AN INTEGRAL UNIVALENT OPERATOR

D. BREAZ AND N. BREAZ

ABSTRACT. In this paper we consider the class of univalent functions defined by the condition

22f(2) _ ‘
770 1l<1,z€U,

where f(2) = 2z + a2z + ..., is an analytic function in the unit disc U = {z € C: |z| < 1}. We present univalence
conditions for the operator

z W
Ga,n (2) = (("(a—1)+1)/9?_1(t)~~gﬁ_l(t)dt) :

0

1. INTRODUCTION

Let U be the unit disc, U = {z € C: |z| < 1}. Denote by H (U) the class of holomorphic functions on U and
consider the set of analytic functions
(1) Ay ={feHU): f(2)=2+apn12"T+...}

If n =1 then A; = A. Let H, (U) be the class of univalent functions on the unit disc U and S the class of
regular and univalent functions f (z) = z + a22% + ... in U, which satisfy the condition f (0) = f’ (0) — 1 = 0.
In their paper [3], Ozaki and Nunokawa proved the following results:
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Theorem 1. If we assumethat g € A satisfies the condition
2 (2)
f?(2)

(2)

then f is univalent in U.

—1‘<1, zeU

Lemma 1 (The Schwartz Lemma). Let the analytic function g be regular in the unit disc U and g (0) = 0. If
g (2)] < 1,Vz € U, then

(3) 9@ <lel, VieU
and equality holds only if g (z) = ez, where |g| = 1.
Theorem 2. Let a be a complex number with Rea > 0, and let f = z + as22?> + ... be a regular function on
U. If
1= 2R |2 (2)
4 <1 VzeU
) Rea fliz) | =7 Z€

then for any complex number B with Re B > Re a the function

z B

(5) %@%:ﬂ/ﬁ*f@&

0

B ooc

is regqular and univalent in U.

Theorem 3. Assume that g € A satisfies condition (2), and let « be a complex number with

Ri
(6) o — 1] < ==
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If

(7) lg()| <1, VzeU
then the function
(8) Ga(®)= [ a [ g0 (0at

0

is of class S.

2. MAIN RESULTS

Theorem 4. Let g, € A, Vi=1,...,n, n € N*, satisfy the properties

Vi=1,....n

P
n(a—1)+1

R (ARt

2g; (2)
9 L —1| <1, VzeUl,
®) ‘gf(z)
and o € C, with

Rea
10 -1 < .
(10) ja—1] <
If lgi (2)| < 1,Vz € U, Vi=1,...,n, then the function
(11) Gan(2)=[(n(a—1) +1/g 1
0

18 univalent.
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Proof. From (11) we have:

We consider the function

(13) fl2) = / (glt(t))a_l " (g"t(t)>a_ldt.

The function f is regular in U, and from (13) we obtain

1) re=(22)7 (=)

and

£1(2) = (@ — 1) <91 (Z))a_2 261 (2) — 91 (2) <gz (z))o‘_l_._ <9n (Z))O‘_1 L

% 22 z
«

(15) N <9<>> o (9() > @1 (gn <z>>“ CACRAC)

z z
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Next we calculate the expresion ij,”.

o <(a _1) (glzw)a” 0l )-01(2) (92§2))a_1 e

f'(2) a 91(2) @=1 gn(2) a-1
(22)" . (=2)
» . 2 ((91§Z>)a_1 .. (g"%“z))a_l (a—1) (%ﬁz))“” zg;<z>229n(z>>
R
A P 15
The modulus
(17) J{
can then be evaluated as
et
_ 291 (2) — 1 zg!, (2)
= |a — 1 ggl(z)‘-l-"'—ﬂa—l ggn(z)‘
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‘ |2Rea

By multiplying the first and the last terms of (18) with % > 0, we obtain

2Re 1_||2Rea
< | 1|< +1)+...

1— 2|
Rea

2f" (2)
f(z)

21 (2)

91 (2)

Rea

P (|
Rea Gn (z)
(19) B e ‘2Rea ( 24, (2)] |g1 (2))| +1) .
- Rea g3 (2) |2
R
o I (|20 6 @ |
Rea g (z) | 4
By applying the Schwartz Lemma and using (19), we obtain
_ 2Re a 17 _ 2Re 2/
I ] 101 DO Bl il L Y
Rea f'(z) Rea 97 (2)
(20) .
Rea g2 (2) '

Since g; satisfies the condition (2) Vi = 1,...,n, then from (20) we obtain:

1 _ |Z|2Rea Zf” (Z) 1 _ |Z|2Rea 1 _ | ‘QREOL
<3la-1|———+---+3|la—1| ———
(21) Rea fr(z) | — jor =1 Rea oSl =1 Rea
3|a—1] 3la—1 3n|a—1]
g i P — )
~ Rea Rea Rea
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But o — 1] < Be2 56 from (7) we obtain that

3n
1— 2P | 2f" (2)
22 <1
2 Rea ()|~ 7
for all z € U and the Theorem 2 implies that the function G, is in the class S. O

Corollary 1. Let g € A satisfy (2) and a a complex number such that

(23) a—1| < ieko‘, ke N
If lg (2)| < 1,Vz € U, then the function
1
z [ICEsVEST
(24) Gh2)= ((h@-D+1) [0 0
0
s univalent.
Proof. We consider the functions
1
z k(a—1) IRE=DRFT

(25) GE(2)= | (k(a—1)+ 1)/tk(°“‘1) (9?)) dt

0
and

F k(a—1)
(26) ro=[(42) " a

0
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The function f is regular in U. From (26) we obtain

F2) = (*"(z))k(al)

z

and

A\ () — g (2
f,,(z):k(a_l)(g()> 9(x)—9()

z
Next we have

_ 2Re o 73 _ 2Re « /
1= (o @) 1=l @)

(27) Rea 1 (2) Rea g(2)

VzeU
Applying the Schwartz Lemma and using (27) we obtain
1— |2 | 21" (2) 1— |2 (2% (2)

28 <la—1 —-1+2).
(28) Rea fl(z) | — jor = 1] Rea 92 (2) +
Since g satisfies conditions (2) then from (28) and (23) we obtain

L= 2R 20 ()| _ BkJe— 1] sheay _ 3Ela—1]

29 < (1- < PO oy,
(29) Rea f'(2) | = Rea 12 ) - Rea —
Now Theorem 2 and (29) imply that G € S. O

Corollary 2. Let f,g € A, satisfy (1) and « the complex number with the property

R
(30) la— 1| < go‘.
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If |f (2)| < 1,Vz € U and |g (2)| < 1,Vz € U, then the function

z 2a—1
(31) Go (2) = | 2a — 1)/f(“‘1> (t) gV (t)dt
0
s univalent.
Proof. In Theorem 1 weset n =2, g1 = f, g2 = g. U

Remark 1. Theorem 1 is a generalization of Theorem 3.

Remark 2. From Corollary 1, for k =1, we obtain Theorem 3.
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