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THE FROBENIUS THEOREM ON N-DIMENSIONAL
QUANTUM HYPERPLANE

C. CIUPALA

ABSTRACT. In this paper we introduce the universal p-differential calculus on a
p-algebra and we prove the universality of the construction. We also present sub-
manifolds, distributions, linear connections and two different p-differential calculi
on SIqV: the algebra of forms and the algebra of universal differential forms of S;ZV.
Finally we prove the Frobenius theorem on the N-dimensional quantum hyperplane
S% in a general case, for any p-differential calculus on S%;.

1. INTRODUCTION

The basic idea of noncommutative geometry is to replace an algebra of smooth
functions defined on a smooth manifold by an abstract associative algebra A which
is not necessarily commutative. In the context of noncommutative geometry the
basic role is the generalization of the notion of differential forms (on a manifold). A
(noncommutative) differential calculus over the associative algebra A is a Z-graded
algebra Q(A4) = ®,>00"(4) (where Q"(A) are A-bimodules and Q°(A4) = A)
together with a linear operator d : Qm(A) — Q"*1(A) satisfying d> = 0 and
d(ww') = (dw)w’ + (—1)"wdw’ where w € Q™ (A).

There are studied some differential calculi associated to A, here we recall two
of them: the algebra of forms of A in [8] and the algebra of universal differential
forms of A in [2]. These two differential calculi are studied even in the case when
A is a superalgebra in [10] and in [11], but when A is a p-algebra there is studied
only the algebra of forms of A in [1].

In this paper we introduce the notion of universal derivation of the order (¢, 3),
we construct the algebra of universal differential forms of a p-algebra A and we
prove the universality of the construction. We apply this to the particular case of
the N-dimensional quantum hyperplane S%, and thus we obtain a new differential
calculus Q, (S%) on S%;, denoted the algebra of universal differential forms of S%;.

On the other hand we present submanifolds algebra on S%; in the context of
noncommutative geometry, we also define linear connections, distributions on S%
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and we prove the Frobenius theorem on S%, for any p-differential calculus QS%
on S%.

2. DIFFERENTIAL CALCULUS ON p-ALGEBRAS

In this section we define the differential calculus on a p-algebra A and we give
two examples of such differential calculus on A: the algebra of forms Q (A) of a
p-commutative algebra A from [1] and the algebra of universal differential forms
Q4 (A) of a p-algebra A. We briefly review the basic notions of p-algebras and
p-modules on p-algebras. (see [1], [3], [5] and [6] for details).

First we review the basic notions about p-algebras, p-bimodules over a p-algebra
and the derivations on p-bimodules.

Let G be an abelian group, additively written, and let A be a G-graded algebra.
A is a p-algebra if there is a map p : G x G — k which satisfies the relations

(1) pla,b) = p(b,a)™* and p(a +b,c) = p(a,c)p(b,c), for any a,b,c € G.

The G-degree of a (nonzero) homogeneous element f of A is denoted by |f|. The
p-algebra A is p-commutative if fg = p(|f],|g]) gf for any f € Ay and g € A}y
The morphism f : M — N between the p-bimodules M and N over the
p-algebra A is of degree 3 € G if f : My — Nayp for any a € G, flam) =
pla,lal)af(m) and f(ma)= f(m)a for any a € A|,| and m € M.

Definition 1. Let o, € G and M a p-bimodule over the p-algebra A.
A p-derivation of order («, 8) on M (p-derivation of degree « and of G-degree [3)
is a linear map X : A — M, which fulfils the properties:

1. XAy — Mg,
2. X(fg) = (Xf)g+pla,|f])f(Xg),for any f € Ajy and g € A.

The left product fX : A — M between the element f € A and a p-derivation
X of the order (a, ) is defined in a natural way: by (fX)(g9) = fX(g), for any
g€ A

Proposition 1. Ifis X a p-derivation of order («, 3) on M and f € Ay, then
fX is a derivation of the order (|f| + o, |f| + 8) on M if and only if the algebra
A is p-commutative.

