UNIVERSAL BOUNDS FOR GLOBAL SOLUTIONS
OF A DIFFUSION EQUATION
WITH A MIXED LOCAL-NONLOCAL REACTION TERM

P. P. ROUCHON

ABSTRACT. In this paper we prove the existence of a universal, i.e. independent of the initial data, bound for global
positive solutions of a diffusion equation with a mixed local-nonlocal reaction term. Such results are already known in
some cases of local or nonlocal reaction terms.

1. INTRODUCTION AND MAIN RESULT

In this paper, we are interested in the global solutions of the following problem:

k
1
(1.1) (ug — Au) (t,z) = [ 1+ o /up+1(t7y) dy | wP(t,x), t>0, z €,
p
(1.2) u(t,z) =0, t>0, z €0,
(1.3) u(0,2) = up(z) > 0, a € (0,

withp > 1, k > %, ) is a smoothly bounded domain of R? and ug € L> (). More precisely, we will prove the

existence of universal bounds for the global nonnegative solutions of (1.1)—(1.3) in the case of k > 0.
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In order to illustrate our results and our motivations, we will recall some known results concerning the problem
(1.1), (1.2), (1.3) with

(1.4) ug(t, z) — Au(t,z) = uP(t, x), t>0, ze,

and the problem (1.5), (1.2), (1.3) with

(1.5) ug(t, z) — Au(t, z) = /up(t,y) dy, t>0, zel
Q

First, notice that the only difference between (1.1), (1.4) and (1.5) is the right hand side of those equalities,
namely, the reaction term. In the case of (1.4), it is said to be local because the reaction is given at each point of
the domain. In the case of (1.5), it is said to be nonlocal in opposition of the precedent definition. For (1.1), we
called it a mized local-nonlocal reaction term since one part is (1.4) and the other one corresponds to problems
like (1.5). Let us recall now some known results.

The proof of local existence and uniqueness of the solution for the problem (1.2)—(1.4) is well-known; for (1.2),
(1.3), (1.5), we refer to the articles of Ph. Souplet (see [16], [17]), where this problem and more general nonlocal
terms were studied from the point of view of blow-up in finite time; for (1.1)—(1.3) in the articles of M. Fila and
the same author and H. A. Levine (see [2] and [3]), where they studied the boundedness of global solutions.

We call T™* the maximal time of existence of the solutions of problems (1.1)—(1.5). We will be here interested
in the case of T* = 0o, which means that the solution u is global. Let

00 if d <2,
Ps = d -+ 2
——  ifd > 3.
i—2 =
It is known that all global solutions of (1.2)—(1.4) are bounded if p < ps, whereas if p > p;, there exist unbounded
global weak solutions, i.e. sup;s |u(t)|eo = 00 (see [9], [1], [5]), where |- |4, 1 < ¢ < oo denotes the L?(£2)-norm.
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Moreover, some unbounded global classical solutions even exist when p = ps and € is a ball. In the case of (1.5),
(1.2), (1.3) it was proved in a precedent paper (see [14]) that all global solutions are uniformly bounded. For
(1.1)=(1.3), the boundedness of global solutions was proved in [2] and [3], assuming p < ps and k > %. Note
that the restriction on the values of k is not technical: the authors showed the existence of global unbounded
solutions in the case of k = :;T’f.

Later, Giga (see [6]) gave a more precise picture of the set of global bounded positive solutions for the problem

(1.2)=(1.4). Assuming p < ps and u is global, he gives a priori estimates:
(1.6) |u(t)]oo < C’(|u0|oo), t > 0.

Such estimates were obtained for (1.1)—(1.3) in a work of P. Quittner (see [10]) with p < ps and 11)%’1’ <k<O0.
Using the same arguments as in this paper, it is in fact possible to prove (1.6) for all global solutions of (1.1)—(1.3)
with k£ > 0 and p < ps. For the problem (1.5), (1.2), (1.3), (1.6) was obtained by completely different methods in
[15].

