) =b [Chi(x) and this is false because h;(x [aj},) = 0.

Now let x [CN. We are going to consider three diLerent possibilities in order
to prove that (x,y) CKk&r(hy, hy) if and only if (x,y) Cgtaph(h).
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If ak—1, a1 xdthen hi(X) = h(x) = ha(h(x)). Thus h1(x) = ha(y) if and only
if y = h(x).

If ax—1 [xJand a Cxdthen x = a; [CxPfor some x“ [ajin N. Then we have
hi(x) = a;, [APCh(xY. Since a, [at [Chi(y) if and only if h(ay) [ylwe have
hi(x) = ha(y) if and only if

h2(y) = hz(h(a)) Chi(x) = ha(h(ar)) Ch{xY = hz(h(a)) Ch(h(x)) = ha(h(x))

if and only if (x,y) Cgtaphh.
If ak—1 [Xdthen x = ax—; [xXHfor some x"[ay,,ax, [alin N,. Then we have
hi(x) =b Ca), [hi(xY and hy(xY Chly,. Observe that

y =h(x) Chila), Chi(y) = b ¥d=y ="b Ly}

for some y“[hiin N,. Also note that y ChI1LC ha{yY [Ca ChllCha{y Cal,b
because a;, [hds an atom of ho(N,). Hence we have

h1(x) = ha(y) = hy(xy CRICa), = hao(y) = ha(x5) ChdCa), = hy(y") Chi(b)
= hi(x) ChCa), = ha(y") oAy, = ha(x) = ha(yY.

Since ax—1 [xTand x"' [N we already know that hy (X = ho(yY = yP=h(xY =
y = b CA{xY = h(x).

Thus h I implies there is i1, 2} such that h;o COL.

If iP= 1 then h;osatisfies the inductive conditions and the result comes imme-
diately.

If iY= 2 and h, is non-extendable then h;osatisfies the inductive conditions and
the result comes immediately.

If i= 2 and h; is extendable then take h3: N5 — P m.n to be a non-extendable
partial endomorphism of P, , such that hz extends h,. We only need to prove
that hs [0 in order that we can apply the inductive hypothesis. Since h, [
we may take u : D(N,) - Pm,n such that h, CEhily,(u) CUl Let (X,y) witness
h, [CHhiln, (). Since idn, we must have u(x) [N, and u(y) & ha(u(x)) =
hz(u(x)). Hence hs [Eilp,(u) CU1

Finally we consider case 2. Recall that we only need to consider k — 1 <
m — 1. Hence N and consequently h(N) are not maximal proper subalgebras
of P, n. But then there are distinct atoms a;,a of N in AtP,, . such that
h(aj), h(ay) LAtP,, . Hence h(a;) = a;, [aj, and h(a;) = &, [Ca},, for some
aj,,aj,,ai,, a, CAtP (recall that h is non-extendable). Observe that h(a;)
and h(a;) are atoms of h(N) and then a;, 8 a;,. Let h;: N - P, be the
one-to-one partial endomorphism determined by h; @11 = h@u and

1 .
@ @2 Cay, IfX:aj,

hi(X) = if x =a,
%X) ifxgaj,ah
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for every x [CAtN. Let N be the maximal proper subalgebra of P m.n containing
N4, whose atoms are a;, [aj] and all the atoms of P, , di [erent from a;, and from
aj,. Now let hp: NY- P .n be the one-to-one partial endomorphism determined
by h, IQLl = |de1 and
I:I
if x=a;, [al,
ha(X) = % Ca), if x=a,,
for x 8 a;, (&), ai,,

for every x CAtN" Now we claim that h = h, o hy. Let x [N.

If aj,a) [XXthen hy(x) = h(x) is the join of some atoms of P, ., di [erent from
aj,, j,, &, and ay,. But then h(x) = ha(h(x)) = hz < h1(x).

If aj [xJand a [xdthen x = x"[aj for some x"' [N with a; XY But now
we have

h = h1(x) = ha(h(x) [h3 = hi(a) = h(x) Chiay) = h(x).
If a; Cxthen x = x"[aj for some x"'[CN with a; [CxT But now we have
hz © hy(x) = hy e hy(x7) [h} © ha(aj) = h(x) Chia;) = h(x).

Since h [0 we must have hy Ol or hy, [T

If hy [ then the result comes by applying case 1.

If h, [0 then there is nothing more to prove since h, is already a non-
extendable partial endomorphism of P, , having as its domain a maximal proper
subalgebra of P, .. 1

Proposition 3.18. Let U be a globally minimal failset and suppose that U
contains a partial endomorphism of P, ,. Then either U = @y, or U = Wg,,
for some i [{1,2}.

Proof. Observe that U must not intersect AutP ., ., by Proposition 3.5. If U
contains an identity map then, by Proposition 3.16, U must contain idn,,, for
some i [{1,2}, and therefore U = @y, , by Lemma 3.1.

