ON SYMMETRIC GROUP S; ACTIONS ON SPIN 4-MANIFOLDS

XIMIN LIU anp HONGXIA LI

ABSTRACT. Let X be a smooth, closed, connected spin 4-manifold with b1 (X) = 0 and non-positive signature o(X). In
this paper we use Seiberg-Witten theory to prove that if X admits an odd type symmetric group S3 action preserving
the spin structure, then b3 (X) > |o(X)|/8+ 3 under some non-degeneracy conditions. We also obtain some information
about IndS—3 D, where 573 is the extension of S3 by Zs.

1. INTRODUCTION

Let X be a smooth, closed, connected spin 4-manifold. We denote by by(X) the second Betti number and denote

by o(X) the signature of X. In [11], Y. Matsumoto conjectured the following inequality
11
(1) bz(X)Z§|J(X)|~

This conjecture is well known and has been called the %—conjecture. All complex surfaces and their connected
sums satisfy the conjecture (see [13]).

From the classification of unimodular even integral quadratic forms and the Rochlin’s theorem, for the choice
of orientation with non-positive signature the intersection form of a closed spin 4-manifold X is

—2kEs ® mH, k>0,
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1 0
Thus, m = by (X) and k = —0(X)/16 and so the inequality (1) is equivalent to m > 3k. Since K3 surface
satisfies the equality with £ = 1 and m = 3, the coefficient % is optimal, if the %—conjecture is true.
Donaldson has proved that if & > 0 then m > 3 [4]. In early 1995, using the Seiberg-Witten theory introduced
by Seiberg and Witten [15], Furuta [7] proved that

where Ejg is the 8 x 8 intersection form matrix and H is the hyperbolic matrix < 0 1 )

) ba(X) > §|a(X)\ 4o

This estimate has been dubbed the 2-theorem. In fact, if the intersection form of X is definite, i.e., m = 0, then
Donaldson proved that by (X) and 0( ) are zero [4, 5]. Thus, Furuta assumed that m is not zero. Inequahty (2)
follows by a surgery argument from the non-positive signature, b;(X) = 0 case:

Theorem 1.1 (Furuta [7]). Let X be a smooth spin 4-manifold with by (X) = 0 with non-positive signature.
Let k = —0(X)/16 and m = b3 (X). Then,

2k+1<m
if m # 0.

His key idea is to use a finite dimensional approximation of the monopole equation. Later Furuta and Kametani
[7] used equivariant e-invariants and improved the above %O—theorem as following.

Theorem 1.2 (Furuta and Kametani [7]). Suppose that X is a closed oriented spin 4-manifold. If o(X) < 0,
2(—0(X)/16)+1, —0(X)/16=0,1 mod 4,
by (X) > < 2(—0(X)/16)+2, —0(X)/16=2 mod 4,
2(—0(X)/16) + —0(X)/16 =3 mod 4.
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The above inequality was also proved by N. Minami [12] by using an equivariant join theorem to reduce the
inequality to a theorem of Stolz [14].

Throughout this paper we will assume that m is not zero and b;(X) = 0, unless stated otherwise.

A Z/2P-action is called a spin action if the generator of the action 7: X — X lifts to an action 7 : Pgpin, —
Pspin of the Spin bundle Pspin. Such an action is of even type if 7 has order 2P and is of odd type if 7 has order
2r+l,

In [2], Bryan (see also [6]) used Furuta’s technique of “finite dimensional approximation” and the equivariant
K-theory to improve the above bound by p under the assumption that X has a spin odd type Z/2P-action
satisfying some non-degeneracy conditions analogous to the condition m # 0. More precisely, he proved

Theorem 1.3 (Bryan [2]). Let X be a smooth, closed, connected spin 4-manifold with by (X) = 0. Assume that
7: X — X generates a spin smooth Z/2P-action of odd type. Let X; denote the quotient of X by Z/2' C Z/2P.
Then

2k+1+p<m
if m # 2k + b3 (X1) and b3 (X;) # b3 (X;) > 0 fori # j.
In the paper [9], Kim gave the same bound for smooth, spin, even typeZ/2P-action on X satisfying some

non-degeneracy conditions analogous to Bryan’s.
In the paper [10], Liu gave the bound for even type spin S3 action on 4-manifolds, that is

Theorem 1.4. Let X be a smooth spin 4-manifold with by(X) = 0 and non-positive signature. Let k =
—0(X)/16 and m = bj (X). Then,

2k +2<m
if by (X/ < x1>) >0, b3 (X/ <x3>) >0 and by (X) #bf (X/ < 21 >).
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The purpose of this paper is to study the spin symmetric group S3 actions of odd type on spin 4-manifolds,
we prove that b3 (X) > |o(X)|/8 + 3 under some non-degeneracy conditions. We also obtain some results about

IndS~3 D, where S3 is the extension of S3 by Z5.

