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ON THE STATIONARY MOTION
OF A STOKES FLUID IN A THICK ELASTIC TUBE:
A 3D/3D INTERACTION PROBLEM

C. SURULESCU

ABSTRACT. We study the problem of a steady-state fluid-flexible structure interac-
tion in 3D: a Stokes flow moving in an elastic tube. We consider periodic conditions
(in the direction parallel to the tube’s axis) and assume the exterior lateral surface
of the flexible wall clamped. We prove the existence of a solution of the coupled
problem.

1. INTRODUCTION

In this paper we study the problem of a steady-state fluid-flexible structure inter-
action in 3D. A stationary fluid-structure interaction problem in space dimension
three was treated also in [10], in the case where the fluid was completely enclosed
by the elastic structure, in 2D/1D in [9] when the equations of the fluid were
coupled with those of an elastic beam. In the 2D/1D case, in [4] is analyzed a
non-homogeneous Stokes-rod coupled problem. We take here the Stokes equations
for describing the behavior of the fluid moving inside a flexible tube with thickness.
The equations of linearized elasticity are used for the elastic structure. The stress
acting on the structure is supposed to come from the fluid, thus this would be the
stress on the structure at the interface between the two media. Fluid and solid
mechanics are coupled through the wall position and the traction exerted by the
fluid on the tube wall. Assuming that periodic boundary conditions are prescribed
at the ends of the tube and that the exterior lateral surface of the elastic cylinder
is clamped, we prove the existence of a solution for the coupled problem, for small
enough data.

2. THE MATHEMATICAL MODEL

We denote by Cf := {(x1,22,23) € R® : 2% + 23 < r}} the infinite undeformed
cylindrical pipe occupied by the viscous, incompressible fluid, with viscosity v > 0
and by Cy := {(z1,72,73) € R® : 7? < 2? + 23 < r2} the initial configuration of
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the elastic structure. Let C/'\y/l C R? be the union of these two infinite cylinders.
Thus we have CA’y/l = C'f U é’s, C~’f N Cy = 0. The fluid-structure interface is
Tys = {(x1,72,23) €R? : 23 + 23 =r}}.

We consider for the fluid the Stokes equations and for the elastic structure the
Lamé equations and we denote by &(ﬂ) the deformation of the interface between
the two media, for which we have:

(1) ¢ (1)(x) = x + u(x).

Observe that this mapping depends on the displacement u of the elastic structure.
The following equations describe the behavior of the elastic structure—a St.

Venant-Kirchhoff material - in the small deformations regime (linearized elasticity):

(2) —div(Atrace e(u)I + 2ue(u)) =g in Cj,
(3) (Mtrace e(u)I 4 2ue(u)) -n=G on Ty,
(4) u=0 on T,
(5) u(xy, e, x3) = u(zy, 2,23 + 2%) in C,4

where n is the unit outer normal vector along dCs NdC; =: T4 and g denotes the
exterior volumic force applied to the structure part. Ty is the exterior boundary
of the elastic tube, while the interior one is obviously r 7s- @ € R7 is a constant
such that a << 27.

G := —o¢ - n is the surfacic force, which the fluid applies on the interface,
with a? = —p? - I+ 2ve(v?) the fluid stress on the deformed interface, where
e(v?) := 2(Vv? 4 (Vv®)") denotes the fluid strain tensor; they are to be written
on the reference (undeformed) interface. The outer normal n? on the deformed
interface (T ts) transforms to the outer normal n on the reference interface I's,.

A >0 and g > 0 are the Lamé constants of the St. Venant-Kirchhoff material
considered and )

e(u) = i(Vu + Vu')

is Green’s strain tensor for the elastic material.

Denoting the deformed fluid domain by ¢(i1)(C}), we can write the equations
for the fluid flow (v, p? are the velocity, respectively the pressure of the fluid in
the deformed configuration):

(6) —VvAVO +Vp? = £ in é()(Cy)
(7) divv® = 0in (@)(Cy)
(8) v? = 0on (@) (),
to which we add a periodicity condition for the velocity:
5 5 27 ~ A
(9) vO(x) = v® (21, 0, 23 + ;), x = (z1,22,23) € P(0)(Cy).