Proof. We have to show that (fX)(gh) = ((fX)g)h+p(|f|+a,|g])g(fX)h and
fX 1 Ai — M,y f4x), for any h € A, and f € Ay
(fX) (gh) = f(X(gh)) = f(X(9)h+ p(e |g])g X (h))
= (fX)(9)h+ pla; lg)) fgX (h) = (fX)(g9)h + ple, [g)p(f] |9l 9.f X ()
= (fX)(@h+ pla, |[f] +19Dg(fX)(h)-
The second relation is obvious. O
The linear map X : A — A is a p-derivation on A if it is a p-derivation of the

order (|X],|X|). Next we denote by p-Der(A4) the p-bimodule over A of the all
p-derivations on A.
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Definition 2. Let A be a p-algebra. We say that Q(A) = ©  QF(A)
(n,B)EZXG

is a p-differential calculus on A if Q(A) is a Z x G-graded algebra, Q(A) is a
p-bimodule over A, Q° (A) = B@GQ% (A) = A and there is an element o € G and
€

p-derivation d : 2 (A) — Q (A) of the order ((1,a),(1,0)) such that d? = 0.

The first example of a p-differential calculus over the p-commutative algebra A
is the algebra of forms (Q(A), d) of A from [1].

The second example of a p-differential calculus over a p-algebra is the universal
differential calculus of A from the next subsection.

2.1. The algebra of universal differential forms of a p-algebra

In this subsection we define the algebra of universal differential forms of the p-
algebra A and we prove the universality of the construction. First we introduce
the universal derivation of the order (o, 3), «, 5 € G.

Definition 3. Let M be a p-bimodule over A. The p-derivation D : A — M
of the order (a, 3) is universal if for p-derivation D’ : A — N of the order («,0),
there is an unique morphism ® : M — N of p-bimodules of degree § such that
D'=®o0D.

Next we will construct an universal derivation over the p-algebra A.

Let « € G, u : A® A — A be the map pu(z®y) = p(a,ly])zy and
QLA = ker (u).
We define the map

(2) d:A— QLA
by
(3) dr=1®z—p(o|z))z2®1,

for any = € A.

Proposition 2. QL A is a p-bimodule over A and the map d: A — QLA is an
universal derivation of the order (o, 0).

Proof. We have to show that a(b®c) € QLA, (b®@c)a € QLA and (a(b®c))d =
a((b® c)d), for any a,d € A and b® c € QL A. Indeed

na(b ® ) = plab® ) = pla, lablyabe = pla, al)a(pla, [b))bc) = 0.

The other relations are obvious.

It is easy to see that QL A is the space {zdy : z,y € A and d from (3)}.

Now we show that d : A — QL A is a p-derivation of the order (o, 0):

(da)b+ (e lal)adb = (1 a — p(a al)a ® )b+ p(as lal)a(1 @ b — p(a, [bb @ 1)
=1®ab— p(a,lal)a @ b+p(a, |al)a @b — p(a,|a]+1b])ab @ 1
=1® (ab) — p(a, |ab|)(ab) ® 1 = d(ab).
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Let M be a p-bimodule over A and D:A — M a p-derivation of the order (o, 3).
We define the map ® : Q1 A — M in the following way:
®(a ®b) = p(a, [a])aD(b),
for any a ® b € QL A.
Now we show that ® is a morphism of p-bimodules over A:

(b @ ¢)) = 6((ab) & ¢) = p(a, [abl)abD(c)
= pla, |al)alp(a, [b])bD(c)] = p(a, |a])a®(b @ c).
On the other hand
P((a®b)c) = D(a® (be)) = p(ev, al)aD(be)

= plev, lal)a[D(b)e + p(a, [b))bD(c)]
= plev, lal)aD(b)c + p(ev, [b])[p(a; |a])ab] D(c)
= pla, [a])aD(b)c + p(a, [b])u(a © b) D(c)

asbeker(r) pla, |a))aD(b)e = ®(a ® b)e.