We organize the remainder of this paper as follows. In Section 2, we give some preliminaries to prove the
main theorem. In Section 3, we use equivariant K-theory and representation theory to study the G-equivariant
properties of the moduli space. In the last section we give our main results.

2. NOTATIONS AND PRELIMINARIES

We assume that we have completed every Banach spaces with suitable Sobolev norms. Let S = ST @ S~ denote
the decomposition of spinor bundles into positive and negative spinor bundles. Let D : T'(S*) — I'(S™) be the
Dirac operator, and p : Af, — End¢(S) be the Clifford multiplication. The Seiberg-Witten equations are for a
pair (a, ¢) € QY(X,/—1R) x ['(S*) and they are

D¢+ p(a)p =0, pldta) — @ ¢* + %|gz§|2 id =0, d*a = 0.

Let
V =T(V-1A'® ST),
W' =(S™@+v—-1su(S") @ v—1A%).
We can think of the equation as the zero set of a map

D+Q: V=W,

where D(a, ¢) = (D¢, p(d*a),d*a)), Qa, ¢) = (p(a)¢, @ ¢* — |4|?id, 0), and W is defined to be the orthogonal
complement to the constant functions in W'.
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Now it is time to describe the group of symmetries of the equations. Define Pin(2) C SU(2) to be the normalizer
of S € SU(2). Regarding SU(2) as the group of unit quaternions and taking S* to be elements of the form
eV=1% then Pin(2) consists of the form eV=1¢ or eV=1?.J. We define the action of Pin(2) on V and W as follows:
since ST and S~ are SU(2) bundles, Pin(2) naturally acts on I'(S*) by multiplication on the left. Z, acts on
I'(A%) by multiplication by £1 and this pulls back to an action of Pin(2) by the natural map Pin(2) — Z,. A
calculation shows that this pullback also describes the induced action of Pin(2) on v/—1su(S*). Both D and Q
are seen to be Pin(2) equivariant maps.

Let X be a smooth closed spin 4-manifold and suppose that X admits a spin structure preserving action by a
compact Lie group (or finite group) G. We may assume a Riemannian metric on X so that G acts by isometries.
If the action is of even type, both D and Q are G = Pin(2) x G equivariant maps.

Now we define V) to be the subspace of V' spanned by the eigenspaces D*D with eigenvalues less than or equal
to A € R. Similarly, we define W) using DD*. The virtual G-representation [Vy ® C] — [Wy ® C] € R(G) is the
G-index of D and can be determined by the G-index and is independent of A\ € R, where R(Q) is the complex
representation of G. In particular, since Vy = ker D and Wy = Coker D & Coker d*, we have

[VAa® C] — [WA®C] = [Vo ® C] — [Wp ® C] € R(G).
Note that Cokerdt = H3 (X, R).
The G-action on X can always be lifted to G-actions on spinor bundles, where G is the following extension
1—Zy — G—G—1.

Recall that the G-action is of even type if G contains a subgroup isomorphic to G, otherwise it is of odd type.
For S5 action of odd type, it is easy to know that the extension of S5 by Z, is isomorphic to the group

S5 = (a, bla® =1, b* = a®, ba = a™'b).

The group S5 has 12 elements and can be partitioned into 6 conjugacy classes:
the identity element 1, {b,a?b}, {a?,a*}, {a,a®, a*b}, {a®}, and {ab, a®b, a®b}.
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The character table for S is as following

1| a®| a? b al| ab
no | 1 1 1 1 1 1
m | 1] -1 1] -1 i| —i
ne |1 1 1 1(-1|-1
n3 | 1] -1 1(-1|—i i
My | 2 2 —-1] -1 0 0
15 2| -2 -1 1 0 0

