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UNIFORM APPROXIMATION BY POLYNOMIALS ON REAL
NON-DEGENERATE WEIL POLYHEDRON

A. I. PETROSYAN

ABSTRACT. It is proved, that on real non-degenerate polynomial Weil polyhedron
G any function, holomorphic in G and continuous on its closure, can be uniformly
approximated by polynomials.

1. INTRODUCTION

A bounded domain G C C" is called analytic polyhedron if there are some func-
tions X1, - .., xn holomorphic in neighborhoods V' of GG, such that

(1) G={zeV: |xi(z)| <1, i=12,...,N}.
The boundary 0G of G consists of the “edges”
oi ={z€0G: |xi(¢)| =1}

intersecting along the k-dimensional “ribs”

0'7;17.“7% = Ui1 n---N Gik'

An analytic polyhedron is called Weil polyhedron if N > n, all edges o; are
(2n — 1)-dimensional manifolds and the dimensions of all ribs ¢y, .. ;, (2 <k <n)
are at most 2n — k. The union of all these n-dimensional ribs is the distinguished
boundary of G. The domain G is called polynomial polyhedron if all determining
functions x; are polynomials in (1).

The main result of this paper (Theorem 3.1) states that if G is a Weil polyhedron
of “general position” in the sense of real analysis (see. Definition 2.1), then any
function holomorphic in G and continuous in G can be uniformly approximated
by functions holomorphic in some neighborhoods of G. In the particular case of
polynomial polyhedrons, it is proved (Theorem 3.2) that such functions can be
approximated by polynomials.

We use some improvement of a method, which is applied in [1] for strictly
pseudoconvex domains, and is based on some uniform estimates of solutions of the
D-equation

(2) ou = g,
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where g = Z gr dZy is a O-closed in G differential form of (0,1) type.

k=1
We use the following uniform estimate which for n = 2 is obtained in [2] and for
arbitrary n in [3]: in a real non-degenerate Weil polyhedron the equation (2) has
a solution ug(z) such that

l[uolle <9l

where v = ¥(G) is a constant independent of g and || - || is the sup-norm:

n
lulle = suwpu(z), liglle = 3 lgelle-
zeG =1

Note that there is no theorem on approximation for arbitrary Weil polyhedrons.
By a different method, the author [4] has proved an approximation theorem un-
der the complex non-degeneracy condition (meaning that in the general position
of complex analysis sense the appropriate edges intersect in the points of distin-
guished boundary).The class of real non-degenerate polyhedrons is wide enough
to provide approximation of any domain of holomorphy by real non-degenerate
polyhedrons, which is not true in the case, when the polyhedrons are complexly
non-degenerate, i. e. if their edges intersect in a general position, (in the complex
analysis sense).

2. LOCAL APPROXIMATION

Definition 2.1. We call a polyhedron (1) real non-degenerate if for any collec-
tion i1, ..., %, the matrix
(gradg [Xi, ()], - - -, gradg [xi, (2)])
attains its maximal rank in all points z € oy, .., -

Here

gradg f(z) = “(D1f(2),..., Dnf(2), D1f(2),..., Dnf(2)),
where t before the bracket means transposition and

of(z) & of(2)
D = D = k=1,...,n.
@) =5 Def()= 2 k=l
Geometrically, Definition 2.1 means that the edges oy, ,...,0;, intersect in a gen-
eral position (in the real analysis sense).

We start by proving the following geometrical property of non-degenerate polyhe-
drons.

Proposition 2.2. Let G be a real non-degenerate polyhedron (1) and let N <
2n. Then for any point ¢ € OG there exist a neighborhood B: and a vector v,
such that z + dve € G if z € B¢ NG for § >0 small enough.
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Proof. Denote ¢; = |x;| — 1 and assume that ¢ € OG belongs to the edge
Tiv,ovins 160 05,(Q) =0,...,9;,(() =0 and
(3) @s(C) <0, sFdr, ... i

By k < 2n and our assumptions, the vectors gradg ¢, (¢),...,gradg ¢, (¢) are
linearly independent. Hence there is a point w such that

Z Dm@j(g)(wm - Cm) + Z Em‘)Oj(C)(wm - Cm) < 07 ] = ila .. »Z'k~
m=1

m=1

Due to the continuity of D,,,¢;(¢) and D,,¢;((), there is a neighborhood B, such
that for all points z € EC the inequalities

(4) Z Dypi(2) (W — Gn) + Z ﬁmgaj(z)(ﬁm — () <0, G =it
m=1

m=1

are true. Let z € B¢, § > 0. Then

(5) @iz +6(w—0)) = 0j(2) +26Re Y Dinoy(2)(wm — Gm) + 0(0).

m=1

Denoting v, = w — ¢ and taking in account that ¢;(z) < 0 for z € G, from (4)
and (5) we conclude that there exists some g > 0 such that for § < dy
(6) j(z46ve) <0, j=i1,...,ix, 2€B:NG,
By continuity of ¢;, it follows from (3) that one can choose a neighborhood B
and a number dg such that for § < Jg

os(z406ve) <0, s#i1,...,i, 2€ BcNG.
Hence, by (6) we conclude that z + dv¢ € G. d

The following lemma relates to local approximation.

