ON UNIQUENESS FOR A SYSTEM OF HEAT EQUATIONS
COUPLED IN THE BOUNDARY CONDITIONS

M. KORDOS
ABSTRACT. We consider the system
ur = Au, vy = Av, xERf, t >0,
ou v
_ 9 o, SR =0, t>0,
Ox1 v oz v 1
u(z,0) = uo(z), v(z,0) =vo(z), T € Rf,

where Rf = {(ml,m/) cx! e RN 2 > 0}, p, q are positive numbers, and functions ug, vp in the initial conditions are
nonnegative and bounded. We show that nonnegative solutions are unique if pg > 1 or if (ug,vo) is nontrivial. In the
case of zero initial data and pg < 1, we find all nonnegative nontrivial solutions.

1. INTRODUCTION

In this paper we study the uniqueness of nonnegative classical solutions of the system

up = Au, vy = Av, xERf, t>0,
ou ov
1.1 ——— =P —— =g =0 t>0
( ) (91'1 ) 3x1 u-, T 7 >0,
u(z,0) = ugp(z), v(z,0) =wvo(x), z € RY,
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where RY = {(z1,2") : 2/ e RV"!, 21 >0}, N>1, p > 0, ¢ > 0, and both ug, vy are nonnegative bounded
functions satisfying the compatibility conditions

—g—z(l):vg and —g—:f;:ug at z;=0.
In order to motivate our results, we recall a paper by Fujita and Watanabe [6], in which they studied the
Cauchy-Dirichlet problem
up — Au = uP, T €, t >0,
(1.2) u(z,0) = up(x), x €,
u(z,t) =0, x € 010, t>0,

where p > 0, ug is a continuous, nonnegative and bounded real function, and € is a bounded domain in RY
(N > 1) with smooth boundary 9. They showed that uniqueness fails when p < 1.
Analogous results for systems were obtained by Escobedo and Herrero. In [4] they investigated the initial value
problem for a weakly coupled system on the whole space

(1.3) up = Au + P, vy = Av +ul, z eRV, t>0,
u(x,0) = up(x), v(z,0) = vo(z), z e RV,

with N >1, p > 0, ¢ > 0, and where uy and vy are nonnegative, continuous, and bounded real functions.
They showed that solutions of (1.3) are unique if pg > 1 or if one of the initial functions wug, vg is different
from zero. They also characterized the whole set of solutions emanating from the initial value (ug,vo) = (0,0)
when 0 < pg < 1. In this case, the set of nontrivial nonnegative solutions of (1.3) is given by

u(t;8) =ci(t —8)3, (- t8) =di(t —8)7,
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where ()4 = max{r,0}, s >0,
p+1 g+1
= ) ﬁl = )
1 —pg 1 —pg

aq

and ¢y, d; depend on p and ¢ only.

In [5] they proved the corresponding result for the bounded domain version of the problem (1.3). Let Q be
a bounded domain in RY (N > 1) with smooth boundary 9. They considered the following Cauchy-Dirichlet
problem

up — Au =P, x €, t> 0,
(1.4) vy — Av=ul, x €, t> 0,
u=v=0, x € 082, t>0,

u(z,0) =up(z), v(z,0)=uwvo(x), x €,

where p > 0, ¢ > 0, and wug, vy are nonnegative, continuous, and bounded real functions. They showed
again that solutions of (1.4) are unique if pg > 1 or if the initial data ug, vo are nontrivial, and they also
characterized the set of solutions with zero initial value (ug,vo) = (0,0) when pg < 1. In the latter case, the set of
nonnegative solutions of (1.3) consists of (i) the trivial solution u(z,t) = v(x,t) = 0, (ii) a solution U(z,t), V(z,t)
such that U(z,t) > 0 and V(z,t) > 0 for any € Q and ¢ > 0, (iii) a monoparametric family Us(z,t), Vs(z,t),
where Ug(z,t) =U(z, (t — s)+), Vs(z,t) =V (x, (t — s)+), s > 0, and (r)4+ = max{r,0}.
A nonuniqueness result for the system (1.1) is obtained by Deng, Fila, and Levine in [3] where they constructed
a nontrivial solution with zero initial data and pg < 1 in the dimension N = 1. It is a self-similar solution of the
form

x
u(zy,t) =t f(y), v(z1,t) = tﬁg(y), for y = \7125, t>0,
with
1+p Qi 1+gq B
o= = 5 B= = 5
2(1—pg) 2 2(1-pg) 2
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where f, g > 0 solve the corresponding initial value problem

