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AN INTEGRAL UNIVALENT OPERATOR

D. BREAZ aND N. BREAZ

ABSTRACT. In this paper we consider the class of univalent functions defined by
- 1‘ <1,z € U, where f(2) = 2z 4+ a2 + ..., is an analytic

function in the unit disc U = {z € C: |z| < 1}. We present univalence conditions
for the operator

the condition

2 CEEa
Gan(z) = ((n(a—l)—‘rl)/gf_l (t)...ga1 (t)dt) .
0

1. INTRODUCTION

Let U be the unit disc, U = {z € C: |z| < 1}. Denote by H (U) the class of
holomorphic functions on U and consider the set of analytic functions

(1) Ay ={feHU): f(2) =2+ apn12" T +...}

If n =1 then 4; = A. Let H, (U) be the class of univalent functions on the
unit disc U and S the class of regular and univalent functions f (z) = z+ag2%+. ..
in U, which satisfy the condition f (0) = f'(0) —1=0.

In their paper [3], Ozaki and Nunokawa proved the following results:

Theorem 1. If we assumethat g € A satisfies the condition

2 f/
Zf(z)—l’<1, zeU

@) 7 (2)

then f is univalent in U.

Lemma 1 (The Schwartz Lemma). Let the analytic function g be regular in
the unit disc U and g (0) =0. If |g(2)| < 1,Vz € U, then

(3) lg(2)[ <z, VzeU
and equality holds only if g (2) = ez, where |e| = 1.
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Theorem 2. Let « be a complex number with Rea > 0, and let f = z +

asz% + ... be a reqular function on U. If
1 2P |20 2)
4 <1 VzeU
) Rea |- z€
then for any complex number 8 with Re B > Re « the function
z B
(5) Fy(2) = ﬂ/tﬁ—lf'(t)dt ——
0

is reqular and univalent in U.

Theorem 3. Assume that g € A satisfies condition (2), and let o be a complex
number with

(6) a—1] < 252
3
If
(7) lg (2)] <1, VzeU
then the function
(8) Gal2) = [ [ g D (et

0

is of class S.
2. MAIN RESULTS
Theorem 4. Let g; € A, Vi=1,...,n, n € N*, satisfy the properties

2g; (2)
97 (2)

-1

(9) <1, VzeU Vi=1,...,n

and o € C, with

Rea
1 -1 < .
(10) =1 <

Iflg: (2)| < 1,Vz e U, Vi=1,...,n, then the function

1
n(a—1)+1

(11) Gan(z)=|(n(a—1)+1) /g‘f“1 (t)...go  (t)dt
0

1s univalent.
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Proof. From (11) we have:

z

Gam (2) = ((n(a—1)+1) / fnla=1) (
(12) 0

g1t(t)>a1 '

1
a—1 n(a—1)+1
n (t
,(gtu) dt)

We consider the function

(13) Fl2) = / (glt(t)>a_l . (f’”t(t))a_l dt.
0

The function f is regular in U, and from (13) we obtain

(14) f'(2) = (glz(z)fl... (gn Z<z>>“

and

-t (o81) 5 o) (3],

15  + (glz(z))a_l . (%—ZM)H (1) (gnz(z))"‘2 2g, (Z)Z; 0. ()
i

Next we calculate the expresion i

a—2 , a—1 a—1
1 (91(Z)) zg1(2)—g1(2) (gz(Z)) N (gn(Z))
() - <(a = - - : .

friz) (Lm)—l (gn<z>)@—1

z

P <<91£2))a_1 o (gn_;(z))a—l (CY _ 1) (gnz(z))a_2 29;(2)22971(2))

(16) + (gl(z))a_l (M)“—l
= (a—l)zglgfz()z)—l+,..+(a_1)%.

The modulus

(17)
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can then be evaluated as

G| | @1 () -1

el e R R et b o ‘
O I P AC

(18) S’(“ D= T ’+ +‘( D=0 ’
I O e TN A O R

=l == e ‘* T e ‘

Re o
By multiplying the first and the last terms of (18) with % > 0, we obtain

_ 2Re « 1 o 2Re /
Lo o @) 1= B (et
Rea 1 (2) Rea g1 (2)
1— 2Re « ’
SLE ()
Rea gn (2)
1) 1= 2% (] 2% (2)] |gn (2)]
— |z 22g1 (2) ] g1 (2
< |la—1 +1)+
e ([ e+
1— |2 (122, (2)] lgn (2)]
-1 n 1
Tl UZe | Bl *

By applying the Schwartz Lemma and using (19), we obtain

1 _ 2Re « 173 1 _ 2Re « 2 7
e B O D Uy (o T R DA S
Rea 1 (2) Rea g7 (2)
(20) 2Re « 2
Rea  \| 22(2) |
Since g; satisfies the condition (2) Vi = 1,...,n, then from (20) we obtain:
1 _ |Z|2Rea Zf// (Z) 1 _ |Z‘2Re(1 _ |Z|2Re()¢
<3la—1—2 4. 43la—1
(21) Rea frz) |~ o= 1] Rea oot la— Rea
3|a—1|+ +3|a—1|_3n|a—1|
~ Rea Rea Rea
But |a — 1| < R;;f‘ so from (7) we obtain that
) e A0
Rea )y |~ 7
for all z € U and the Theorem 2 implies that the function G, is in the class
S. O

Corollary 1. Let g € A satisfy (2) and « a complex number such that

Rea
23 -1 < ke N*
(23) o= 1] < == €
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If |g (2)| < 1,Vz € U, then the function

p F@E=TF1
ey G = ((ka-n+ [FeD @
0
s univalent.
Proof. We consider the functions
P ECEnEe:

acny (9 @)YV
(25) GE(2)=|(k(a—1)+ 1)/tk( ) (gt) dt
0

and

0 o= [ (20)

0
The function f is regular in U. From (26) we obtain

F() = (g(z))k(a_l)

z

and

P =kl (L) A G20
+ 1) ,

Vz e U.

Next we have
1 _ |Z|2RCOL

(27) Rea

2f" (2)
f(z)

zg' (2)

g(z)

< 17‘Z|2Rcak| 1|
a —
- Rea

Applying the Schwartz Lemma and using (27) we obtain
" 1_ 2Re 2

ZUE | P N (E IO RN BN
f(z) Rea 9% (2)
Since g satisfies conditions (2) then from (28) and (23) we obtain
zf" (Z)
f'(2)
Now Theorem 2 and (29) imply that G € S. O

1 o |Z|2RE(X

Rea

(28)

1 _ |Z|2Rea

(29) Rea

<1.
- Rea —

< 3k o — 1] (1 B \z|2RCO‘) < 3k o — 1]
Rea

Corollary 2. Let f,g € A, satisfy (1) and « the complex number with the
property
Rea

30 -1 < .
(30) a—1]= =
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IfIf ()| < 1,Vz € U and |g(2)| < 1,Vz € U, then the function

1
z 2a—1
(31) Ga (z) = (2a — 1) -/f(afl) (t) g(afl) (t) dt
0
s univalent.
Proof. In Theorem 1 we set n =2, g1 = f, g2 = g. 0

Remark 1. Theorem 1 is a generalization of Theorem 3.

Remark 2. From Corollary 1, for k =1, we obtain Theorem 3.
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