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RELATIONS BETWEEN THE RECIPROCAL SUM AND THE
ALTERNATING SUM FOR GENERALIZED LUCAS NUMBERS

XIAOLI YE anp ZHIZHENG ZHANG

ABSTRACT. We establish relations between reciprocal and alternating sums involv-
ing generalized Lucas numbers.

1. INTRODUCTION

Let p be a nonzero real number. The generalized Fibonacci and Lucas numbers
are defined by

(1) UO = 07 Ul = 17 Un+2 = pUn+1 + Un7 (n Z 0)

2 Ww=2, Vi=p, Vage = pVag1 + Vi, (n>0)

respectively. Let o and 3 be the roots of 22 — pr — 1 = 0. Then we have the
Binet’s formulas:

aniﬂn
®) R
(4) Vi, = a"+p"

For p =1, {U,} and {V,,} are the well-known Fibonacci numbers F,, and Lucas
numbers L, respectively.

In [2], S. Rabinowitz discusses algorithmic aspects of certain finite reciprocal
sums and propose several open problems involving Fibonacci and Lucas numbers.
Melham [1] gave several relations between the reciprocal sum and the alternating
sum for generalized Fibonacci numbers, which we subsequently extended in [4].
In this note we establish some relations between the reciprocal sum and the alter-
nating sum for generalized Lucas numbers. For U,, and V,,, we have the following
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well known expansions:

) = (") ez
and
© Gy 2 (e ez

k=0

See [3, (2.7),(2.8)]. From (5) and (6), since p is a nonzero real number, it is easy
to obtain that U, > 0 (n > 1) and V;, > 0 (n > 0) for p > 0. For p < 0, if n is
an odd number, then we have U,11 <0 (n >0) and V;, <0 (n > 1). If nis an
even number, then we have U, > 0 (n > 0) and V;, > 0 (n > 0). Hence we have
U,#0(n>1)and V;, # 0 (n > 0). Our main result is the following.

Theorem 1.1. Let m and k be positive integers. Put

@ ZVV

+kVn+2k Vn—i—mk

e n—1
(®) =Y o

n n+kVn+2k Vn—i—mk

n=1
Then
S(m) .
m) =
¥ 1+ (D) =DF Z Vi
(9) Z (*1 m=1)k V;—&-(m—&-l)k *W+2(m+1)k
pt ViViekVitok - - Vig(m+1)k
+ (0® + YU+ 1) Ums2yr Ti(m + 2) }
and
k- .
1 (~1)iL
T.(m) =
#(m) L (1) =Dk — (= 1)V, 131 {i—l ViVitrVivak - Vit (me)k
(10)

: [(_1)(m71)kvi+(m+l)k - (_1)kvi+2(m+1)k}
+(p2 + 4)U(m+1)kU(m+2)kSk (m+2) } .

When p = 1, by special choices of k and m, we have the following interesting
results:

n 1

> 1
;LL - 7_1OZLL

n+1Ln+2 Ln+3
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— (—1)"~ 1 - 1
~ 2 = 42 :
g L 4 7;1 LnL7z+1Ln+2Ln+3
S i_ﬁi =
n—1 LnLn+1Ln+2 28 2 n—1 LnLn+1Ln+2Ln+3Ln+4’
- ynt 11 15 & 1
el 0% ;
ne1 L Ln+1Ln+2 168 2 ne—1 LnLn+1Ln+2Ln+3Ln+4
13 = 1)t
> S ,
L Ln+1Ln+2Ln+3 924 n—1 LnLn+1Ln+2Ln+3Ln+4Ln+5
yn—t 20 25 & 1
> - 2y ;
L Ln+1Ln+2Ln+3 2772 3 p— LnLn+1Ln+2Ln+3Ln+4Ln+5
> n 1
_ B9y
; 396 Z L Ln+2Ln+4Ln+6
. i; - o2y e
5 nmt InLnis 396 199 - 1 hodagzlntalnoyn
— LnLnHLnH C16-11-29  84-18-47 2 ~ LyLypioLnialni6lngs’
Z ot 123 199 105 i 1
L Ln+2Ln+4 16-11-29  84-18-47 2 = LyLpi2LotaLntslots’