Now, since the fluid equations are written in Eulerian coordinates in the un-
known deformed domain and the structure equations are expressed in Lagrange
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(material) coordinates in the reference configuration, in order to study the prob-
lem in the known reference configuration we have to do some tranformations on
the equations for the fluid.

We thus want to transform the unknown domain ¢(ii)(C}) into the fixed one

C. We therefore define ¢(i1) in C; as:
¢(@1) := 1d + L(traces4 (1)),
where Id is the identity, traces, is the trace operator over f‘fs and L : f‘fs — C'f

is a linear, continuous lifting. Denote x? := ¢(#1)(x), x € C.

With the following transformations:

and

= YR  d6% = [|cofV(R)||do

||cof V() - nl|
(11) M := cofV¢ (cofactor matrix), N := (Vo)™ ! cofVe,
the system (6)—(9) becomes (when written in the reference configuration):
(12) —vdiv (NV)v) + (MV)p = £/ in Cy,
(13) div (M'v) =0 in Cy,
(14) v=0 on Ty,

where f/ (1) := f(@1)J(@1) and the periodicity condition
2 .
(15) v(x) = v(z1, 22,23 + %) in Cy.

We shall keep in mind that the functions above are related to the (initial)
displacement 11, but we omit it in the writing.

In order to analyze the above three-dimensional linear problems with mixed
boundary conditions, we proceed like in [11], treating equivalent problems with
homogeneous Dirichlet boundary conditions on tori.

Let T be a torus in R3. We transform the cylinders

. 2m
Cpi={(x1,22,23) eR® : 0 <3 < o @i + a3 <rf}

and 9
Cy:={(z1,72,23) ER? : 0 <3< %, ri <a?+ax3<ri}
(having the interface I'fs := {(z1,22,73) € R® : 0 < 3 < 27”, x} 4+ 23 = ri})

into the tori T, respectively T, by identifying the top and the bottom parts of
the corresponding cylinders: the disk {3 = 0, 2% + 23 < r?} with the disk
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{z3 = 2% 22 + 22 < 72}, respectively {z3 = 0, r? < 22 + 23 < 72} with

a ’
{z3 = 27”, r? <a? + 22 <r3l).
We consider the mapping [0,L] 3 s — d(s) = ¢, §(s) = 22, Vs € [0, L], where
we take L = =T
Then the mapping transforming the cylinder C'yl = C'y U Cs into the torus is of

the form:

(16) t:CylcR* =T CR?

17 t(x)= (2 + x1)cos(axs); ta(x) = (é + x1)sin(axs), t3(x) = zo.

We denote by Ty and T the fluid domain, respectively the domain of the elastic
structure, both transformed by (16), (17).
Thus, the system (12)—(15) is equivalent to

(18)

where M(@)(X) := cof (v/ - Vo(u ( )))
N(ﬁ)(X) (v - V(@) - cof (v/ - V()
and 7”( X) = gi( ), 4,7 =1,2,3
(we make the notation t(x) = X and 'yZ](X) = J;ot 1(X)). We also have

£7(@)(X) = (f(d )Ot N(X)I( V)p(aX)));
v(@)(X) = (v(a)ot™")(X);
p(@)(X) = (p(~)°t’1)(X)'

Analogously, the system (2)—(5) is equivalent to:
(19)  —div (Atr E(y*-(VU(@))")- I+ 2uE(y*-(VU(@))") = K(v*)"'-g in Ty
(20)  (MrE(y* - (VU(@))") - I+ 2uE(y" - (VU(@))") n=KG on Iy
(21) U(a)=0 on Iy,
where K :=A+p and E(y*-VUY) = I(y* VU + (y° - VU")?).
T'g denotes the exterior boundary surface of the elastic torus. Observe that
G(i) = p(@)M(id) - n — v(N () V)v(id) - n.
Here we make the same convention of notation, where

ot; ,
Vg () = A )= (x), Gim=1,2,3

and
g(X) = (got H(X), G(X)=(Got )(X).
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Now, having all equations set in a known configuration, we want to prove the
existence of a solution to the coupled problem. This will be done in the following
way: for a given displacement u, we split the equations for the fluid and the
equations for the structure, then prove for each of these systems the existence of
a unique solution. This means that we prove the existence and uniqueness for
the solution of the fluid equations (for @ known), then solve the problem for the
elastic structure as a mixed Dirichlet-Neumann boundary value problem (with the
right-hand side known, since we would have solved the fluid problem). Then the
existence of the solution for the coupled problem will be done by a fixed point
theorem.