1)+ 5/ () - af (y) =0,

g'(v) + 59'(W) — Bo(y) =0 for y >0,
£10)= = g"(0),
g(0) = — £(0),

1 1 y?
fly)=cae 4U<2+a,2,:i>,
(1.5) 2
(y)=d % U }Jrgl&
g\y 2 2 7234 )
where

o (38 ()™

1 o0
/ e "t (1 4 1) Ldt,
0

U(a,b,r)= T'a)

and ds is obtained from cy by the interchange of o with 8 and p with ¢.

Wang, Xie, and Wang showed in [9] besides the blow-up estimates also the uniqueness of the trivial solution
of (1.1) in the case pg > 1 with trivial initial data (ug,v9) = (0,0), and Lin generalized this result for the
corresponding system of n equations in [8].
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The bounded domain version of the problem (1.1) was discussed by Cortazar, Elgueta, and Rossi. In [2] they
considered the system

uy = Au, v = Av in Qx(0,7),
ou v
—__ — P — =y
(1.6) 5 = 5 — Y on 0N x (0,T),
U(I,O):Uo(x), ’U(I,O) :/UO(SC) in Qa

with smooth initial data ug >0 and vy >0, p > 0, ¢ > 0, and v being the outer normal to 02. Their result
for (1.6) takes the same form as for (1.4) in [5].
Finally, a uniqueness result is showed in [7] for the system

up = Au + P, v = Av, z eRY, t >0,
ou ov
1.7 ——=0 —— =l =0, t>0,
( ) 8.131 ’ 8$1 u-, T
u(z,0) = ug(x), v(z,0) = vg(z), z e RY,

with N> 1, p > 0, ¢ > 0, and ug, vg nonnegative, smooth, and bounded functions satisfying the compatibility
condition. The nonnegative solutions are unique if pg > 1 while a nontrivial nonnegative solution is constructed
with vanishing initial values when pg < 1.

In [3], Deng, Fila, and Levine studied also the large time behaviour of nonnegative solutions of (1.1). They
proved that if pg < 1, every nonnegative solution is global. Set, when pg > 1,

Oy = — @, 62:_ﬂ

They showed that if max(as, 85) = N/2, then all nontrivial nonnegative solutions are nonglobal; if max (s, 85) <
N/2 there exist both global and nonglobal nonnegative solutions.
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The purpose of this paper is to complete the uniqueness result for (1.1), which has the same form as for (1.3)
n [4]. We prove the following

Theorem.
(i) Let pq > 1. The system (1.1) has then a unique solution.
(i) Let pg < 1 and (ug,vo) Z (0,0). The system (1.1) has then a unique solution.
(iil) Let pg < 1 and (up,vp) =(0,0). The set of nontrivial nonnegative solutions of (1.1) is then given by the
family
- Z1 g
w(x,t;8) = (t— )% f(y), — if t>s,
(1.8) . ; y=( Vt—s
o(z,t;8) = (t — 8)59(y), 0 otherwise,
14+p 1+4¢ . .
where (r); = max{r,0}, s >0, a= , B= , and f, g are given in (1.5).
2 il 2(1 - pq) 2(1 - pq) (15)

We prove the parts (i), (ii), (iii) in Sections 2, 3, and 4 respectively.
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2. PROOF OF PART (i)

Similarly as in [3], we denote

. 2
Grv(av1it) = ()% exp (2220,

HN(xa Y; t) = GN(xayat) + GN(‘T7 7y;t)7

55 Cz—w]? - _lz+wl?
4t 4t ’

2
R(x1,t) = Hy(x1,0;t) = (Wt)_% exp (—2)

N

1
Hy(x1,y13t) = 5(7775)_

fort >0, 2,y € RY, 21,51 € R, 2/, ¢ € RV~ and = (z1,2'),y = (y1,7’). We use these functions to define

several operators for w € L}, .(RY), namely

Sy (t)w(x)

