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RANKS AND INDEPENDENCE OF SOLUTIONS
OF THE MATRIX EQUATION AXB+CYD=M

YONGGE TIAN

ABSTRACT. Suppose AXB + CYD = M is a consistent matrix equation. In this
paper, we give some formulas for the maximal and minimal ranks of two solutions
X and Y to the equation. In addition, we investigate the independence of solutions
X and Y to this equation.

1. INTRODUCTION

Throughout this paper, the notation A7, A*, r(A) and Z(A) stand for the transpo-
se, conjugate transpose, rank and range (column space) of amatrix A over the field
C of complex numbers, respectively. A matrix X is called ageneralized inverse of
A, denoted by A~ if it satisfies AX A = A. In addition, F4 and F4 stand for the
two oblique projectors E4y =1 — AA~ and Fy =1 — A~ A induced by A and A~.

Linear matrix equations have been the objects of many studies in matrix theory
and its applications. The primary work in the investigation of a matrix equation
is to give its solvability conditions and general solutions. In additions to these two
problems, many other topics can be investigated for a matrix equation. For exam-
ple, the uniqueness of solution, minimal norm solutions, least-squares solutions,
Hermitian solutions, and skew-Hermitian solutions to the equation. For some sim-
plest matrix equations, it is easy to characterize the solvability and to give general
solutions by generalized inverses. For instance, the matrix equation AXB = C,
where A, B and C are m X p, ¢ x n and m X n matrices, respectively, is consistent
if and only if AA“CB~B = C. In this case, the general solution of AXB = C
can be written as X = A~ CB~ +(I,— A A)U+V(I,— BB~ ), where U and V
are arbitrary. Many problems can be considered for solutions of AX B = C, one of
which is to determine the maximal and minimal possible ranks of solutions. The
present author has shown in [10] that

Jmax r(X) =min{p, ¢, p+q+r(C)-r(4)-r(B)},
A}r{nflgricr(X) =r(C).
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Write complex solution of AXB = C as X = Xy + X4, where Xg and X; are
both real. The present author also gives in [10] the maximal and minimal ranks
of Xy and X;. In addition to AX B = C, another well-known matrix equation is

(1.1) AXB+CYD =M,

where A € C"*P B € C™*", C € C™*%, D € C**", M € C™*". Equation (1.1)
and its applications have been investigated extensively, see, e.g., [1, 3, 4, 6, 7,
13, 15]. A regression model related to (1.1) is

M =AXB+CYD +e,

where both X and Y are unknown parameter matrices and ¢ is a random error
matrix. This model is also called the nested growth curve model in the literature,
see, e.g., [5, 14].

The rank of a matrix A, a key concept in linear algebra, is the dimension of the
vector space generated by the columns or rows of A, that is, the maximum number
of linearly independent columns or rows of A. Equivalently, the rank of a matrix
A is the largest order of square submatrix of A which determinant is nonzero. If a
matrix has some variant entries, the rank of the matrix is also variant with respect
to the entries.

A general method for solving linear matrix equations is the vec operation of a
matrix Z = (z;;) € C™*" defined by

vecZ = 211, -+ Zml, 212,...,zmg,...7zln,...,zmn]T
Applying the well-known formula vec (AX B) = (BT ® A)vec X, where BT @ A is
the Kronecker product of BT and A4, to (1.1) gives

vecX

T T
(1.2) (BT A, D ®C][V60Y

] = vecM,

where [ BT ® A, DT @ C] is a row block matrix. Hence (1.2) is solvable if and
only if [BT @ A, DT @ C'|[BT ® A, DT ® C]~vecM = vecM. In such a case, the
general solution of (1.2) can be written as

vecX

=[BT ® A, DT @ C']"vecM
(1.3) [ vecY

+ (I-[B"@A D" eC] [B"@A, D" C])V,

where V' is an arbitrary column vector. Result (1.3) implies that the general
solutions X and Y of (1.1) are in fact two linear matrix expressions involving
variant entries.