3. THE INDEX OF D AND THE CHARACTER FORMULA
FOR THE K-THEORY DEGREE

The virtual representation [V ¢| — [Wa,c| € R(G) is the same as Ind(D) = [ker D] — [Coker D]. Furuta determines
Ind(D) as a Pin(2) representation; denoting the restriction map r : R(G) — R(Pin(2)), Furuta shows

r(Ind(D)) = 2kh — m1
where k = —0(X)/16 and m = bj (X). Thus Ind(D) = sh —t1 where s and t are polynomials such that s(1) = 2k
and t(1) = m. For a spin odd S5 action, G = Pin(2) x S5, we can write
(11,12, M3, M4, M5) = @o + bom + conz + dons + eona + fons,
and
(01, M2, M3, M4, M5) = a1 + by + canz + dinz + exna + fins,
such that ag + by + co + do + 2eq + 2fo = 2k and a1 + b1 +c1 +di +2e1 +2f; =m = b;(X)
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For any element g € Ss, denote by (g) the subgroup of Ss generated by g. Then we have

dim(H (X)) = a1 = b} (X/Ss),

dim(H (X)) = ay + ¢1 + 2e1 = bF (X/(a%)),
dim(H* (X)) = a1 + by + e + dy = b (X/(a?)),
dim(H (X)) = a1 + 1 = b3 (X/ (b)),

dim(H (X)) = a1 + e1 + f1 = b3 (X/(a)),

dim(HT(X)'%) = a; + e, + f1 = b5 (X/(ab)),

The Thom isomorphism theory in equivariant K-theory for a general compact Lie group is a deep theory proved
using elliptic operator [1]. The subsequent character formula of this section uses only elementary properties of
the Bott class.

Let V and W be complex I' representations for some compact Lie group I'. Let BV and BW denote balls in
V and W and let f: BV — BW be a I'-map preserving the boundaries SV and SW. Kr(V) is by definition
Kr(BV,SV), and by the equivariant Thom isomorphism theorem, K (V) is a free R(I') module with generator
the Bott class A(V). Applying the K-theory functor to f we get a map

f*: Kp(W) — Kp(V)

which defines a unique element ay € R(I") by the equation f*(A(W)) = ay - A(V). The element oy is called the
K-theory degree of f.

Let V, and W, denote the subspaces if V and W fixed by an element g € I' and let VJ- and WJ- be the
orthogonal complements Let f9: V, — W, be the restriction of f and let d(f9) denote the ordlnary topologlcal
degree of f9 (by definition, d(f9) = 0 if dlmV # dim Wy). For any 8 € R(I'), let A_1 0 denote the alternating
sum Y(—1)!\?3 of exterior powers.
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T. tom Dieck proves the following character formula for the degree a:

Theorem ([3]). Let f: BV — BW be a I'-map preserving boundaries and let ay € R(T) be the K-theory
degree. Then

trg(ay) = d(f?) try(A—1(Wg = V"))
where try is the trace of the action of an element g € I'.

This formula is very useful in the case where dim V, # dim W, so that d(f9) = 0.

Recall that A_;(X;a,m;) = [[;(A=17;)® and that for a one dimensional representation r, we have A\_17 = (1—r).
A two dimensional representation such as h has A_1h = (1 — h+ A2h). In this case, since h comes from an SU(2)
representation, A2h = deth =1s0 A_1h = (2 - h).

In the following by using the character formula to examine the K-theory degree ay, of the map fy : BVy ¢ —
BW).c coming from the Seiberg-Witten equations. We will abbreviate oy, as a and Vy ¢ and W) ¢ as just V
and W. Let ¢ € S' C Pin(2) C G be the element generating a dense subgroup of S!, and recall that there is the
element J € Pin(2) coming from the quaternion. Note that the action of J on h has two invariant subspaces on
which J acts by multiplication with v/—1 and —/—1.

4. THE MAIN RESULTS
Consider a = ay, € R(Pin(2) x S3), it has the following form
o= Qg+ OZ()i + Zalhz
i=1

where a; = l; +muny + ninz + pins + qina + rins, i > 0 and do = lo + M1 + 1072 + Pons + doa + Tons-

Since ¢ acts non-trivially on h and trivially on 1, then we have
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dim(V (11, n2, M3, M4, m5)h) ¢ — Aim(W (n1, 02, 13, M4, m5)1)
= *(al + b1 + c1 +d1 +261 aF 2f1) = 7b;_(X)

So if b (X) # 0, trya = 0.
¢a acts non-trivially on V' (n1,n2,m3,n4,75)h but trivially on a;1. Besides, the action of a on e;ny and fins
both have a one-dimensional invariant subspace, then we have

dlIl’l(V(?]l, n2,1M3, M4, 775))h)¢a - dlm(W(nh 72, M3, M4, 7’5))I)¢a
=—(a1+e1+ f1)= —bJ(X/<a>)-

So if a; +e1 + f1 = b3 (X/(a)) # 0, trge a = 0.
Since ¢a? acts non-trivially on V (11,72, 13,74, 15)h, and trivially on a;1, bym;1 and din31, then we have

dim(v(nla 72,13, 14, 775))4)0,2 - dlm(W(nla 72,13, 74, 775))¢a2
= —(a1+ b1 + a1 +di) = —b3 (X/(a®)).