3. THE FLUID PROBLEM

Let p € R with 3 < p < co. We consider the following system
—vdiv (N7 - V)v-47) + v(NyT - V)v - div 47
+(M~T Vp=f inTy,
M~yT i Vv=0 inTy,
v=0 ondTy,

(22)

which is of the same type as (18). We keep here the notations for the matrices
in (18), but for the matrices involved in (22) we forget about the dependence on
some displacement u and only assume that the following hypotheses are satisfied:

(Hy) N is a symmetric and positive definite matrix such that coeff (N) €
Wl’p(Tf), ~7 is a regular enough matrix; also assume that 3¢ > 0 a
constant such that Ny¥ > cI;

H,) M is invertible in WE?(T¢) and 3 © with M = cof VO;
!
(H3) 3 C > 0 a constant with ||T —N'yf||w1,p(Tf) <C,
IT— (MA) wioeryy C  and T — My |wiwir,) < C.

Theorem 3.1. Let f € L?(Ty). There exists a unique solution (v,p) of the
system (22) in (W2P(Ty) N Wb, (Tf)) x WEP(Ty), with:

(23) IVl [wer(zy) + Ipllwiecry) < Cllfl|lecr,)
(Cy is a positive constant).
Proof. The existence of a (unique) solution (v, p) € Hy . (Ty) x L§(T¥) of (22)

can be shown e.g., like in [6]. Concerning the existence of a unique pressure, we
verify a corresponding inf-sup condition:

Jk >0 (constant) s.t.
(24) S, TMAT VY

sup

> k|7l r2(r,y, VT € L§(Ty)
Y eHL(Ty) ||¢||H(1J(Tf) !
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Indeed, it is known see [7, ch. 111, s. 3] that V7 € L2(Ty) 3¢ € HE(Ty) such that
div 9 = 7 and || ||ur(r,) < Cll7ll 2201y

Thus, to any given 7 € Lg(Tf) we associate a 17) and we take 1 such that V¢ =
(M~ =1V, Tt follows that 9 € H{(T}) and (using the above estimate for
||1Z||) that condition (24) above is satisfied, with the constant k depending on
||(./\/l’yf)_t||Loo(Tf); the rest is classical.

The regularity stated in the theorem and the estimate (23) will be proved in
what follows.

Thus, let us consider the sequence S(n) :

(25)
—vdiv(Vv™ - 'yf) + Vv - divyf + Vp" = f— vdiv(((I — N'yf)V)V”_l) . ’yf)
+ (I = NAHV)WV o div 4 + (T - My VP! in Ty,
I:Vv"'=(1-M~y/): vy ! in Ty,

vt =0 on I'yg,

having the first term S(0) :

—vdiv(Vv? - 4f) 4+ vVv? divAf + VP =f  in Ty
(26) divv'=0 in Ty

v'=0 on Tys.

Problems of this type are treated in [6]. Existence, uniqueness and regularity
of a solution v € H?*(Ty), p® € H'(T}) can be proved similarly (see also [3]).
Since the ellipticity condition in [2] is satisfied for the system (26), it follows (see
[8]) that v¥ € W2P(Ty), p® € WLP(Ty).

Then for any positive integer n, (v*,p") € (W2P(T;) N WyP(Ty)) x WhP(Ty)
and it converges to the unique solution of the system (18). Indeed, we argument
here by mathematical induction on n.

Assuming that (v",p™) € (W2P(T) N WyP(Ty)) x WHP(Ty), it follows that
f — vdiv((IT = NAHVIV) - ~F) + (I = NyH)V)v™ - div 4F + (I — M~H)Vp e
LP(Ty), by the hypotheses we have made and the fact that WP is a Banach
algebra for p > 3.

Also by (Hy), (Hy), it follows that (I—M~f) : Vv € WP(T}) and it has zero
mean over T, since v" satisfies the boundary condition in (25). It follows then that
S(n+1) has a unique solution (v**1, p*t1) e (W2P(T;) "W P (Ty)) x WhP(Ty)
and thus the induction on the regularity of the solutions for the fluid system is
complete.

