RELATIONS BETWEEN THE RECIPROCAL SUM AND THE ALTERNATING SUM FOR
GENERALIZED LUCAS NUMBERS
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ABSTRACT. We establish relations between reciprocal and alternating sums involving generalized Lucas numbers.

1. INTRODUCTION

Let p be a nonzero real number. The generalized Fibonacci and Lucas numbers are defined by

(1) Up =0, Uy =1, Un+2 = pUn+1 + Up, (n > 0)
(2) Vb = 2, V1 =D, Vn+2 = an+1 + V’nv (TL 2 0)
respectively. Let o and 3 be the roots of 2 — pz — 1 = 0. Then we have the Binet’s formulas:

a — ﬁn
3 v, = ————
(3) n a—3 '
(4) V, = a"+pg"

For p =1, {U,} and {V,,} are the well-known Fibonacci numbers F), and Lucas numbers L, respectively.
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In [2], S. Rabinowitz discusses algorithmic aspects of certain finite reciprocal sums and propose several open
problems involving Fibonacci and Lucas numbers. Melham [1] gave several relations between the reciprocal sum
and the alternating sum for generalized Fibonacci numbers, which we subsequently extended in [4]. In this note
we establish some relations between the reciprocal sum and the alternating sum for generalized Lucas numbers.
For U,, and V,,, we have the following well known expansions:

(5) Unt1 = [2‘1 (” 5 ’“)pk (n>0),

k=0

See [3, (2.7),(2.8)]. From (5) and (6), since p is a nonzero real number, it is easy to obtain that U, >0 (n > 1)
and V;, > 0 (n > 0) for p > 0. For p < 0, if n is an odd number, then we have U,+1 < 0 (n > 0) and V;, < 0
(n > 1). If n is an even number, then we have U,41 > 0 (n > 0) and V;, > 0 (n > 0). Hence we have U,, # 0
(n>1)and V,, # 0 (n > 0). Our main result is the following.

Theorem 1.1. Let m and k be positive integers. Put

1
m) =
) nzz:l VnVn+kVn+2k 900 Vn+mk:

)nfl

®) Zvv

etk Vatok - - Vigmk
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Then

Sk(m) = 1 . Z (= )(m i Vitm+1)k — Vita(m+1)k
(9) 1+ (_1)(m71)k - V(m+l)k =1 ViVierVigok - .. Vl-‘r(m+1)k
+ (0 + YU )Um2)e T (m + 2) }
and

1 Z’“: (—1)i-1
L+ (=1)m=Dk — (=) Vi | =y ViVirrVivzk - - Vit mr1yk
: {(*1)(m71)k‘/i+(m+1)k = (*1)k‘/i+2(m+1)k}

+(p2 A 4)U(m+1)kU(m+2)kSk(m +2) } .

Ti(m) =

When p = 1, by special choices of k and m, we have the following interesting results:

1 n 1
— 10
712::1 nLnt1 Z L Ln+1Ln+2Ln+3
= LnLlnya 17 —~ L Ln+1Ln+2Ln+3

n+1 Ln+2 Ln+3 Ln+4

1 . )nfl
L~ Al
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S - B '
L Ln+1Ln+2 168 2 n n+1Ln+2Ln+3Ln+47
- 1 13 .- —1)!
> - 5 Y rrana ,
ne1 LnLn+1Ln+2Ln+3 924 ne1 LnLn+1Ln+2Ln+3Ln+4Ln+5
)t 29 25 1
> - 22 ;
L Ln+1Ln+2Ln+3 2772 3 n—1 LnLn+1Ln+2Ln+3Ln+4Ln+5
> n 1
n; LyLyio - 396 Z L Ln+2Ln+4Ln+6
o~ (=1)
= — 242
ngl L L71+2 396 Z L Ln+2Ln+4Ln+6

i 1 123 N 199 _@ (=11
“~ LpLniolnysa  16-11-29 ' 841847 2 = LyLnisLniaLlnysLnys’
123 199 105 & 1