So if a1 + by +¢1 +di = b3 (X/(a?)) £ 0, trgez o = 0.

$a® acts non-trivially on V (11, 92,13, 74, 15)h but trivially on a;1 and ¢;no1. Besides, the action of a® on eyn4
has a two-dimensional invariant subspaces, so we have

dim(V (11, M2, 13, 045 15)) pa3 — A (W (11, 02,13, 14, M5) ) gas
= —(a1 + c1 + 2e1) = —b3 (X/(a®)).

So if a1 + c1 4+ 2e1 = b3 (X/(a®)) # 0, trges a = 0.
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Since ¢b acts non-trivially on V (11, 72,13, 74, 75)h and trivially on a;1 and ¢;7,1, then we have

dim(V (91, n2, 03, N4, 775)h)¢b — dim(W (11, 02,03, N4, 775)i)¢b
= —(a1 +c1) = —b3 (X/ (b))

So if ay 4+ ¢1 = b3 (X/(b)) # 0, trgy a = 0.
¢ab acts non-trivially on V (91,12, 713,14, m5)h but trivially on a;1. Besides, the action of ab on ejny and fins
both have a one-dimensional invariant subspace, then we have

dim(V (91, m2: 13, 145 M5) B) pab — Aim(W (1, 2, 03, 745 115) 1) pab
= —(a1 + €1 + f1) = —b3 (X/(ab)).
So if a; +e1 + f1 = by (X/(ab)) # 0, trgap o = 0.

From the above analysis, we know if b3 (X/(a)) # 0 and b3 (X/(b) >) # 0, we have try a = trg, @ = trgee a =
trgqs o = trgp a0 = trgqp @ = 0 which implies that

oo oo
0 =trga = trg(ag + dol + Zaihi) = try g + try dol + Ztr (¢ + ")
i=1 i=1

o0
=(lo +mo + 710 + po + qo + o) + (lo + m0 + 10 + Po + Go + 7o) + Y _ trau (¢’ + ¢77),
i=1

0 =trgqe a = tr¢a(a0 + 0201 + Zazhl) = tr, ag + try ag + Ztra al((bz + ¢—z)

=1 i=1

=(lo + imo — ng — ipo) + (lo + Mg — g — i) + Ztra ai(¢" + 677,
=i
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0 =trg, = tr a2 (040 + 0201 + Z aihi) = tra2 g + try2 OZo-i-Z tr,2 Oél((bl + ¢_i)
=1 =1

o0
=(lo +mo + 10 +po — g0 — 7o) + (lo + 1o + 1l + Po — do — 7o) + Y _ tre> ai(¢’ + ¢77),
=1

oo oo
0 =trypes o = trygs (oo + dol + Z a;h;) = trgs ap + trgs 070+Z tres o (0" + ¢ )
=il i=1

=(lo — mo + no — po + 2q0 — 2ro) + (lo — Mo + 17 — Po + 240 — 20) + > _ tres (@' + 677,
=

o0 o0
0 =trgp a0 = trd)b(ao aF d()i + Z alhz) = trp g + try ag + Ztrb Ozl((ﬁl + ¢—z)
=1 =1

o0
=(lo —mo +mo — po — Qo + 7o) + (lo — 1o + 10 — Po — do + 7o) + Y _ try (¢’ + ¢7),
=1

o0 o0
0 =trgap @@ = trepan(co + dol + Z aih;) = trap ag + trap o&ﬂ—Z trap i (@ + (b_i)

=1 i=1

2(10 —imgy — no + ipo) aF (l~0 —iMmgy — Mo + Zp~0) + Ztrab az(¢’ aF ¢_i)7
i=1

and so on. From these equations, we have ap = —ay and «; = 0,7 > 0, that is o = (1 — 1).
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Next we calculate tr; . Since J acts non-trivially on both h and I, dimV; = dimW; = 0, so d(f’) = 1.
Using try h = 0 and try 1 = —1, by the character formula we have

try(a) = try(A_1(ml — 2kh)) = try((1 — 1)™(2 — h)~2F) = 2m—2k,

Now we calculate try, a. Ja acts non-trivially on both V (11, 92,93, 74, 15)h, but trivially on ¢;7,1. Besides,
the action of @ on eymy1 and fi751 both have a one-dimensional invariant subspace. So we have

dim(V (1,12, M3, M4, M5) ) sa — Am(W (71,02, 13,14, 15)1) 7o = —(c1 + €1 + f1).
Then, if ¢; +e1 + f1 #0, tryjoa =0
Since Ja? acts non-trivially on both V(n1,m2,13,74,m5)h and W(n1,m2,m3,14,75)1, then d(f‘]az) = 1. By tom
Dieck formula, we have
tr a2 @ = trye2[A_1(a1 + bim + camz + dims + exns + fins)1