2. THE PROOF OF THE RESULTS

Lemma 2.1. We have
(11)

Vi + (=1D)FVp = V, Vis

(12) VnJrk - VnUkJrl + anlUk;

Up-1Vasr + (=D 'V,
(13) VnJrkfl = 5

Uy

(14) Uzi = Uy Vi;
(15) Unik = UnUgy1 + Up1Ug;
(16) Uik — UnkUmeayr = (=1)™UR;
(17) Vn+(m+1) - Vn+mkVn+(m+2)k = _(_1)n+mk(p2 + 4)U13§
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(18) Ukanmk = (_1)mk<VnUmk}+k¢ - Vn+kUmk>7
(19) Uim+2)k Vit (mt 1k — (=1 Utmt1)s Vidmk = Uk Vigam 1)k;
(20) Unir — (=10, = V,,Uy;
_1)(m+1)k
VaVasmek = — TU(m—i—l)kVn+(m+1)kVn+(m+2)k
(21) (=1)mHDR

+ ————Upmt2)k Vtrmk Vot (m
U, (m+2)k Vatmk Vit (m+2)k
— (=1)"* 0 + HUkUpnyo)r;

Vn+mk Vn+(m+2)k - Va Vn+(m+1)k

(_1)(m+1)k:
= TU(m+1)kvn+(m+1)k‘/7z+(7n+2)k
(22) (—1)(m Dk

+ |1- TU(m+2)k Vn+mkVn+(m+2)k

+ ()" + HULU (o 12)k5

Vn+mkvn+(m+2)k + (_1)k71VnVn+(m+l)k

(-1
TU(mH)k Vot (m+ 1)k Vo (ma2)k

23
(23) o

1-— Um, Vn m Vn m
+ U, (m+2)k | Vntmk Vot (m+2)k

+ (=1)"(p* + YUrU(m 42k
Proof. Use the Binet formulas (3) and (4) of U,, and V,,.

Lemma 2.2. We have

. 1
nzz:l VaVotk - Vn+(m71)kVn+(m+1)k

(24) )
_ Uk + (—1)mkUk Sk(m) B (—1)mkUk 1

Um+1)k Umine = ViViek - Vigme
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and
S (-t
1 VnVn+k: e Vn+(m—1)kVn+(m+1)k
-1 (m+1)k -1 (m+1)k k —1)i-1
(25) _Une+(=1) Uka(m)_( ) Uk (1)

U(m+1)k U(m+1)k Vvvhtk z+mk

Proof. We give only the proof of (24), the proof of (25) is similar. Using (11),
we have

> 1
;ann+ .

k--- V"rb-l-(’rn—l)kvn—i-(m-ﬁ-l)k

i < Vit mane + (=1 Vo m—1y ) 1

VnVnJrk Vn+(m, 1)kVn+(m+l VkVnerk:

n=1

= i ( ! + (=" ) !
ne1 V Vn-‘y—k Vn+(m71)k: VnVn+k S Vn+(m72)kVn+(m+1)k Vk‘/n-i-nbk

(C1F & I
Vk ne1 VnVn+k cee an—&-(Tn—Q)kVn+mkVn+(m+1)k ’

1

W Sr(m) +

Using (12), (13) and (15), we have

1
ZVV

71+ m— 2)kVn+mk Vn+(m+1)k

i ( Vit (mayk + (—DF VL o ) Us

— \ VaViik - Ve m—2)kVatmi Vi ma )k ) Uske Vi (m—1)k

<

= 1
Z <V Votk -+ - Var(m—2)k Vatmk

=1
(_1)k% ) Uy
VnVn+k cee Vn+(m—3)k‘/n+7nkvn+(m+1)k

3

U3kvn+(m—1)k'

= —8k(m)