ZL LnﬁLn+4 T 16-11-29 84-18-47 2

2

Lemma 2.1. We have

(11) Vot + (=

THE PROOF OF

T; Ln Ln+2 Ln+4Ln+6Ln+8 ’

THE RESULTS

DV = Vi Vi
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(12) Vn+k = VnUk—i-l ol Vn—lUk;

Uk—1Votr + (-1)71V,

13 Vn -1 = )
(13) s -
(14) Uak = Uk Vi;
(15) Un+k = UnUk+1 + Un—1Ug;
(16) UGntiye = UniUmraye = (=1)™*U%;
(17) Vn2+(m+1)k - Vn+mkvn+(m+2)k = —(—1)n+mk(p2 aF 4)U]3,
(18) UVi—mi = (_1)mk(VnUmk+k - Vn+kUmk)§
(19) U(m+2)kv;+(m+1)k - (_1)kU(m+1)kV;+mk = Uk‘/i+2(m+1)k§
(20) Unk — (—1)*Un_y, = VoUs;
(_1)(m+l)k -1 (m+1)k

ann+(m+1)k = = UiU(m+1)kvn+(m+1)kvn+(m+2)k + UiU(m+2)kVn+mkVn+(m+2)k

(21) k k

— (=1)"*(@® + OUUpntoyi;

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



—1)(m+1)k

Vn+mkVn+(m+2 - W Vn+(m+1)k - TU(m+1)kVn+(m+1)van+(m+2)k
-1 (m+1)k
(22) + |1 — %U(mﬁrmk Vn+mkvn+(m+2)k

+ (=" (p? + YURU(m 20

(=1

VotmkVatmie + (1 VoV mink = TkU(m+1)kVn+(m+1)kVn+(m+2)k
23 -1 mk
( ) +|1-— %U(WH—Q)I@ Vn+mkVn+(m+2)k
+ (1)@ + YUrUm+2k-
Proof. Use the Binet formulas (3) and (4) of U,, and V,,. O

Lemma 2.2. We have

= 1 Upn —1)™, 1)k,
@) > v+ Vi 7 - k;( " )~ U D
o1 'm n+k - Vunt+(m—1)kVn+(m+1)k (m+1)k (m+1)k =1 i H—k i+mk
and
oo _1)yn-1 U —1 (m—i—l)kU
Z (=1 _Unk £+ (=1) £ (m)
= VaVaik - Vagrm-1)k Vot (m+1)k Uim+1)k
(25)

(71)(m+1)kUk, k (71)1-71
Um+ne = ViVitr  Vitmk
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Proof. We give only the proof of (24), the proof of (25) is similar. Using (11), we have

= 1
Z Vi Vitks -

n—1 .. Vn+(m—1)kvn+(m+1)k

i Vot sk + (=1 Vi m—1)k 1
VnVn+k cee Vn+(m—1)kvn+(m+1)k VkVnerk

n=1

_i( 1 . (-1t )i
— \VaVaik - Varm-1r - VaVoirk - Vg m-2)k Vot ma1)e /) ViVormi

— Lsyom+ G i : :
Ve Ve 2 VaVirk - Voot (meaye Vit mi Vs (e 10k
Using (12), (13) and (15), we have
> 1
; ViVt -~ Voot (m—2)k Vertrmk Vot (m Dk
— ot B (SR s Up
nz::l (V Votk - Vn+(m2)kWL+rrLkVn+(m+1)k> Usk Vot (m-1)k