/ Gy (z,y; )w(y)dy,
RN

Sno1(t)w(zy,2) = / Gn-1(z',y s t)w(zy,y')dy,
]RN—l

T (t)w(z) Hi(x1,y1;t)w(ys, 2" )dys,
Ry

R(t)w(z) = R(z1,t)Sy_1(t)w(0, ).
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These integral operators allow us to write the variation of constants formulae for solutions of (1.1)
(2.1a) u(z,t) =T (t)Sn—1(t)ug / R(t — n)vP(x,n)dn,

(2.1b) v(z,t) =T (t)Sn-1( / R(t — n)ul(x,n)dn.

It is possible to prove the local (in time) existence of the solution for given L°° initial values using (2.1) and the
contraction mapping principle. Since the solution does not have to exist globally in this case (see [3]), we define
a strip Sy =RY x (0,7) for any 0 < T’ < c.

We point out several useful relationships. One can easily check that for w € Llop(Rf ), 8,t > 0, the equalities

Tt)Sy_1(t)w=Sn_1(6)7 (t)w,
SN-1(t)Sn—1(s)w=Sn_1(t + s)w

hold. We use them later without referring as well as Jensen’s inequality in the following two forms

if r>1 hen t s)ds r\’ul trsds

> the ([ ras) <o [ 1

if r<1 then /fT(s)dsgtl_T (/ f(s)ds)
0 0

We prove the following formulation of Part (i).

Proposition 2.1. If (u,v) and (@,v) are two solutions of the problem (1.1) with pg > 1 in some strip St,
then (u,v) = (4,0) in St.
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Proof. We omit the standard argument when both nonlinearities are Lipschitz continuous, i.e., p,q > 1 (cf.
Preliminaries in [5]). Since the system (1.1) is symmetric in the sense of interchanging p and ¢, we may assume p <
1 (i-e., ¢ > 1) for definiteness without loss of generality. We adapt the argument from the proof of Lemma 2
in [4].

Let 7 € (0,T) be an arbitrary time and let 0 < s <7 <t < 7 be always ordered this way in further discussion.
We fix (x,n) € S and define a functional g(-)(z, ) L°°( T) —R

g(w)(@,n) =T (n)Sn-1( / R(n — s)wi(z,s)ds,
fe)=¢, £>0,

so that we obtain by the mean value theorem for fog

V(z,n) = (P —3°) (x,n) = (9(u)(z,n))" — (9(@)(z,n))"
R

= pq (9(w)(x,))" n—s) (W' (u— 1) (z,5)ds

for some w between u and u. More precisely, we write

w('7 S) = p(a:, 77)“('7 S) + (1 - p(a:, Tl))a('7 5)
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where 0 < p(z,n) < 1. We also define F(t) = sup{||(v — @)(-,n)|lc : 7 € [0,t]}, and by Holder’s inequality we
derive (since % <p<l

V()| < paF(n (/R —swwsms) "
/R s)wiY(x, s)ds

< pgF(n) (2%77*% % (/ R(n— s)wi(z, s)ds)p 1+1-1

< pg2Pn BUPTTIF (n)nk,

(2.3)

where U is the upper bound of w in RY x [0,7]. Hence, applying the solution formulae (2.1), we obtain for
any x GR_IX, n € [0, 1]

n
fu — @l (2, ) < / Ry = 8)[V(, 5)|ds
(2.4) 0

n
gpq2p7r*gqu*1F(n)/ shds <Kt 2" “E(),
0

where the constant K depends on p, ¢, and on the bounds of v and @ in Rf x [0,7]. The supremum property

implies F'(t) < Kt'3" F(t) on [0, 7], and thus F(t) =0 for ¢ € (0, K_ﬁ). Since the system is autonomous, finite
iterating of the argument yields v = in RY x [0, 7]. The equality v = follows consequently from (2.1). O
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3. PROOF OF PART (ii)

In this section we establish an estimate for the nontrivial nonnegative solutions of (1.1) when pg < 1 that we will
use in Section 4 as well. We also prove Part (ii) of our main result.