Let us now prove that the solution of S(n) converges to the unique solution of
(22). This is done by showing that (v™,p") is a Cauchy sequence in W2?(T) x
W1P(Ty) and by passing to the limit for n — oo in S(n).
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S(n+1)—S(n):

—vdiv(V(v™ = v") A7) + vV (v —v)div T + V(" - pT)
= —vdiv((I = Ny V)(v" = v 1) . )

27
@7 + (I = N4H V) (v — v Hdiv 4f
(T = MA)T) (" - p ) in T
(28) div (v —v") = (T - M~ : V(v" —v" 1) in Ty
(29) vl v =0 on I'y,.
Upon using again for this Stokes system estimates of the kind of those in [6],
one gets:
V" = vz, + 1" = 0wy

< const {|[T— N~vY |lwrr@p|IV" = v Hlwezn(r,)
I — (MA) Nlwrn o [V = v w2 (ry)
+ = My o llp" = 9" Hliwroery b,

const > 0 being a constant independent of n, A/, M, but depending on the bound
of 7.

Now we choose C' in the hypotheses we made in order to satisfy const - C' < 1
and it follows that:

||vn+1 _ VnHWz’P(Tf) 4 Hpn+1 _anWl:P(Tf)
< Cprod{an - Vnil”Wz?l’(Tf) + Hpn - pnilHWLp(Tf)},
with 0 < Cproq < 1.
Consequently, the sequence (v, p™) converges in WP (T¢) x WHP(T}). Thus,
there exists the limit (vo, po) € (W2P(TF) N WP (Ty)) x WHP(Ty) such that
v — ve in WHP(T}) as n — oo
and
p" — pc in WHP(T}) as n — oo.
Passing now to the limit in S(n), we conclude that (v, pe) is the unique solution
of (22) and thus vg = v and po = p.
We still have to prove the inequality (23). Using the above estimations, observe
that we can write

V" lw2e (1) + 1P [lwre(zy)
< ClE o () + Cproal V" w2y + 10" Hlwro )}
where C' > 0 is a constant. For n — oo this estimation becomes
Ivllw2r (1) + pllwirer,) < C(L = Cproa) " |IEl|Le(ry)-
Thus we obtain the inequality (23), with C; = C(1 — Cproa) ' O
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4. THE FLEXIBLE STRUCTURE

Consider now the following system for the flexible structure:

(30)  —div (Mr E(y*-VU") - 14 2uE(R*-VU")) = K(v*)'g  inT,

(31) (Mr E(y®-VU') -1+ 2uE(v* - VU')) -n= KG on T,

(32) U=0 on Iy,
where g is a given volumic force, while G is a given surfacic force (which is actually

related to the fluid stress tensor). Then we have:

Theorem 4.1. Forp € R, 3 <p < oc let g € LP(Ty) and G € W=1/PP(T;,).
Then there exists a unique solution U € W2P(T,) N Wéfq (Ts) of the system
(30)—(32) and it satisfies:

(33) 1Ullw2r (1) < const ([glLe(r,) + |Gllwri-vener,.,)):
Proof. The problem corresponding to the system (30)—(32) is equivalent to the

problem of finding a solution U of the following equation:
(34) A(U,¢) =L(¢), Vip €V,
where

A(U%) / S(U) : E(v" - V'),
with S(U) := Mtr E(v* - VU)I + 2uE(y* VUt) and

):/Kg-z,/;dy—i- KG - vdo.