Since the two matrices X and Y satisfying (1.1) are not necessarily unique, it
is of interest to find the maximal and minimal possible ranks of X, Y, AX B and
CY D in (1.1). Another problem on a pair solutions X and Y to (1.1) is concerned
with their independence, where the independence means that for any two pairs of
solutions X1, Y7 and Xs, Y5 of (1.1), the two new pairs X1, Y2 and X, Y7 are also
solutions to (1.1). This problem can also be solved through some rank formulas
associated with (1.1).
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Some useful rank formulas for partitioned matrices are given in the following
lemma.
Lemma 1.1 ([2]). Let A€ C™*" B € C™** and C € C™*". Then:
(a) r[A, Bl =r(A)+r(EaB) =r(B)+r(EgA).

0) 7| 6] = )+ r(CEa) = r(C) + riaFe),

© & 0| =)+ o)+ r(Enare),

The formulas in Lemma 1.1 can be used to simplify various matrix expressions
involving generalized inverses of matrices. For example,

ExBi| A 0 B
(1.4) T{EAzBJ = 7"[ 0 A BJ —r(41) —r(Ag),
[ Dy D,
(15) T[Dchl, D2F02} =r Cl 0 — T(Cl) — T(CQ),
e
(A B 0
(1.6) T[EAC BlgBl] —rlCc 0 C|=rB)—rC).
“ 0 B 0

Lemma 1.2. Let A € C™*", B € C™*k C € C*", B, € C™*P and C; €
C2*" be given, X € CF*L)Y € C**n Z € C™*! and U € CP*9 be variant matrices.
Then

(1.7) m)?xr(A—BXC):min{r[A,B], r{g”

(1.8) rr}}nr(A—BXC):r[A,B}—f—r[g]—r[g lg]
(1.9) waxr(A4 - BY - 2C) = n{m n, r[é ﬂ}
(1.10) ?igr(A—BY—ZC):r[é ﬂ—r(B)—r(C),

max r(A— BY — ZC — B1UCY)
Y, Z, U

(1.11) . A B B A B
=minqgm, n, Tl oo c 0 ,
C; 0
. [A B B
yI,IE,HUT(ABYZCBlUcl)T{C 0 0}
(1.12) A B A B B
+r|C O|—-r|C 0 O0|—-r(B)-—rC)
Cc; 0 cC; 0 0
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Results (1.7) and (1.8) are shown in [12]; (1.9) and (1.10) are shown in [8, 9].
The general expressions of X and Y satisfying (1.7)—(1.10) are given in [8, 9, 12].
Combining (1.7) and (1.9), (1.8) and (1.10) yields (1.11) and (1.12), respectively.

2. RANKS OF SOLUTIONS TO AXB+CYD =M

Concerning the solvability conditions and general solutions of (1.1), the following
results have been shown.

Lemma 2.1.
(a) [3] There are X and Y that satisfy (1.1) if and only if

B

(2.1) r[A, C, M]=r[4,C], r 1\3 :r[g],
(2.2) r{% ﬂ:r(A)w(D), r[]‘g ﬂ:r(B)w(C),

or equivalently,

(A, C)[A, C] M =M, M [g]_ {[B)} — M,

(Im — AA" )M (I, — D" D)=0, (In,—CC~)M(I,—B B)=0.
(b) [6, 7] Under (2.1) and (2.2), the general solutions of X andY to (1.1) can
be decomposed as

X =Xo+ X1 X0 + X5, Y=Y+ ¥1Ys + 73,

where Xo and Yy are a pair of special solutions of (1.1), Xy, X, X3
and Yy, Ya, Y3 are the general solutions of the following four homogeneous
matrix equations

AX, =-CY7, XoB=Y;D, AX3B=0, CY3D=0,
or explicitly,

(23) X = X() + SlFGUEHTl + FAV1 + VvQ.EB7
(24) Y =Yy + SoFcUERT, + FeW, + WoEp,
where
1 0 B
51=[05,0) s =[0.1) = | ], n=| | 6=1a.c1 = | _7]:
the matrices U, Vi, Vo, W1 and Wy are arbitrary.

For convenience, we adopt the following notation

(2.5) J1={XeCP"| AXB+CYD =M},
(2.6) Jo={Y €eC**"| AXB+CYD=M}.
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Results (2.3) and (2.4) imply that the general solutions of (1.1) are in fact
two linear matrix expressions, each of them involves three independent variant
matrices. Applying Lemma 1.2 to (2.3) and (2.4) gives the following result.