Let us introduce further notation for convenience. We set b(y) = B(% + 7, 1) for v > —3 where B(z,y) is the
Beta function. Thus we have for ¢ > 0

t
1 1
(3.1) / (t—n)"2ydy=t3*"B (1 +7, 2> =3t (2 + v) .
0

1 1
Remark 3.1. Notice that 3 + pB =« and 2 + ga = 8, which will be richly used in the iteration arguments.

Remark 3.2. We recall also a standard auxiliary result that can be proved by standard arguments. For ¢t > 0
and a solution (u,v) of (1.1) with ug # 0, there exist 7, o > 0 such that

(3.2) u(z,t) > 'ye*‘jw, z e RY.
Lemma 3.3. If (u,v) is a solution of the system (1.1) with nontrivial initial condition (ug,vy) Z (0,0) and pg <
1, then

>
3.3
(3-3) -

where C = n~bTrs (a)bT7 (8) and D =~ PbTra (a)bﬁ (B).

Proof. We adapt the arguments from the proof of Lemma 2 in [4]. First we obtain the estimate assum-
ing uo(0,2") = ve=l7'* 2/ € RN~! for some v, o > 0. Since (cf. (2.13) in [3])

_N=1 e g2
2 @ 1tdot ,

Sn_1(t) e " = (1 + 40¢t)
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we have

N

= e—U|$/|2

(3.4) Sn_1(t—n)e ' > (14 40t)~

for 0<n<t. We use (3.4) and the solution formulae (2.1) to get partial estimates for v and v on the bound-
ary 1 = 0. In the first step, we obtain

w(0,2';) > (T (£)Sn-1()u0)(0,2") > 7(1 + dot)~ "= e
t
(3.5) 00,26)> [ (R(t =) (0.'5m)dy
0
> 2777%7‘1(1 + 4O't)7%q(1 + 4aqt)7¥ emodl@' P ¢z

Substituting (3.5) into (2.1) again yields

t
w(0, %5 1) > / (R(t — q)eP) (0, 2/ m)dn
0

> 21771.71%?71):1(1 + 4at)*%pq(1 + 4oqt) T_1”(1 + 4opqt)

« e—opalz’* g 1+p ate

2 b
t

ol i) / (Rt — myu?) (0, s m)dn
0

1+qg+pg N-—-1

> P~ 2 'ypq2(1+40t)7%pq2(1+40qt)7¥pq(l+4apqt)f 7 4

X (1+dopg’t) == e=ora’le'l o (1 ;p> b (1 4T pq) PR
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By induction, we obtain

w(0,2;t) > 2pP)" T (P0)* o=a D12’ fey (1) Oy gk

3.6
(36) v(0,2;1) > 2(1711)1“,y(z711)kqe*rf(zoq)’“q\ﬂﬂ'\2 Li(t) Dyt

k€N,

where (using also that b(7) is decreasing)

k _N-1 o= k ) _N-1 j
Ku(t)= [] (1 +40t(pg)’) " = " " [] (1 + dot(pa)’'q)” :

j=0 j=1

- N — 5t (p9)* g . N-1(pq)k—d
Li(t) = [] (1 +40t(pg)’) * I 1+ 40t(pg)yiq)” > :

~
Il
o

<.
Il
<

k ‘ k—1 o
Cp = 1~ H ppa)* 7 (o) H pppa)" ™’ (@])
, =

1—(pg)* 1—(pg)k—1

> b T () P (5 ),

k
= T ) [
Jj=1

1-(pg)F i= (pq)"

> a P TS (k) T (8)),
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and oy, = a(1 — (pg)*) > «;, B, = B(1 — (pg)*) + (pg)k > 3; for 1< j < k. For 6 € (0,1), any positive number &,
and any real number (, we have

k
. j C‘gk—j _
klingojli[()(l + £6%) 1,

(3.7)

and therefore
lim Kk(t)ZI, lim Lk(t)ZL
k—o0 k—oo

The argument proving (3.7) for ¢ negative runs as follows
: \S0" o ; =
> J = —J 7Y > 5
0/1nj1;[0(1+£9) <J§09 In (1 + €¢7) /542200 —0

It is also obvious that
likm inf Cy, > C, likm inf Dy, > D.