The last two years have seen some new results in the study of the global bounded positive solutions of (1.2),
(1.4), namely the proof of existence of universal bounds for this problem. Those results were initiated by M. Fila,

Ph. Souplet and F. Weissler (see [4]). Let us state the result of [4]:

Theorem A. Assume
(1.7) 1<p< ——

and let 7 > 0. There exists a constant C(Q,p,7) > 0, independent of u, such that for all nonnegative global
solutions of (1.2)—(1.4), it holds

(18) sup ’U,(t, ) < C(Qapa 7—)7 t>T.
Q
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Note that the bound in (1.8) is independent of the initial data wg, that is why it is called universal. It is easy
to show that (1.8) implies (1.6) for positive solutions. In [11] and [13], P. Quittner, Ph. Souplet and M. Winkler
proved that (1.7) can be improved, more than this, they showed that one can reach p < ps for d < 4. For the
problem (1.2), (1.3), (1.5), in [15] we obtained exactly Theorem A, without the assumption (1.7) which means
for all p > 1.

The question is: is it possible to obtain a similar theorem for the global nonnegative solutions of (1.1)—(1.3)?
The answer is:

Theorem 1.1. Assume that k > 0 and that 1 < p < ps. Let

1 d—2
- ond Kkt DE+1) - d
(k+1p+k~ 2 k+ 2 d—1
Let 7 > 0. There exists a constant C(Q,7,p, k) > 0, independent of w, such that for all nonnegative global
solutions of (1.1)~(1.3), it holds

(1.10) supu(t,:) < C(Q,7,p, k), t>T.
Q

(1.9)

Remark 1.1. Note that the condition (1.9) implies p < ps.

The proof of this theorem relies on three tools:

1. Universal bound of a weighted L'-norm, obtained by Kaplan’s type arguments.
2. L™ — L*° estimates.
3. A priori estimates of Giga’s type.

Tools one and two will be developped in Sections 2 and 3 respectively. Theorem is proved in Section 4.
2. KAPLAN’S ARGUMENT

We begin with a first estimate, which is obtained by Kaplan’s classical eigenfunction method, see [7].
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Lemma 2.1. Assume that k > 0 and let A\; > 0 be the first eigenvalue of —A in H}(Q) and o1 the associated
eigenfunction such that

(2.1) 1 =p1(x) >0 and /<p1(x)d:1: = 1.
Q
Let
(2.2) y(t) = /u(t,x)g&l(z)dx, 0<t<T™
Q
and
pt1y kp\ TFDPTR=T
(2.3) C=C(Qpk) = <>\1(p+ 1)k(/cp1p ) > > 0.
Q
Then the following property holds:
(2.4) if T* =00 then y(t) <C, for allt > 0.

Proof. Multiplying (1.1) by ¢4, it follows that

1 k
/utgol — /Augﬁl = (1 4 m/up+1(t,y)dy> /up<p1.
Q Q

Q Q

Integrating by parts, we obtain

d 1 k

24 A :(1 — [ wrtig, d)/p .

o | wert 1/ue01 +p+1/u (t,y)dy uPpy
Q Q Q Q
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Using (2.2), the last equality becomes:
Y +hy>(p+1 /u”“ /upcm
Q

By Holder’s and Jensen’s inequalities, knowing (2.1), the inequality above implies

—kp
Yy > (o + 1)7k(/<pgp+1)/P> YEE+D+D.
Q

That is

—k
(2'5) y/ > y((p+ 1)7k(/@(1p+1)/10> py(k+1)p+k71 . )\1).