Usp,
ng i 1

ne1 Vi n+k Vn+(m73)kVn+(m71)kvn+mkvn+(m+l)k.
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Similarly, we obtain

ZVV+2k

Vn+(m+1)k
U DL o — 1
gy 4 D Uk
Um+1)k Um+ne 5= Vask - Vatmt)k
U —1)kU,, DU & 1
=—F S(m)+ Hi’“sk(m _ D U .
U(nL-i—l)k: U(T)’L-‘rl)k U(nb-i-l)k i—1 V;V;-i-k o V%—Q—mk

Hence, using (16) and (17), we have

> 1
; ViVisk -

k.- Vn+(m—1)kVn+(m+1)k

1 -1)*U, —1)2kU,U. ~1)™ UL U.
{14_{( ) k+( ) k2k+m+( ) ka}
"V Usk UsrUag UnkUim+1)k

1 mkU mkU k
Um+1)k VkUm+1 = ViVigk . V1:+mk
_ 1 [1+ Ui Usy, ( U (U U Usk  Um-nr  Unk )
Vi Uz U ' Use Usi  Un Uk Ulmt1)k
—1)mk _1)mk, & 1
+ ( ) 2k:| . Sk(m) _ ( ) k
Um+1)k Umtne = ViVitk - Vigme
1 Ui U —1)mkU.
[11+ kU2k (—1) Qk] Se(m)
"W UUm+1)k Ulm+1)k
(DU 1
U(erl)k: i—1 szVvH-k o Vvi-i—mk:
Upnie + (—1)™*0] 1)k
Utm+1)k U(m+1)k = ViVigr - V;-i-mk:
[l

The proof of the theorem: We give only the proof of (9), the proof of (10) is
similar. Since

o0

1 1
; (ann+k¢ o Varm—0EVar ek VarkVatok - - Vn+mk’Vn+(m+2)k)

k 1

= ViVigk - Vit m-1)k Vit (ma 1)k ’

(26)
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using (22) and Lemma 2.1, then the left side of (26) can be written as

oo

Vn+mk Vn+(m+2)k - Vn Vn+(m+1)k

ne1 VnVn+k o V;L-&-(7n+1)kv;z+(m+2)k

(=1)lmtDF k(2
= TU(m+1)kSk(m) = (=1)"(p” + YUrUgmn12)6Ti(m + 2)
(71)(m+1)k :l s 1
+ -,
[ Uk (m+2)k ;VnVnJrk Vs m—1)k Vot (men)k
(_1)(m+1)k b 9
= TU(mH)kSk(m)*(*l) (0™ + DUkU(m+2)6 T (m + 2)
(_1)(m+1)k :| |:Umk+(_1)mkUk
+ [1—-————U, Sp(m
[ Uk (m+2)k Um+1)k k(m)
mkUk
U(m+1)k ZZ VV z+mk

—DF (=)™ — (=1)*V,,
= (=74 ()]( () ) ( +1)kUkSk(m)f(71)k(p2+4)UkU(m+2)k77¢(m+2)
m~+1)k

(27)

(D)™ = (1) U2 Z 1
Umn+1)k ViVivk - Vitms

Considering the right sides of (26) and (27), we have
(=DF+ (=)™ = (=1)*Vims1)n

Um+1)k

U Sk(m)

21@: (=)™ Ux — (=) Ums2yr] Vietma1)k + Utma1)e Vieme
= Um+1)kViVitk -+ Vigma1)k

+(=1)F (0 + A UrUpm 295 T (m + 2)

k m
S (=)™ Vit (mayk — (=1 Vitaimi)e
P Ums+ 1) ViVitk - Vigma Dk

Ur + (=1)* (0 + HUrUn 1201 T (m + 2).
Hence

Sk(m) = ! Z( DO gk — Vieagmer ik
I+ (_1)(m71)k - V(m—&-l)k = ViVigxVigor ... Vi-&-(m+1)k

+(0* + DU+ 1) Ums 2y Te(m + 2) } .
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The proof of (9) is completed. O
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