Letting k — oo in (3.6), we obtain (3.3) for considered initial condition.
Now we generalize the estimate for any nontrivial initial data ug Z 0 using Remark 3.2. We take arbitrary € > 0
and set ue (-, t) =u(-,t +¢), ve(-,t) =v(-,t + €). The autonomous nature of the system (1.1) implies

e (&, £) = T(B)Sy -1 (e, 0) + / R(t — n)e? (z, n)dn,

where u.(0,2';0) > ’ye_‘"’:/'Q for some positive numbers v and o. Therefore u.(t) > Ct*, and accordingly
uw(0,2';t) > C(t — e)”.

Thus (3.3) holds for any ug # 0, since ¢ is arbitrary. Obviously, the assumption ug # 0 is made without loss of
generality. O
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Proposition 3.4. If (u,v) and (4,v) are two solutions of the problem (1.1) with nontrivial initial condi-
tion (ug,vo) #Z (0,0) and pq < 1, then (u,v) = (@, D).

Proof. We use the contradiction argument from the proof of Lemma 3 in [4]. We make the assumption 0 < p < 1
without loss of generality and introduce notation fy = max{f,0} and ||f(¢)|| = sup{|f+(0,2';t)| : ' € RN~1}.
Suppose that (u,v) # (4, 7). Then we can find ¢ > 0 such that without loss of generality, we may assume ||(u —
w)(n)|| < l(w —w) @) >0 for 0 <n<t.

(a) We start with the symmetric case 0 < ¢ < 1. We use |[£" — ("] < |€ — ¢|" for nonnegative &, ¢ and r € (0, 1),
and obtain

-l < [ (e — )3 ( JACCE s>>-%|<u—u><s>||st)pdn

P 1 p
<lw- P (L) e

so that

p 1 1
(3:8) lw-a)@)| <P, P=27mr b (;1’)

holds. The mean value theorem for g(£) =&, € > 0, r € {p, q} gives
(39) (u? —a?) (0,2';t) = qu?1(0,2';t)(u — @) (0, 2'; 1),
' (0P = 3P) (0,25 t) = pzP~1(0,2'; 1) (v — 0)(0,2'; 1),

where w, z are between u and u, v and v, respectively, and fulfil therefore
wI1(0,2';s) < 0L sla= D)

2#71(0,2';m) < Py
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by Lemma 3.3 and by the fact that both p, g € (0,1). Notice also that
Cr D=t = b~ (a)b"(B).

By solution formulae (2.1), inequalities

t
(u—@)4(0,2";8) < / m 2 (t—n) 28yt —n) (v = 07), (0,2 m)dn,
0

[N

(v = 0)+(0,25%) < /O T3 (8 =) 2SN (8 —n) (u? —a%), (0,2";m)dn

hold. We use (3.9) and obtain
t

I(w= )@ <pgr D710 [t =y hypo D
0

0
By (3.8), we see that the right-hand side of (3.10) is integrable. Moreover, combining (3.8) with (3.10) yields

t n
(s = )OIl <pan= D071 [ (1= gy 3P ( [a- s)ésaqu) iy
0 0

(3.10)

(3.11) .
=pq7r*1Dp’1Cq’1b(ﬁ)P/ (t — )~ 2nPdn = pgPt*.
0
Iterating this procedure k times, we obtain
(3.12) I(w —@)(®)|| < (pg)*Pt*,  k€N.