T, Tfe

V denotes a space of smooth enough vector-valued functions 1 : Ty, — R3 that

vanish on Tg. We take here V := {p € H'(T;) : ¥ =0on o} = Hj (T5).
Now, A is a continuous, bilinear form that is also V-elliptic (via Korn’s inequal-

ity) and L is a continuous linear form defined on V. By the Lax-Milgram lemma

it follows that there is one and only one function U in the space V, solution of

(34). Moreover, using the regularity of the data and the regularity properties of

the mixed Neumann-Dirichlet boundary value problem see [5, Th. 6.3.6 and the

remarks after it], it follows that U € W2P(Ty) and the estimate (33) holds. O

5. THE COUPLING

We now come to the coupled problem. The following is the main result for the
fluid-structure interaction problem (on the torus):

Theorem 5.1. Let p € R with 3 < p < oo, £¢ € LP(R3) and g € LP(Ty).
Assume there exists a constant x > 0 with:
(35) Ccoupl(||f¢||LP(R3) + ||g||LP(Ts)) < X-
Then there exists a solution (v,p,U) of the equations (18), (19)—(21), with
v e W2P(Ty) N WP(Ty), pe WYP(Ty) and U sufficiently small in WP (Ty).
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Proof. The idea of the proof is the following: let
Uy = {a e W*P(Ty) : [[allwze(r,) < X}
The mapping
U, 513 U) € W2P(T))
has at least one fixed point.
Let @ € U,,. Then V¢(u) is an invertible matrix in W (T%) (p > 3) and (for x
sufficiently small) we have detV¢(@)(x) > 0, thus the deformation ¢(i1) = Id + @

is orientation preserving [5, Theorem 5.5] and injective. Indeed, by the mean value
theorem:

lp(a(x1)) - P(u(x2))]

[x1 —x2 + 0(x1) — a(x2)|
[x1 — %2 — sup [[Val| - [|x1 — x2
(1= C(Ty))llx1 — x2| (for x1 # x2),

C(Ty) being the constant in the orientation preserving theorem.
The solution (v(@),p(1)) of (18) satisfies the same type of equations as those

in Theorem 3.1, with f := £/, A := N/ (@), M := M(@1) (see the Appendix for the
properties of M and N in (11); thus, since v/ in (18) is regular, the hypotheses
in Theorem 3.1 are satisfied for A/(@1) and M (1), too). Then by Theorem 3.1 it
follows that for any @ € Uy, (v(Q),p(1)) € W2P(Ty) x WHP(T}) and

VoIV

(36)

v (@) [[wze () + lp@)[wre ) < CLIE (@) ||Le (),
thus also
(37) Iv(@)[w2r (7y) + Ip@)[wrery) < C(CL X lLe -

We have G (i) = p(@)M (@) - n — v(N(@)y/V)v(t) - n € WI1/PP(T ).
G in (31) satisfies:

IN

Clv@)llwzr () + lp(@)[wrr ()
C(CL ) IELe)-

IGllwr-1/p0r;.)

IN

Now apply Theorem 4.1 to get the existence of a unique solution U(i1) € W2P(Ty)
of (19)—(21)) with

(38) U@l (z,) < const(C(CLx)IE°]|Le + llgllLecr,))-

We have thus constructed the mapping U, > u gt U(a) € U, € W2P(T;). This
mapping has a fixed point, by the theorem of Schauder:
e A is weakly sequentially continuous on W2P(Ty).

Indeed, let @, € U, with @i, "= @ in W2P?(T}); by (37) and (38) it follows that
(v(@,), p(@,), U(1y,)) is (independently on n) bounded in W2P(Ty) x WLP(T}) x
W2P(T,), thus (3)(V,p, U) € W2P(T}) x WYP(T) x W2P(T,) and there exists
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a subsequence (Tk)r C (Qy)y, with
V(i) P20 in WP (T)
() "7 p in WP (Ty)
Uliing) "= 0 in W27 (Ty).

We have to show that U(i1) = U and this will prove the weak continuity of
A, for then the sequence U(1,) will converge to U(@) in the weak topology of
W?2P(Ty), U(@1) being the unique solution of (19)—(21) for @ given.

We intend to pass to the limit in the equations satisfied by v(Q,k), p(Qnk),
U(Tpg)-

Now, ¢ (i) hogo ¢ (@) in W2P(Tf). Since p > 3, W2P(T) is compactly
imbedded in CY(T) and therefore there exists a subsequence of (i), still de-
noted by (@,%) such that

T, 5 @ in CYT)
and
$(tinr) "= B(@) in C(Ty).

It follows (see the definitions of M and N after (18)) that M (@) Fope
M(1) in CO(Ty), since WHP(Ty) — CO(Ty) (p > 3).