Q

By well-known arguments, (2.5) implies finite time blow-up of y whenever y > C (see (2.3)), for some ¢ > 0. Since
T* = oo, we conclude that y < C(Q, p, k), t > 0. Hence (2.4) is verified, which ends the proof of Lemma 2.1. [

3. L9-L" ESTIMATES
In this section we are going to prove the following theorem:

Theorem 3.1. Let p < ps and assume that

dip+1)((k+1)p+k) dk+1)p+dk—1)
(3.1) q>max{(d(k+1)+2)p+kd+2’ kd+2 }
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For all M > 0, there exist T =T (M) > 0 and K = K(M) > 0 such that if ug € L= () with |ugly < M, then the
mazimal solution w € LS ([0,T*),L>) of (1.1)~(1.3) satisfies T* > T(M) and

4(1_1
tzla u(t)] <K, 0<t<T, g<r<oo, p+1<r

Before beginning the proof of Theorem 1.3, note that u solves the integral equation

t
k
(3:2) u(t) = uo + [ (” = “”1<s,y>dy) 102 (P (s, ))ds,
p
0 Q

where here, and in what follows, €2 denotes the Dirichlet heat semi-group.

Proof. We proceed in three steps. C and C’ denote various constants which may change from line to line, and
which will depend only on €, p, k and gq.

Step 1. First, note that we have, using (3.2)

t
(3.3) u(t) < Bug + C / (1 + Ju(s) B )= (up (s, ) ds.
0
Let us introduce the following quantities
(3.4) No = max{p+ 1, q}, o = g(; - ]\1[0>, 8= g (pjgol)
and put
(3.5) K(t) = sup s¥|u(s)|n, <00, 0<t<T,

s€(0,t)
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where T' < T™* will be specified later. Using (3.3), we have

t

u(®)| Ny < | uo|n, + 0/ (1 + ()& ) =92 (uP(s, )|, ds-
0

Using L4-LNo and LNo/P-INo estimates for the heat semi-group, the last inequality becomes

t

u()|ny < C'tuoly + C” / (1+ [u(s) EBFO) (¢ = )2 4 (5) o s
0

Knowing (3.4) eq. 1, we can apply the Hélder inequality to the LP+! and LNo/P-norm terms and we obtain

t

—& k(p+1 _
u(t) vy < Ct[uglq + C / (1 + [u(s) WD) (8 — 8) 7P lu(s) [y, ds.
0
Now, using (3.5) we obtain

¢ t
[u(t)|ny < Ct™*luglg + CKP(T / (t — s)"Ps7Pds 4 CKFHDPHR(T /s (p+De (g _ g)=BgPa s,
0 0
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in other words, we have

1
() vy <CtJugly + CEP(T)H—Po ﬂ/ (1= 0) o= do
0

1
+ CRO+DRHR ()= [(+Dp+kla—p /(1 — o) Bkt pRagy
0

Thanks to p < ps and (3.1), the integrals above are convergent. Multiplying by ¢t* and taking the sup in time on
(0,7) in the left side of our last inequality we obtain

K(T) < Cluglq + C(KP(T) + K *+Dp+k(Ty))p1=lk+Dpth=1la=p
provided T' < 1. (Note that (3.1) implies that 1 — ((k+ 1)p+k —1)a — 3> 0.)
For any T such that
T<T*,
(3.6) T < T — min (1,02 (P11 + Mk(erl)))71/(17[(k+1)p+k71]a7,6’)>’

with ¢o = ¢o2(d, p, g, k) > 0 sufficiently small, we easily get:

(3.7) K(T) < 2CM.
Note in particular that (3.6), (3.7) imply
(38) Kp(T)(l +Kk(p+1) (T))Tlf[(k+1)p+k71]a7ﬂ S C,M
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Step 2. Assume that m, r satisfy

2 1
(3.9) No<m<r<oo and £—f<f.
m d r
a1 1
Put v = - — — — ] and suppose we know that
2\q m
(3.10) H(m) = sup t"|u(t)], <oo, 0<t<T,

te(0,7)

where T is given by (3.6).
We see that for ¢ € (0,7")

t
bl <[A2u(8)], +C [+ REEE )6 572 E= D (s)

Using Holder’s inequality, and L™-L", L™/P-L" estimates for the heat semi-group, the last expression becomes