(b) Before completing the proof, we apply the arguments from the proof of Lemma 3 in [4] to get the
estimate (3.12) for ¢ > 1 as well. For an arbitrary 6 € (0,1), using the inequalities u <@ + (u — )4+ and

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



u® < + (u—w)f, we obtain

v(w,t) =T (t)Sn—1(t)vo(z)
B /0 /wal (R(@1,t — )G (@, /st =) T w1, y/sm)

(R(z1,t —n)Gn_1(2, y"t—n))gue(ajl,y"n)dy'dn
ST (t)Sn-1(t)vo(z)

q—6
// R(z1,t —n)Gn_1(z' 5t —m)) T ul™ e(xlay n)
RN-1
A
(R(z1,t —n)Gn_1(2' st —m)? @ (21, y'sm)dy'dn
€ =0
+/ / (R(z1,t —n)Gn_1(2/,y'st —m) © u?%(z1,9'sm)
0 ]RN—I

(R(z1,t —n)Gn-1(2',y';t — 1))

Qo

(u— )% (z1,y';m)dy dn.
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We apply Holder’s inequality twice to get
v(x,t) < T (t)Sn—1(t)vo(x)
-0

+ / (Rt — n)u(z, ) " (R(t — n)a(z, )} di

ISYEY

/0 ut(z,m) T (R - n)(u— @) (z,n))? di
T(t)Sn—1(t)vo(z)

8
q

+ /Rt— Jul(x, n)dn) - (/OtR(t—n)uq(%n)dn)

(
+ R(t —n)u(z,n)dn (r R(t —n)(u—w)i(z,mdn) ,
(= ) (] )

and using x + £177¢7 < (x + &) (x + €)? for any nonnegative x, &, ¢, and v € (0, 1) yields

We set 0 = pq and obtain

P
(313) =) @ < ([ Rie—n- o)
that we use to get (3.8) for g > 1.
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Now we need an inequality like (3.10), such that its combining with (3.8) yields (3.11). As in Section 2, we set

9(w)(@,1) = T(H)Sn—100(z) + / R(t—mywi(e,n)dn,  f(€) =€,

and by the mean value theorem for f o g, we write (using assumption 0 < p < 1 as well)

(3.14) s /ot (G (/O" R(n = sjwi(z, s)d5> -

(/On R(n — s)(w? (u— a))(x, S)ds) iy

for some w(-,t) = p(z, s)u(-,t) + (1 — p(z, s))a(-,t), where 0 < p(z,s) < 1. We also have by Hélder’s inequality

(3.15) /077 R(n — 8)(w?™ (u — a))(x, s)ds

< ([ "R syur(o.s)as) - ([ == u|Q<x,s>ds)‘1’ ,
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and since w?(0,2'; s) > C%s*, pg — 1 < 0, we derive from inequalities (3.14), (3.15) that

pg—1
q

=m0 <o [ (rte—m)~* ([ == spcnsoras)

(/on(”“’ = 8) " H|(u - U)(s)llqu) "

_1tg

= -1 % _% ' = 7% 2q
b (o) (ﬁ)/o(t )4

(/on(77 — ) l(u— ﬂ)(S)Iqu8> " dn.

It takes the role of (3.10) in the iterating procedure, because combining (3.16) with (3.8) yields

(3.16)

t
1 1 1 _1l+q 1+gq
[(uw — @) ()] <pgb~" () b~ (B) Pbs (ﬂ)/ (t — )"y~ = O rndy
0
= pqPt?,

which is exactly (3.11), hence (3.12) does hold for ¢ > 1 as well.
The final steps are obvious. Letting k& — oo in (3.12) implies u =4 on the boundary x; = 0, and the
contradiction argument is finished. O

4. PROOF OF PART (iii)

In this section we generalize the nontrivial one dimensional solution constructed in [3] for pg < 1 and trivial
initial data (ug,v9) = (0,0) to dimensions N > 1. Then we show that the members of the family (1.8) are the
only solutions of (1.1) in this case, which completes the proof of Theorem.
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Proposition 4.1. Every member of the family (1.8) solves the problem (1.1) with trivial initial condition (ug,vo) = (0,0)}}
and pg < 1.