Finally we get
(Pod)(a) = 2(1®a—p(a,la))a®1)
= ple, [1))D(a) = p(ev, |al)p(e [a])aD(1) = D(a)
so we have proved that ® od = D. [l
Let
MA=QAx.. 204 QA=A and QA= ¢ QA
A A n>0

n times

Naturally 2,4 is a p-bimodule over A and a algebra with the multiplication
(w,8) — w (% 0, for any w, 8 € Q,A.

Remark 1. The algebra 2, A may be identified with the algebra generated by
the algebra A and the derivations da, a € A which satisfies the following relations:

1. da is linear in a

2. the p-Leibniz rule: d(ab) = d(a)b+ p(«, |a|)adb

3. d(1) =0.
QA is the space of n-forms apdas...day, a; € A for any 0< i < n. QLA is a
p-bimodule over A with the left multiplication
(4) a(aoday .. .day,) = aapday . . . day,,

and with the right multiplication given by:

n

(apday . ..dap)an+1 = Z Z la;|)(aoda ... d(aiaiq1) ... danyr)
=1 J=i+1

n
(o, Z la;j)aoardas . .. dan41.
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The multiplication in the algebra Q,A is:

(aoday ...day)(an+1dants ... damin) = ((aoday . .. dap)an41)danss . .. damin),
for any a; € A, 0<i<n+m, n,m € N.

We define the G-degree of the n-form agday; .. .da, in the following way
lapdas . .. da,| = Z la;| .
i=0

It is obvious that |wy, « W | = |wn| + |wm| for any homogeneous forms w,, € QYA
and wy, € Q' A.

Q.A is a G = Z x G-graded algebra with the G’ degree of the n-form
aoday . . .da, defined by

lagday . . .da,|" = (n, Z |ai|> .
=0

We may define the cocycle p' : G’ x G’ — k on the algebra Q,A thus:

(5)  p'(laodas -..day ", bodby ... dby ') = (=1)""p (Z sl > |bi>
i=0 =0

and thus we have that Q,A is a p’-algebra. It may be proved that the map
d: QuA — QuA is a derivation of the order ((1,a),(1,0)). Concluding we have
the following result:

Theorem 1. (Q,4,d) is a p-differential calculus over A.

Example 1. In the case when the group G is trivial then A is the usual asso-
ciative algebra and €2, A is the algebra of universal differential forms of A.

Example 2. If the group G is Zy and the cocycle p is defined by p(a,b) =
(=1)" then A is a superalgebra. In the case when a = 1 Q4,4 is the superalgebra
of universal differential forms of A from [11].

3. THE FROBENIUS THEOREM ON QUANTUM HYPERPLANE

In this section we give the Frobenius theorem on the N-dimensional quantum hy-
perplane S% and we give the equations of any globally integrable distributions and
parallel with respect to a connection V. These results are valid for any p-differential
calculus on S%. In the first subsection we present two different p-differential calculi
on S%: the first one is the algebra of forms Q (S%) on S% form [1] and the second
one is the algebra of universal differential forms Q, (S%) on S%. Both of these
p-differential calculi on S are different by differential calculus on S% of Wess
and Zumino [15]. In the second subsection we present submanifolds on S%, in the
third subsection we review the basic notions about linear connections on S% and
finally we will give the main results of this paper.
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3.1. Differential calculi on S%

First we review the basic notions about the N-dimensional quantum hyperplane
S%;. For more details see [1] and [3].

The N-dimensional quantum hyperplane S% is the k-algebra generated by the
unit element and N linearly independent elements xz1,...,xy satisfying the rela-
tions: x;x; = qx;x4, 1 < j for some fixed ¢ € k, ¢ # 0.

5% is a ZN-graded algebra

oo
Si= B Sininn
N1,y NN
with (S%)n,,....nx the one-dimensional subspace spanned by products 2™ -...-z™~.
The ZN-degree of ™1 -...-x"~ isn = (nq,...,ny). The cocycle p : ZN xZN — ks

S /
NNk
p(n, n/) = gr=t o )
with o, =1 for j <k, 0 for j =k and —1 for j > k.

It may be proved that the N-dimensional quantum hyperplane S%, is a p-
commutative algebra.