Now suppose that U does not contain any identity map. Leth: N - P, be
a partial endomorphism of P, , in U. There exists a map u: D(N) - Pm pn such
that Fail,(u) = U. Since idy Il there is x CIO(N) such that u(x) CX{N) NI
and u(h = xX) B h(u(x)). Thus every non-extendable extension of h is also in
U. So we may assume that h is non-extendable. Note that d;,d, [CNI. We claim
that U contains a one-to-one non-extendable partial endomorphism of P, ., whose
domain contains Ng,, for some i {1, 2}.

If h is not one-to-one then h(d;) = h(d;). Suppose without loss of generality
that h(d;) = h(dz) = dz. We must have N n Ng, = {0,d1, 1} and, by Proposi-
tion 2.1, hiy), n is one-to-one. Let N "be the subalgebra of P m.n that contains
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Ng, and whose coatoms are the coatoms of N, so that the universe of NMs N [N, .
Let h® N"- P . be the one-to-one partial endomorphism of P, |, that satisfies
hfl!gllj2 = idn,, and hfﬂglljlm,\, = hGJ,, o~ Since h is non-extendable hPmust also
be non-extendable. Suppose that h“YI. We have x(d;) = d; or otherwise

X, U(X) [Ng,, (x,hex) DALy, (N = h, on

and
u(h™ x) = u(h  x)  h(u(x)) = h'tu(x)).

Take y [CID(N) to be defined by y@dlﬂ,\, = x@dlﬂ,\, and y(di) = d,. Now
we have (x,y) [Citl—'By Proposition 3.7, id=#—0. Hence u(x) = u(y) or
(U(X), u(y)) = (d1,d2). If u(x) = u(y) then u(x) Cy(N) [Nk, and

u(h > x) = u(h™y) = hi{u(y)) = h(u(y)) = h(u(x).
If (U(), u(y)) = (d1,d2) then
u(h > x) = u(h™y) = hi(u(y)) = h'{dz) = dz = h(ds) = h(u(x)).

Thus h' QL

If h is one-to-one then take Q to be the subalgebra of P, , whose atoms are
the atoms of N and whose coatoms are the coatoms of h(N). Leth;: N - P,
be the one-to-one partial endomorphism determined by hi[C} N = id Gy and
hilehatny = Nlchacn, @nd let ho: Q — P, be the one-to-one partial endomor-
phism determined by hpCy = hlakn and halghaneyy = 19 ehatnyy-  Then
h; O or h, O because h = h, = h; 0. Finally observe that the one-
to-one non-extendability of h implies that h; and h, are extended by one-to-one
non-extendable partial endomorphisms whose domains contain Ng, and Ng, re-
spectively.

Now the result follows from Proposition 3.11 and Lemma 3.17. 1

Finally we are going to prove that the globally minimal failsets within Q are
exactly those which have already been described.

Theorem 3.19. The globally minimal failsets, within Q, are the following:
(@) ®ng,, where i [{1,2};
(b) Wy, for every maximal proper subgroup H of AutP ., ;
© {950GDH™ Yy CAUtP, )
(d) {g|g CAUtP, .}
(e) Wy, if m>2;
(f) Wqy, if n>2.
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Proof. Let U be a globally minimal failset and suppose that U is not one of
the globally minimal failsets described before. By Lemma 3.1, idn,, ,idn,, £U
and, by Proposition 3.5, U does not intersect AutP ,, ,. Consequently U does not
contain any idg, with Q [Pl ,, by Proposition 3.16. We also have that there
is no partial endomorphisms of Pm.n in U, by applying Proposition 3.18. Then
for every r [U, we use Lemma 2.1 and Propositions 3.7 and 3.9 and we have
that r must be one of the relations h'-¢h 5-ahd h, for some one-to-one partial
endomorphism h of P, ., such that h(d;) = d; when i [{1,2} and d; Cdbmh.

Let h: N - P, , be a one-to-one partial endomorphism and suppose that
r [, with r = hdr r = h. If h is extendable then there exists an extension
f of h such that either f is an automorphism of P, , or f is a one-to-one non-
extendable partial endomorphism of P, , with di [-domf and f(di) = di, for
i [{1,2}. Observe that r = rth (p1(r) < pa(r)), where r= f Sifr = htahd r’=f
otherwise. Since p1(r)>p2(r) we have that r™ 0l But then f must be a non-
extendable partial endomorphism, by Proposition 3.7 and Proposition 3.9. Thus
we may assume that h is non-extendable. Hence d;,d, [N. Take u: D(r) - Pmn
to be a map such that U = Fail,(u) and let (X, y) witness r [Rail,(u). Since h Ul
we must have (x,y) I'hland so (x(a,b),y(a,h)) Crln {(dy,d>), (d2,d;)} for some
(a,b) T {d1,d>}?. Denote by rthe set r\{d;,d»}? Let z [CIJ(r) be defined by
z[d= y[dand z(a,b) = x(a,b), for (a,b) Crln {d1,d,}?>. We have that (x, z)
and (z,y) [Cid" where id”=[s.),, (@ n {(d1,d2), (d2,d1)}). Since h, id” 4
we must have u(z) = h(u(x)) and (h(u(x), u(y)) = (u(z), u(y)) Cid" Then either
(u(x), u(y)) Chlor (u(x),u(y)) Ch {(d1, d2), (d2, d1)}, so that (u(x), u(y)) CrlC]

4. Optimal Natural Dualities on ISP(P,, )

A subset R of Q yields an optimal duality on A = ISP(P,, ;) if R yields a
duality on A but no proper subset of R does so. Let G be a family of globally
minimal failsets within Q and let T be a subset of Q. We say T is a transversal
of G if T intersects each U [Glbut no proper subset of T does.