Theorem 2.2. Suppose that the matriz equation (1.1) is solvable, and let Jy
and Ja be defined in (2.5) and (2.6). Then:

(a) The mazximal and minimal ranks of solution X of (1.1) are given by

max (X) = min{p, ¢ p+a+r[M, C]—r[4 C]-r(B),
p+q+r[1‘1ﬂ —r[g] —T(A)},

%T(X):r[Mﬁ]w[z‘g]—r{z‘g g]

(b) The mazimal and minimal ranks of solution Y of (1.1) are given by

max r(Y) = min{s, t, s+t+r[M,Al—r[C, A]—r(D),

Yelda
s+t+r{]‘g} r{g} T(C)},

win r(v) = r[M,A]HPg]—rPg ﬂ

Proof. Applying (1.7) and (1.8) to (2.3) yields

max 7(X) = max 7(Xo+ S1FGUERT) + F4V1 + V2ER)
XeJ, U, Vi, Va
Xo Fa

. Xo Fa SiFg
=minqp, ¢, 7| 0 o T Ep 0
B EgTy 0

min 7(X) = min r(Xo+ S1FUERT) + FaV1 + V2ER)

XeJ; U, Vi, Vs
Xo FA XO FA SlFG
:r[ifo T)A Sfc’]w Eg 0 |—-r| Eg 0 0
P EgTy O EgTy 0 0

— r(Fa) —r(EB),

where 7(F4) = p—r(A) and r(Ep) = ¢ —r(B). Asshown in (1.4), (1.5) and (1.6),
the ranks of the block matrices in these two formulas can be simplified further by
Lemma 1.1, as well as the equality AXoB + CYyD = M and elementary block
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matrix operations

Xo
" By

Fy SiFq
0 0
Xo Fu
Ep 0

EgTy O

YONGGE TIAN

Xo I, S 0
I, 0 0 B

© N ] —r®) -

0 0 G 0

[0 I, 0 0

I, 0 0 0

0 0 —as Axpp| "W -rB =@
0 0 G 0

A 0 AX,B

1 o o | tpra—r(A)-r(B) -G

— r[-C, AXoB]+p+q—r(B)—7r(G)
=r[C, M]+p+q—r(B)—r(G),

o O oS

Xo I, 0 0
I, 0 B 0

T 0 0 H —r(A) —r(B)—r(H)
_0 A 0 O
0 I, 0 0

I, 0 0 0

o o B H —r(A) —r(B) —r(H)
_O 0 AXyB 0
[ B B

0 D|+p+q—r(A) —r(B)—r(H)
_AXQB 0

D
_AXOB}+p+q—T(A)—7"(H)

D
_M}+p+q—r(A)—T(H)a

S1Fa
0
0
S1 0
0 B
0 0
0 0
G 0

—r(A) —r(B) — r(Q) — r(H)

comoo
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0 I, 0 0 0
I, 0 0 0 0
=r|0 O 0 -T'B H| -r(A)—r(B)—r(G)—r(H)
0 0 —-AS; AXyB 0
0 0 @ 0 0
[0 0 -B B
—r| 0 TP g ()~ 1(B) - (@) - r(H)
A 0 AXyB 0
| A C 0 0
[0 0 -B 0
0 0 0 D
=Tl _4 o 0 0 +p+q—1r(4) —r(B)—r(G)—r(H)
L 0o Cc 0 M
M C
—T-D 0 +p+q—7r(G)—r(H).
Thus, we have (a). Similarly, we can show (b). O

Furthermore, we can give the formulas for the maximal and minimal ranks of
AXB and CY D in (1.1) when it is solvable.

Theorem 2.3. Suppose that there are X and Y that satisfy (1.1), and let Jy
and Jo be defined in (2.5) and (2.6). Then

maxr(AXDB)
XeJi
(2.7)

~ in {r[M, Cl—r[A, C]+r(A), r{]\g] —r{g} +7‘(B)},

(28)  minr(AXB) =M, C] +TH§] —r[]‘g ﬂ

maxr(CY D)
Yeds

(2.9) :min{T‘[Mv A]-r[C, A]+r(0),r{]\g] —T{g} +r(D)}7

(210) min r(CYD) = r[M, A]Jrr{]\g}r{ﬂg ﬂ
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Proof. Applying (1.7) and (1.8) to AXB = AXoB + AS1FcUEyT) B yields
max r(AXB) = max r(AXoB + AS1FcUEyT 1 B)