Remark that the space of p-derivations p-Der(S%) is a free S¥,-module of rank
N with 0/0z1,...,0/0zn as the basis, where 0/0xz;(x;) = d;;.

Remark 2. Let (Q2S%,d) a p-differential calculus on S%, with d : QS%, — QS%
a p-derivation of the order ((1,a),(1,0)), where a,.0 € ZV It is easy to see that
QS% is generated by {z1,...,zn} and there differentials {y; =dz1,...,yv=dzn}
with some relations between them.

Next we give some examples of p-differential calculi on S%.

3.1.1. The algebra of forms Q(S%) of S%. Q(S%) ([1], [3]) is the algebra

determined by the elements x1,...,zy and y; = dx1,...,yny = dxy with the
relations
(6)  wjmp =g xRy, Yk = =0y, Tiuk = O yRT;.

3.1.2. The algebra of universal differential forms , (A) of S%,. Next we
will apply the construction of the algebra of the universal differential forms of a
p-algebra from the remark 1 to the p-algebra S, and, thus, we will give a new
differential calculus on S, denoted by Q, (S%).

Let a = (n1,...,ny) be an arbitrary element from Z~. Q, (S%) is the algebra
generated by a € S% and the symbols da ,which satisfies the following relations:

1. da is linear in a.
2. the p-Leibniz rule: d(ab) = (da)b+ p(n,|a|)adb.
3. d(1) =0.
Next we present the structure of the algebra Q, (S%).
We use the following notations y; = dx;, for any i € {1,...,N}. By an easy
computation we get the following lemmas:
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Lemma 1. y,x; = p(a+ |z;], |z;|)xjv:, for any i, € {1,...,N}.
Lemma 2. y;u; = pla lz:l)p(n + i), |3 wias, for any i, € {1,...,N}.
Lemma 3. d(27") = mp™ (a, |z])z]" i, for anym € N andi € {1,...,N}.

Putting together the previous lemmas we obtain the following theorem which
gives the structures of the algebra Q, (S%):

Theorem 2. Q, (S%) is the algebra spanned by the elements x; and y; with
i €{1,..., N} which satisfies the following relations:

L @iy = p(|wil, |oj]) 2524,

2. yixy; = pla+ |z, 2]z,

3. yiyi = p( s pla + |4, |z yiy;, for any i,j € {1,...,N}.
3.2. Submanifolds in S%,

In this section we use the definition of submanifolds algebra in noncommutative
geometry from [11] to introduce submanifolds in the quantum hyperplane.

Let C be an ideal in S%. We denote by Q = S%/C' the quotient algebra and by
p: S% — @ the quotient map. We consider the following two Lie p-subalgebras of
p-DerS% :

Ge ={X € p-DerS%,/XC C C}
and
G4 ={X € p-DerS%/X(S%) Cc C}

We define the map 7 : Go — p-DerS% by 7(X)p(a) = p(Xa) for any a € S%
and X € Go.

Definition 4. The quotient algebra Q = S% /C is a submanifold algebra of S%
if the map = is sujective.

In this situation we obtain the following the short exact sequence of p-Lie alge-
bras.

(7) 0— Ga — Go — p-DerQ — 0

Let C be the ideal from S% generated by the elements z1, 2o, ...,x, with p €
{1,...,N}. Then the algebra @) generated by the elements xp1,...,2n and we
have that A =C & Q.

Theorem 3. G¢ = (p-Der Q) @ G 4.

Proof. Let X be a colour derivation from p-DerS%, then
Y9
X=) Xi— d X, = X%+ x¥
2o e

WithXicECandXiQleoranyiE{l,...,N}.
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IerGcthenX( )ECforanyceCso
Oc Oc
XE o X2 —
Z +Z o,

5‘0 80 8(:
Z % ;1

eC eC

Results that XiQ =0 for any i € {1,...,p}.
N

So any element X = Y X; 0/0x; from G¢ may be written is the following way
i=1

X = X% 4+ X9

where

ZXC— €Gs and X% = ZX 5a; € PDerQ

witth?:()forie{L...,p}. 0
Corollary 1. Q is submanifolds algebra of S,.