Lemma 2.3. There exists a finite covering {Uy: k= 0,1,...,p} of G by open
sets, such that for any € > 0 and any f € A(G) there are holomorphic in U, NG
functions fi for which
(7) sup _|f(z) = fu(2)| <e.

zeUrNG

Proof. Let f € A(G), ¢ € 0G and let B be a neighborhood satisfying the
conditions of Proposition 2.2. Then the family of open sets {B.: ( € 0G} covers
the compact 0G, and a a finite subcovering {B;,, k = 1,...,p} can be chosen.
By Proposition 2.2, the functions f(z + dv¢, ) are holomorphic in B, NG for any
§ > 0 small enough. By uniform continuity of f in G,

sup |f(z+6ve,)— f(z)] =0 as 6 —0.
2€B¢, NG
Now, choosing a small enough § > 0 and denoting Uy, = B, , fi(z) = f(z+dv¢,),
we get (7) for k = 1,...,p. Further, we take a compact subdomain U, C G
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such that the system {Uy: k = 0,1,...,p} is an open covering of G and put
fo(2) = f(2). Then obviously (7) is true also for k = 0. O

3. GLOBAL APPROXIMATION

Recalling that a function is said to be holomorphic in a compact set K if it is
holomorphic in some neighborhood of K, we prove

Theorem 3.1. Let G be a real non-degenerate Weil polyhedron (1) and let
N < 2n. Then any function f € A(G) can be uniformly approvimated in G by
functions holomorphic in G.

Proof. Let € > 0, let f € A(G) and let {Uy: k=0,1,... ,gﬁ that of Lemma 2.3.
Then by Lemma 2.3, there are functions f; holomorphic in Ui N G, such that
(8) ||fk_f||Uka<5; k=0,1,...,p.

Let {ex(z), & = 0,1,...,p} be a partition of unity, i.e. a system of infinitely
differentiable, nonnegative, finite functions such that

(a) Supper C Uk, k=0,1,...,p, B
(b) Y7 _o9k(2) =1 in some neighborhood of G.

Choose some number 7n(¢) > 0 small enough to provide the holomorphy of f; in
the sets

Vi=U,NG*, k=0,1,...,p,
where
G={zeV: |xi(z)| <1+n(e), i=1,2,...,N}
Obviously
) 1fe = fillvwnving < Ik = fllowne + [1fi = f]
and, if necessary, taking smaller n(e) > 0, by continuity we can get
(10) I fi = fillvinv; <3¢, k,i=0,1,....p.
Now consider the functions

b (Z) _ [fl(z>_fk(z)]ek(2) if zeV,NVy;
e 0 if z€V;\ Vi,

vine <2, i, k=0,1,....p,

(11) .
hi(z) =Y hik(2).
k=0
The support of gx(z) belongs to the set By (by the assumption (a)), and the set

Ve (M OV does not intersect with that support. Therefore, the functions h¢, and
h¢ are infinitely differentiable in V7, and by (10)

(12) [hi(2)| < D 1fi(2) = fr(2)lex(z) <32 gi(z) = 3e.
k=0 k=0
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for all z € V£ G=. Further, for z € V;NV;

hi(z) = hj(z) = p_[fi(2) = fu(2)] er(2) = ) [fi(2) = fu(2)] ex(2)

M@

0

[fz( ) = fi(2)ex(2) = fi(2) = fi(2),

x> o

I Mﬁ I =
o
ol
I

This means that the function
(13) Y(z) = fi(z) — hi(z) z€V,

is globally given in G* and moreover, h € C°°(G*¢). Using the inequalities (12)
and (8), from (13) we obtain

[¥(2) = f(2)] < ha(2)| + 1fi(2) = f(2)] <4e, 2€UiNG.
Consequently,
(14) [V = flla < 4e.

Considering the differential form g = v in the domain G¢, we see that obviously
dg = 0. Besides, using (11) and taking in account that f; is holomorphic in V;, we
get

P P
(15)  g=0y(2) = 0hi(z) = Y _(fi(2) — fu(2))Dex(2)
k=0 k=0
for z € V; N G¢. In addition, denoting 7o = 7o(G) = oopx |0ek|lv,, by (15) and
(10) we obtain
P
(16) lglle= < > I1fi = Fullae [Pkl < 3v0e.

k=0

Now, let ug be a solution of the equation

ou=g
in the domain G¢, satisfying the uniform estimate
(17) luollge < ¥(G)llgllc=-

Then it follows from the proof of the estimate (17) in [2, 3] that the constants
~v(G*) are bounded, i.e.

(18) Y(G7) <v=7(G).
Besides, (17), (16) and (18) imply
(19) [uolla= < 3v07e.



178 A. 1. PETROSYAN

Further, the function F'(2) = 9(2) — ug(z) is holomorphic in the domain G* since
O — dug = g — dup = 0. Besides, by (14) and (19)

(20) If = Fllg <ll¥ = flla + [luolle < 4e + 3v07e = me,
where the constant ; depends only on G. O

A stronger assertion than Theorem 3.1 is true for polynomial polyhedrons.
Before proving that assertion, recall that a compact set K is said to be poly-
nomially convex if for any point ( ¢ K there is a polynomial P such that
|P:(¢)] > rznezﬁ(|P<(z)| Besides, Oka-Weil’s theorem (see., e.g. [5]), states that

any function holomorphic in a neighborhood of a polynomially convex compact set
K can be uniformly approximated on K by polynomials.

Theorem 3.2. Let G be a real non-degenerate polynomial polyhedron (1)7and
let N < 2n. Then any function f € A(G) can be uniformly approximated on G by
polynomials.

Proof. Let ¢ ¢ é.ﬁy the definition of the polyhedron G, |x;(¢)| > 1 for some
i, which means that G is polynomially convex compact set. It suffices to see that
the desired assertion follows from Theorem 3.1 and Oka-Weil’s theorem. O
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