The following result is part of Theorem 4.4 (The Optimal Duality Theorem)
of [5].

L1
Theorem 4.1. Assume that QY L1 $(M") is finite and yields a duality
on ISP(M), where M is a finite algebra. Then the following are equivalent:

(a) R [Qtlyields an optimal duality on A;
(b) R is a transversal of the globally minimal failsets in Q"

Recall that Q = S(Efn,n) yields a duality on A = ISP(P ,, ,). Thus the following
result is obtained by applying Theorem 3.19 and Theorem 4.1.
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Theorem 4.2. The optimal dualities on A = ISP(P,,, ,) given by binary rela-
tions are the dualities yielded by the transversals of the family G whose elements
are the following:

(@) On,, for i 1,2}

(b) Wy, for every maximal proper subgroup H of AutP ., ;
©) {955y CAutP,, 3

(d {919 CAuUtP, ,};

(e) Wy, if m>2;

(f) Wqy, if n>2.

We may take transversals of G whose intersections with the globally minimal
failsets Wy only contain automorphisms of AutP,, .. This implies that the
intersections of these transversals with AutP . , are transversals of the family
of the globally minimal failsets Wy, where H is a maximal proper subgroup of
AutP ., ., because these are the unique globally minimal failsets that contain au-
tomorphisms of AutP,, . The next result tells us that these transversals of the
family {Wn | H is a maximal proper subgroup of AutP,, 1} are precisely the
minimal generating sets of AutP,, ..

Proposition 4.3. A set Ta of automorphisms of P, , is a transversal of the
family Ga = {Wn | H is a maximal proper subgroup of AutP,, .} if and only if
Ta is a minimal generating set of AutP ., .

Proof. Let Ta be a set of automorphisms of P, ,. We have that Ta is a
transversal of {Wy | H is a maximal proper subgroup of AutP ., .} if and only
if
Ta n Wy 8 L Tor every Wy in Ga, and for every S [ TA, S n Wy = [fbr some
WH in Ga,
if and only if
Ta [HI, for every maximal proper subgroup H of AutP,,, ,,, and for every S [TA,
there is a maximal proper subgroup H of AutP,, , that contains S
if and only if
Ta generates AutP ., , but no proper subset of Ta does so
if and only if
Ta is a minimal generating set of AutP,, .. 1

Hence we may take as transversals of G the unions of minimal generating sets
of AutP ,, , with transversals of the family of globally minimal failsets containing
no automorphisms of P, .

Let o, T be the following elements of Sy, % Sp:

—1._ .. .

%.2),@) if n =2,

o= 555_2),(13...n)) if nis even and n > 2,
12),(12...n)) ifnisodd
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and 1
£=H. (12) if m=2,
T= 13...m),(12)) ifmisevenand m=> 2,
%.2 ...m),(12)) if mis odd.

Proposition 4.4. The set {0, 1} is a minimal generating set of Sy, < Sp,.

Proof. If nis even and n > 2 then ¢" = (id, (13...n)) and ¢"~1 = ((12),id).
If nis odd then ¢"*! = (id,(12...n)) and o™ = ((12),id). Then o gener-
ates either {((12),id), (id, (13...n))} or {((12),id), (id,(12...n))}. Similarly T
generates either { (id, (12)), ((13...m),id)} or {(id, (12)),((12...m),id)}. Since
(12...k) =(13...k)(12), for k > 1, the set {0, T} generates (id, (12)), ((12), id),
(id,(12...n)) and ((12...m),id). Consequently {o, T} generates S, %< Sp. 1

Corollary 4.5. The minimum size of the generating sets of Sy, %< Sp, is 2.

Now take g; and g to be the automorphisms of P, ,, determined by ¢ and
T respectively. Then the set {91,092} is a minimal generating set of AutP, , of
minimum size. The set {hi[d, , h20d, , 1, h, id7d}, where hy CENd' P, ,

and hy IZHndZEm,n, is a minimum size transversal of the family of globally
minimal failsets containing no automorphisms. Thus the set

T ={hild, . h2[d, . h1, h2, 01, 02, id Cid}

is a minimum size transversal of G containing a generating set of AutP ., . The
set

TH= {hald, , hald, . b1, h2, 91, g,, 1d}

is also a transversal of G and it has minimum size. Both sets T and T yield optimal
dualities on A and T"is one of the smallest sets of binary relations yielding an
optimal duality on A.
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