0

@), < o3 GEHju(d)| +c /t/2 (14 [u()EP) ¢ — 5)~# (B ()2, ds
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and using (3.10) we obtain

The finiteness of the integrals is guaranteed by (3.9), then we have

3G u(t)), < CH + CHP (1 4 K*@+) ()= 855 —k+Da,

T1—gPT*1—k(p+1)a < Tl-1(k+1)ptk—1]a—p

knowing (3.8) we have

1+ Hp_l(m) (1 + Kk(erl) (T))Tl_[(k—‘rl)p—‘rk_l]a_ﬁ < O(dapa q,7, H)a

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



we easily obtain

i =N, < @m0 < 5o
te(0,T)

Step 3. By standard arguments (see [8, proof of Theorem 2.2] one shows that it is possible to define a nondecreasing
sequence (r), with 7o = Ny, such that r;1 = r and r; = m satisfy (3.9) for every k; and ry = oo is reached in
a finite number of iterations. Hence the conclusion of Theorem 3.1 follows by finite iterations of step 2. O

4. PROOF OF THEOREM 1.1

Denote §(z) = dist(z, 0€2), let us recall that L{ spaces are defined by
LI = LY(Q) = LY(Q; 6(z)dr) 1< q< oo

We will denote by | - |45 the associated norm. For more details concerning the L? theory, see [4]. First, we are
going to prove the following lemma:

Lemma 4.1. Assume that the solution u of the problem (1.1)—(1.3) is global and let 7 > 0 and € > 0 be
sufficiently small. Assume that
(p—1(p+1+2¢)
(p—1)(k+2)—2ke

(4.1) r=p+1—
and that the following inequality holds

/2

(4.2) / (1+ |u(t)|gi})k|u(t) b < C@Qpk, 7).
0
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Then there exists a 11 € (0,7/2) such that

(4.3) u(r1)lr < C'(Q,p, K, 7).
Proof. As T* = oo, by Lemma 2.1 we know that
(4.4) vt >0, /u(t,x)gol(x) < C(,p, k).
Q
Using the test function x introduced in [13], which solves the following problem
—Ax(z) = 1 %(2), z €1,
x =0, x € 09,

where a € (0,1), we have, multiplying (1.1) by x
k
/Utx—/XAu:/up (1+m|U|§Jﬁ) :
Q Q Q

Integrating this inequality by parts and in time and knowing that x(x) < c¢d(z), we obtain

/2 0 T/2
//ugpf“ < C’[/ux} +C/ lul? 5 (1 + |u|£ﬂ) .
0 Q /2 0

Using (4.4) and (4.2), we deduce from the last inequality that
T/2

(4.5) //wf“ < C(Q,7,p, k).
0 Q
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Thanks to the Holder inequality with

2(p—1 1 1 4
Ny = (p )7 1 = — 4 —. w=1— € ’
p—1—2€ N1 N2 p—l+2€
we have
1/N1 1/N2
(4.6) /upT“‘E < /upcpl /wpf“
Q Q Q
Setting
k
(4.7) gt) =1+ L uPt!
p+1 ’
Q

multiplying (4.6) by (g(t))l/N1 and integrating in time over (0,7/2), we obtain

;//2((9@))1%9/”?;15) < ;//2<g(t)ﬂ/“p‘/’1)wl(Q/WIQ)UNZ.