Moreover, since Ve (iiny) is invertible in WP(Ty), thus also in C°(T}) and

k—oo

since C°(Ty) S mapping mapping ' € C%(T}), it also follows that N (@) ©—
N (@) in CO(T}).
We also have that £?(¢(ii,z)) Fzpe £9((11)) in LP(TY). This is ensured by the
following lemma (for a justification see, for instance, [10]):
Lemma 5.1. Let 9 € LP(R3). The mapping
CH(Ty) > 0 +— o (Id + 0) € LP(Ty)
is continuous at each point of the open ball {6 € C'(T}), [VO|lcoryy < C(Ty)}

where C(Ty) is the constant in the orientation preserving theorem for the mapping
Id + 0 (see (36) above).

We are able now to pass to the limit in the equations (18), (19)—(21) and due
to the uniqueness of the solution to these equations we get v = v(@i), p = p(1),
U =U().

o A(U,) CU,: by (35) and (38), with an adequate choice of Croupi-

e U, is convex and weakly compact in WP (Ty) (this is straightforward).

Consequently, the hypotheses of Schauder’s fixed-point theorem are satisfied
and the conclusion follows. O

Now using the above results and transforming back to the original domain (see
[11]), we obtain the following theorem for the fluid-structure interaction problem
in the cylinder of length L = %’r:



STATIONARY STOKES FLUID IN AN ELASTIC TUBE 105

Theorem 5.2. Let f¢ € L?(R?) and g € L
constant x1 > 0 with:

ber(Cs). Assume there exists a

(39) K(”f¢||LP(R3) +lIgllLrc,)) < X1,

where K is a constant depending on a.
Then there exists a solution (v,p,U) of the equations (2)—(5)), (12)—~(15) with
v e W2E(CH)NW, pe WEP(Cy) and U sufficiently small in W2E.(Cs).

per per per

Remark. Remember the way f” in (12) was defined. For the definitions of the
involved spaces see the Appendix.

APPENDIX

Let C be an infinite cylindrical pipe like in Section 3 and T' be its boundary. For
a € R1\{0} and the finite cylinder C' with boundary I like in Section 3, we define

Coper(C) :i={f € Cpe,.(C) = supp (f)N (C —T) is compact in Cy},
L?..(C) := the closure of Cp¢, (C) in LP(C)

Wi (C) := the closure of Cpg,.(C) in W™P(C),
,peT(C’) := the closure of Cg%,.,.(C) in W™P(C),

W = {F € (g, (C): V-F =0},
W := the closure of W in W7 per(C)-
Observe that
= {vGWOIm(C) : V.-v=0}

and that, by the Poincaré inequality, the inner product in W0 per(C’) is equivalent
to the inner product

. 0v; Ow;
(tvow) = [ T

*okk

dx, v WEWOPW(C).

The following lemma gives some properties of the mappings N, M and J, which
were defined in (11) and (10).

Lemma 5.2. The mappings M, J : W2P(T,) — WYP(Ty) are of class C.
N : Uy, — WIP(Ty) is also C>®(Uy) and it also satisfies an ellipticity condition:

3¢ >0 such that N(@) > (I, Ya € U,, Vx € Ty.

Proof. The proof is a straightforward adaptation of the proof of Lemma 3 in
[10]. It relies on the properties of (}b, on the fact that the mapping W(Ty) 2
M — M=t € WhP(Ty) is C* at any invertible matrix of W'?(T}) and on the
compact embedding of W?(T) in C°(Ty). The fact that p > 3 is essential. O
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Remark 5.3. The fact that & € U/, and the above lemma ensure that the hy-
pothesis (H;) in Theorem 3.1 is satisfied. In order to be able to apply Theorem 3.1
in the proof of Theorem 5.1, hypothesis (Hz) must be satisfied, too.

By the previous lemma, the mappings M and N are of class C*>° and clearly
M(0) =1, N(0)=1.

Thus we write the Taylor seria for N and M and get

IN(@) = Illwre(zy) < [DN]] - [[allw2r (1),
respectively
IM(@) — Ty < [DM]] - [illwor, ),

where [[DN]] := supyey, [[DN()| cowzre (1) wiery))-
Choose x such that x max{[[DN]], [[DM]]} < C, where C is the constant in hy-
pothesis (H3) of Theorem 3.1.
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