Proof. The generalization of one dimensional solution constructed in [3] to higher dimensions is very simple.
Obviously, the members of the family (1.8) fulfil (1.1) with pg < 1 and trivial initial condition when ¢ # s. We
only need to show that
(4.1) lim @ (z,t;8) =0, z e RY, s€[0,00).

t—s

We use the facts (cf. [1])
~U(a,b,7) =aU(1 +a,1+b,7), U(a,b,r)=r"*(1+0(r"")) forr— oo

to write

__ 1 1 7
Us(x,t; 8) = corxe ) (t—s)*'U (2 +a, - ml)>

2 22 1 1 2
+62ﬁ€_4(‘i3) t—8)*"U(=+a,z, 51

4 2
1+ 2a)z? = 52y (3 3 a2 ))

1
ASallhetid W e N 2 2
toTg— ¢ ( 2 T A —s

)
= e T (1= 5)* 7 (py(en) + Ot —5))  fort—sT.
We see that (4.1) holds, i.e., (@(z,t; s),v(x,t; s)) solves (1.1) with (ug,vo) = (0,0) and pg < 1. O

Proposition 4.2. If (u,v) is a nontrivial nonnegative solution of the problem (1.1) with trivial initial con-
dition (ug,vo) = (0,0) and pg < 1, then there exists s >0 such that (u,v) = (a(-; s),v(+;s)) where (,v) is given
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Proof. First we observe that in terms of function b from (3.1) and constants C, D from (3.3), we have

Co =T *bTra (5)blfc’1’“ ()T (; + O‘) =CT <; + a> b~ (),

d2=D (5 +8)07(6),

1 oo
b(y):/ 57*%(1—5)*%:/ -3 (14671t
0 0

1 1

for v > 0, and thus f(0) = C, g(0) = D. We apply the idea from Lemma 4 in [4]. Without loss of generality, we
assume that there are ¢ > 0 and z € Rf such that v(x,t) fo n)ud(x,n)dn > 0. We define 7 as follows

7= inf{t > 0:u(0,2';t) >0, 2’ € RN71}.

By standard results, u(z,t), v(z,t) > 0 for any z € RY and ¢ > 7. Now we take £ > 7 and set
a(x,t) =u(x,t +t), (z,t) =v(x, t + t).

Obviously, (@, ¥) solves (1.1) and u(z,0), v(z,0) > 0, and according to Lemma 3.3,
w(0,2";t +t) > Ct*, v(0,2';t +t) > Dt?

for any 2/ € RV~1 and ¢ > 0. This implies

(4.3) w(0,2';t) > C(t —7)%, v(0,2;t)>D(t—7)0 ' eRVNL t>0.
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Now let T' > 0 be arbitrary and M (T") > 0 be such that
(0,5 8)lloo < M(T)[|u(0, 5 )[loe,  0<s<ELT.

By (2.1),

1+p t 1 g 1 &
(4.4) 00l <5~ =7 ([ =57 Huto. 0012 an

0 0
and therefore,
D 1 pq
(45) (0, 5O)lloo < 277 w453 (?) M5 (T)e = P(T)t".
The usual iteration argument (combining with (4.4)) yields
—(Pq s —\Pq &

(4.6) (0, 5 )| oo < PPV (T)m == e0" g 550 (3)b T ()t

We get an analogous result for v the same way, and letting k — oo, T' — 0o, we arrive at
u(0, 25 8) < [u(0, t)[loo < Ct%,
v(0,25) < [[0(0, 5 t)[loo < DI,
When 7 > 0, we take 0 < t < 7 and define

w(z,t) =u(z,t +1t), v(z,t) =v(z,t +1t).

(4.7) o e RN t>0.

A simple contradiction argument implies that u(t) = v(t) = 0, and therefore (u,v) solves (1.1) with trivial initial
data. From (4.7) we obtain

u(0,2';t +t) < Cte, U(O,x’;Lth)thﬁ
for any 2/ € RV~ and ¢ > 0. This implies

(4.8) u(0,2';t) <C(t —7)%, v(0,2';t) < D(t — T)—ﬁs-v ¢ eRNL ¢ >0,
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and, by (4.7), it holds for 7 =0 as well.
We conclude from (4.3) and (4.8) that

u(0,2';t) =C(t — 1)

v(0,2';t) = D(t — 7)

71(0’ :1:/’ t; T)7
0(0,2,t;7)

[e%
+
B
+
for 2 € RV=1 and ¢t > 0. In other words, for any nontrivial nonnegative solution of (1.1) there exists a member

of the family (1.8) such that they equal on the boundary x; =0 in any time ¢ > 0. Hence they are identical
everywhere by the maximum principle. O
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