Now applying Holder’s inequality in time to the right hand side of the last inequality, we have

/2

( (t))l/Nl up;rls><<r/2 o [ 1/N1(r/2 - 1/1\/2.
[worm [==)=(foo o) ([ [=)
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Using (4.7) and knowing (4.2) and (4.5) we easily deduce that

T/2

pHl_ 1 ptl k/N1 <
/ /uz (1+p7+1/u ) <C(Q,1,p, k).
0 \Q Q

There exists some 71 € (0,7/2) such that, using the last inequality,

/2

e [urrim) T < 2 w2 ([ )™ < 00,7, k).
(48) Q/“ <>(Q/ #1(r,)) </(/ (Q/ ") <c@npn

Knowing (4.1) and that N; = ;ﬁpf_lg)e > 1; using the Holder inequality, we have

(N1+k)/Nq
(/UT) < /u%ﬂ—s(/up+1)k/N1.
Q Q Q

From the last inequality and (4.8), we easily deduce (4.3), which ends the proof of Lemma 4.1. O

Proof of Theorem 1.1. Multiplying (1.1) by ¢; and integrating by parts we have

/ s (b, 2)on (2)dz + At / {0l = / WP (L, 7)1 () d (1 + pilm(tngi})k.

Q Q Q
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Integrating in time the last equality and using Lemma 2.1, we deduce that

T/2 /2

1 k
@9) [ (1+ —lu@lh) ol dt < [u@en [ fun <ornrcco@nph).
0 Q 0 Q

By Lemma 4.1, we know that (4.9) implies
‘U(Tl)|7‘ < Cl(Qﬂ 7, D, k)v

for some 71 € (0,7). Using Theorem 3.1 and the last inequality (note that (1.9) ensures that ¢ = r satisfies (3.1),
we obtain

|u(7'2)|oo S 0(97 T, D, k)v

for some 75 € (71,7). Thanks to the proof of Theorem 4.3 in [10] and the appendix below, knowing a priori
estimates, the result follows. O

5. APPENDIX

In this Section, we want to give for reader’s convenience, some indications for the proof of a priori estimates for
global solutions to (1.1)—(1.3). Such results were already shown for (1.1)—(1.3) by P. Quittner, in the case of k < 0

(see [10]). It is possible to readapt Quittner’s proof in the same article, to obtain those estimates for (1.1)—(1.3)
for k > 0. A straightforward modification of [10, Lemma 2.2 and Remark 2.5] yields

(5.1) |u(t)|pr1—c < c(e), Ve >D0.

Then, one obtains a priori estimates in the same way as [10]. To be complete, we have to prove (2.34) in [10,
Theorem 2.6]. In order to do this, we shall show that

(5.2) [u(®lps1 < C.
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By proving that

[u@®)lp+14a < C,

for some a > 0, we will be done. Fix a > 0 and 3 > 0 such that

(5.3) LEEP o WAL (0 <ps).
We denote by || - ||p+1+a the norm in Wpffff Then, using (3.2) we obtain

|u(t)‘p+1+a < C + C/ (1 + ‘u(s)‘gi})ﬂe(t_S)A (up(s, )) |p+1+a ds

—(1— k
<C+C [(t- 970D 1+ () ) 10 lpsrva ds.

Now, using the embedding (5.3), the last inequality becomes

|<»HHas0+0/1+m DYt — 8T P(8) ] e ds,

which gives, using (3.3),

|<mﬂﬂ<o+0/ “@mumﬂw+c/ )P u(s) S5V ds.
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By interpolation we have
p p—1+6 1-60
|U(S) ’p-‘,—l S |U(S) |p+1—5 |U(S) ‘p-‘,—l-‘,—a’
kE(p+1)+p k(p+1)+p—1+6’ 1-0'
‘u(s)’p+1 — |u(5)‘p+176 | ( )‘p+1+a
with
p _p—1+0 1-60
p+1 p+l—¢ p+l+a’

Ep+1)+p k(p+1)+p—1+6 1—0
p+1 p+l—ce p+l+a

By choosing ¢ > 0 sufficiently small, we ensure that 6, #” > 0. Denoting ¢(t) = |u(t)|p+1+a and using (5.1), we
finally obtain the following inequality

t

t
o(t) < C+c/(t—s)*(1*5)gp1*0(s) derc//(tfs)’(l’ﬁ)gal’e/(s) ds.
0 0

The inequality above implies the boundedness of ¢, hence (5.2) follows, which ends this section. O
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