— A_1(ao + bom + cona + dons + eona + fons)h]
_ 2(a1+b1+01+d1)—(a0+b0+00+d0).

Ja? acts non-trivially on V' (11,72, 13, 14,75 )h, but trivially on by 1 and din3l. Besides, the action of Ja® on
fims1 has two invariant subspaces. So
dim (V (11, 72, 13, 74, M5) ) a2 — dim(W (11,72, M3, 74, m5)1) 103 = — (b1 + di + 2f1).

Then, if bl aF dl aF 2f1 # 0, tI‘Jas a=0. 5 5
Since Jb acts non-trivially on V (11,92, 73, M4, 15)h but trivially on bym;1 and dinsl, then

dim(V(T]l)nQa 77377747775)h)Jb - dim(W(n17n27 7]3a7747775)1)Jb
= —(b1 +d1) = b (X/(a®) — b3 (X/ (b))
Then, if by +dy #0, trjpa =0
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Jab acts non-trivially on V(11,72,73,74,75)h but trivially on c1m21. Besides, the action of ab on e;ns1 and
fims1 both have a one-dimensional invariant sub-space. Then we have

dim(V (11,12, 13, M4, M5) 1) Jab — Aim(W (11,12, 13, M4, 15)1) sab = —(c1 + €1 + f1).
Then by assuming b3 (X/(a?)—b3 (X/(b)) # 0 and b3 (X/{a®)—bg (X/(b)) # 0, we have trj, o = 0, tr 743 @ = 0,
trjpa =0, trypa =0
By direct calculation, we have

(3) try oo = lo + mo + 1o + Po + 2qo + 2rg = 2™ 2L

(4) tra2 0 = Lo ++ M0 + 10 + Po — o — o = 2(@1FB1Fertd)~(aot-+bo+eotdo)=1
(5) tr, ag = lg + img — ng — ipg = 0,

(6) tres ap = lo — mo +no — po + 2q0 — 2r¢ = 0,

(7) trp ap = lo —mo + 1o —po —qo + 10 =0,

(8) trap g = lg — img — ng + ipg = 0,

Here we use trjg o = try(2 - o) = 2 - try g where g is any element of S5 .

From (3), (5), (6) and (8), we get lo + qo = 2™~273. So we have the following main result.

Theorem 4.1. Let X be a smooth spin 4-manifold with by(X) = 0 and non-positive signature. Let k =
—0(X)/16 and m = b3 (X). If X admits a spin odd type S3 action, then 2k + 3 < m, if b (X/(a)) # 0,
b3 (X/(b)) # 0, by (X/{a®)) — b3 (X/(b)) # 0 and by (X/(a®)) — b3 (X/(b)) # 0.

Besides, from the above six equations, we get

do =To = [2777,72]672 _ 2(a1+b1+Cl+d1)7(a0+b0+60+d0)72]/3
lO = my =Ny = po = [2m—2k—3 _ 2(a1+b1+cl+d1)—(a0+b0+00+d0)—2]/3
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Since qo € Z, then 2m—2k=2 _ g(artbitertdi)—(aotbotcotdo)=2 ¢ 37 < Z. From Theorem 4.1, we know
2m72k72 € Z. So 2(a1+bl+cl+d1)7(a0+b0+60+d0)72 € Z, i.e., (a1 + b1 +c1 + d1) > (CLO —+ bo + co + do) + 2. Hence,
we have

Theorem 4.2. Let X be a smooth spin 4-manifold with by (X) = 0 and non-positive signature. If X admits a
spin odd type Ss action, then

bf (X/(a?)) > dim((Indg, D)) +2,

if b1 (X/(0)) # 0, B (X/(B) # 0, b (X/(a2)) — b (X/(8)) # O and b} (X/(a®) — b (X/{B)) # 0. Moreover,
under this condition, the K-theory degree v = aig(1 — 1) for some ag = lo(1 +m1 + n2 +n3) + qo(Na + 15).
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