— 1
z::l (V VnJrk Vn+(m—2)kVn+mk
(_1)]6[(]]72: ) ) U

VnVn+k o Vn+(m—3)kvn+mkvn+(m+l)k U3kvn+(m—1)k

S
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= i gy 4 S ey !
T o Usk — VaVotk - Vot m-3)k Vot (m-1)k Vot mk Vit (mt1)p
Similarly, we obtain
> 1
el ann+2k oo Vn+(m+l)k
Uy 1
= m
Uim+1)k k(m) + U(m+1)k ; Vosk -+ Vg (mi)k
Uk (=1)*Unns
= Sp(m) + ———8r(m
Uim+1)k (m) Uim+1)k &l U(m+1)k ; ViVik - Vigme
Hence, using (16) and (17), we have
i 1
=1 VnVn+k 000 Vn+(m—1)kvn+(m+1)k
1 {1 . {(1)kUk L VU (l)mkUkUQk]
Vi Usk UskUak UnmkUim+1)k
—1)mky 1)y & 1
Uim+1)k ViUimsrk = ViVitk -+ Vigme
1 [1 UiUsy, ( Ue U U | Use Um-1)k Ul )
== 142k 2 2% - +
Vi Uy Use  Use Usp  Usp Unk Um+1)k
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—1)™k —1)mkY & 1
(U) 2k:|'8k(m)—( ) k
(m+1)k Umtne = ViVitk - Vieme
1 Ui U —1)™k.
[11+ kU2k ( ) Qk]sk(m)
Vi UkUm+1)k Um+1)k
(=1)™kU; i 1
U(erl)k =1 ‘/z‘/z—i-k sz-i—mk:
_ Ukt ()™ g 0 (U™ Ek: 1
Uim+1)k Um+ne = ViVitk -+ - Vigmr
O
The proof of the theorem: We give only the proof of (9), the proof of (10) is similar. Since
f: ( 1 B 1 )
H \VaVask - Vg m—1)kVatm+k  VatkVarok - Vagmk Vapmt2)k

~ 1
(26) = :
= ViVitk -+ Vit m-1)k Vit (mt1)k
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(27) -

using (22) and Lemma 2.1, then the left side of (26) can be written as

o0

Vn+mk Vn+(m+2)k - Vn Vn+(m+1)k

ne1 VnVn+k 000 Vn+(m+1)kVn+(m+2)k

(=1)lmt D" k(2
= TU(mH)ksk(m) = (=1)*(" + YUrUimn12)xTr(m + 2)

-1 (m+1)k

o0

1
1 VnVn+k 000 Vn—i—(m—l)kvn-‘r(m-‘rl)k

(_1)(m+1)k

= TU(m+1)kSk(m) — (1) (p* + 4)UkU 2y T (m + 2)

(—1)(mtDk } [Umk+(_1)mkUk
+ |1——U Si(m
[ A (m+2)k Tomn 1 (m)

(D)™ 1
U(m+1)k =1 V;‘/i-ﬁ—lc v ‘/H—mk

—1)*+(=1)™k — (=1)*V,,
_ (D)7 ( 2]( ()k )V +1)kUkSk}(m)_(_1)k(p2+4)UkU(m+2)k77€(m+2)
m+1

(=)™ Uk — (—1)* U2k 1
Umn+1)k — ViVigr - Vitmk
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Considering the right sides of (26) and (27), we have

(_1)k + (_1)mk ( ) Vv(m+1)k

Ui Sk (m)
Utm+1)k
= zk: )™ Uy — (_1)kU(m+2)k} Vit(m+1)k + Um+1)k Vit mi
i=1 U(m+1)k‘/;m+k cee V;:-‘r('rn-‘rl)k‘

+(=1)*(p* + YUpUmy2)1 T (m + 2)

Vitmenk — (D Vipo(mar)n

Il
-
I Mw
I

Uy, + (—1)F (0 + 4)UUgn 1295 T (m + 2).
U(m+1)kVVz+k Vit omt i K+ (=1)%( WiUm+2)6 Ti ( )

Hence
1 & M=DRVit (mayk — Vig2(mt1)k
Sk(m) = Dk Z
14 (—1)m=Dk — Vi 1)k p VVHkVsz Vit m+1)k
+(® + DU 1) Umr2)6Te(m + 2) } :
The proof of (9) is completed. O
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