3.3. Linear connections on Sj’\,

In this subsection we use the definition of linear connections on p-algebras from
the paper [3]. Let (25%,d) be a p-differential calculus on S% and n € ZV. A

N
linear connection along the field X :ZXZ'% on the p-bimodule Q"S% over S%
i=1 ‘
is a linear map
V : p-Der (S%;) — End (Q"S%;)
of degree | X| such that
V(X)(aw) = Vx(aw) = p(|X], [w|) X (a)w + aV xw
for any X € p-DerS};, a € S% and w € Q"S%.
Using the structure of the free bimodule Q"S% we deduce that any such con-
nection V is well defined by the connections coefficients Filil,.%n € S% defined
by

(8) Voo Wi yi) = DT iy,

Remark 3. The connection coefficients Fjl’ ’JT;
Hin

which depend on the choice of the p- differential calculus (QS%,4d).
Example 3. If (25%,d) is the algebra of forms Q (S%) of S% we obtain that

(9) F]l <odn . ) __qazk zH_lFJh SJn )
4501500yt s bkt 15 os0n (X ATIRTI TRV TSR

satisfy the some properties

for any 4,41,...,4n, j1,---sJn € {1,...,n}.



THE FROBENIUS THEOREM ON QUANTUM HYPERPLANE 29

Example 4. If (S}, d) is the algebra of universal differential forms Q, (S%)
of S% using an easy computation we obtain that

J1seesdm

(10) Fg,li’l.;:ji?k,ik+1,...,im = p(a? |y2k |)p(0¢ + |ylk| ’ |yik+1 ‘)Fz,zl,...,ik+1,ik,4..,im'

3.4. Distributions in S%,

Next we introduce distributions on S% . Let (S, d) be a p-differential calculus
on S%.

Definition 5. A distribution D on S% is a S%-subbimodule of Q'S%. The
distribution D is globally integrable if there is a subset B of S% such that D is the
subspace generated by S%d(B) and by d(B)S%.

Definition 6. We say that the distribution D is parallel with respect to the
connection V : p-DerS% — End(Q'S%) if

Vx(m) =0, for any X € p-DerS% and for any m € D.

Using the structure of Q5% we obtain the following structure theorem of globally
integrable distributions.

Theorem 4. Any globally integrable distributions D determined by S%d(B)
and d(B)S%, where B is the subset {x1,...,xp}. In this situation we say that the
distribution D has the dimension p.

3.4.1. The Frobenius theorem for quantum hyperplane. In this section
we will give a Frobenius theorem for N-dimensional quantum hyperplane which is
obvious from the previous results.

Theorem 5. The Frobenius theorem for quantum hyperplane. Any globally
integrable distribution from S% is given by a mazimal submanifold algebra of S%
and conversely any submanifold algebra of S% give a globally integrable distribution
with the same dimension.

Proof. Let D be a global integrable distribution from S%;. Then from the theo-
rem 10, D is given by S%,dQ, where Q is a subset with p elements from {z1,...zx}.
If we denote by C the ideal of S% generated by {z1,...2n} \Q and using the Corol-
lary 9 we obtain that Q=5% /C is a submanifold algebra of S, of the dimension p.

Conversely, if @ is a submanifold algebra of the dimension p of S%, results that
there is an ideal C of the dimension N — p of S%, such that Q = S%,/C. If we

denote by {x1,...,2n—_p} is the subset of {z1,...,2n} which generates the ideal
C then the set Q = {xn_p+1,..., 2N} generates a distribution of the dimension p
of S%. O

We may find the equations of an globally integrable distributions and parallel
with respect to a connection V.
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Theorem 6. Any globally integrable and parallel distribution D with respect to

a connection V : p-DerS%, —End(Q'S%) of dimension p is given by the following
equations:

k
(11) Iy, =0
for a subset I of {1,..., N} with p elements and for any i € {1,...,N}, j € I,
ke{l,...,N}\ I

10.

11.
12.

13.

14.

15.

16.
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