XeJ,

L AX,B

= min {T[AXOB, AS Fg ], T{EHTlB} },
min r(AXB) = minr(AXoB + AS1 FeUEyT 1 B)
XeJ, U

=r[AX,B, AS1FG]+T|: AXoB }_7«{ AXoB ASlFG}

EHTlB EHTlB 0

Also find by Lemma 1.1, AXoB + CYyD = M and elementary block matrix
operations that

[ AXoB, ASiFo] = T[A)(()(JB Agl] e

AXoB A 0
S A e
= r[AXoB, C]+7r(4) — r(G)
r[M, C]+r(A) —r(Q),
AX,B [AXoB 0
T[PHZ%B] :7“_ TloB H} —r(H)
[AXoB 0
| B B
L 0 —-D
:r_A)l()OB] +r(B) —r(H)
JD”} +r(B) - r(H),

—r(H)

AXoB AS,Fg

[AXoB AS, 0
"|ExTiB 0 } -

B 0 H|-rG)—-r(H)

o ©@oo
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Therefore, we have (2.7) and (2.8). In the same manner, one can show (2.9) and
(2.10). O

3. INDEPENDENCE OF SOLUTIONS X AND Y 10 AXB+CYD =M

The independence of the two matrices X; and X5 that satisfy the matrix equation
A1 X1+ A3 X5 = B is investigated in the author’s recent paper [11]. In this section,
we consider the independence of X and Y that satisfy (1.1).

Consider J; and J in (2.5) and (2.6) as two independent matrix sets. If for
any given X € J; and Y € Js, the pair satisfy (1.1), X and Y for (1.1) are said
to be independent. The independence of solutions X and Y for (1.1) can also be
examined through the rank formulas in Lemma 1.2.

Theorem 3.1. Suppose that the matriz equation (1.1) is solvable. Moreover,
let Ji and Jy in (2.5) and (2.6) as two independent matrixz sets. Then

max r(M—-AXB-CYD)
XeJi,Yedz

(3.1) — min {r(A) +r(C) = r[A, C], +(B)+r(D)—r [g} } .

In particular,
(a) Solutions X and Y of (1.1) are independent if and only if
(3.2) Z(A)NZ(C)={0} or Z(B*)NZ%(D*)=1{0}.
(b) If (3.2) holds, the general solution of (1.1) can be written as the two inde-
pendent forms
(3.3) X = Xo+ S1FgUi EgTh 4+ FaVi + Vo Ep,
(3.4) Y = Yo + SaFgUs EyTy + FeWi + WaEp,
where Xo and Yy are a pair of special solutions to (1.1), Uy, Us, V1, Vo, Wi

and Wy are arbitrary.

Proof. Writing (2.3) and (2.4) as two independent matrix expressions, sub-
stituting them into M — AXB — CY D and observing AS1Fg = —CSsFg and
EygTh B = EgTsD gives

M —-AXB-CYD
=M —-AXyB - CYyD — AS1FcU,EgTh B — CSoFqUs EgTo D
= —AS 1 FeUEgThi B — CSoFqUsEyTe D
—AS1FqULEyThB + AS1FeUs EyTh B
= AS1Fg(-U1+Us)EgTh B,
where U; and Us are arbitrary. Then it follows by (1.3) that

max r(M —AXB-CYD) = max r[AS1Fg(-Uy + U )EygT1B]
XeJi,Yeds Uy, Uz

= min{r(AS1Fs), r(EgT\B)},
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where by Lemma 1.1

r(ASLFg) = r {Agl} @) = [ A 0] —1(G) = r(A) +1(C) — (G,

o g] — r(H) = r(B) + (D) — r(H).

Therefore, (3.1) follows. Result (3.2) follows from (3.1); the solutions in (3.3) and
(3.4) follow from (2.3) and (2.4). O

r(EgTyB) =7r[TyB,H] —r(H) =r [

Remark 3.2. The matrix equation (1.1) is one of the basic linear matrix equa-
tions. Many other types of matrix equations can be solved through (1.1). For
example, From Lemma 2.1, one can derive necessary and sufficient conditions for
the matrix equation AX A* + BY B* = C to have Hermitian and skew-Hermitian
solutions. From Lemma 2.1, one can also give necessary and sufficient conditions
for the two matrix equations AXB + (AXB)* = C and AXB — (AXB)* =C to
be solvable.
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