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ABSTRACT. We prove two theorems of the type of Dieudonné for the classes of
p-torsion n-X-groups and weakly n-summable groups, respectively. These claims
extend the classical Dieudonné criterion (Portugal. Math., 1952) and Honda crite-
rion (Comment. Math. Univ. St. Pauli, 1964) as well as generalize recent results
of ours in (Acta Math. Univ. Ostrav., 2006; 2007) and (Alg. Colloq., 2008).

INTRODUCTION AND PRINCIPAL KNOWN FACTS

Throughout the rest of this paper, let it be agreed that all groups taken into
consideration are assumed additive p-primary abelian groups for an arbitrary but
fixed prime p. For such a group A and any ordinal « the p®-th power p®A of A is
defined inductively as follows: pA = {pala € A}, p*A = p(p®~LA) if a — 1 exists
and p® A = Ng<op” A otherwise. Following [9], the subgroup N of A is called nice in
AifpY(A/N) = (pYA+N)/N for each ordinal number v. In terms of intersections,
this equality is obviously tantamount to the equality Ns<,(N +p°A) = N +pT A
for every limit ordinal 7.

The explicitly unexplained terminology and the unstated notation are standard
and are the same as those either in [9] or in [2].

As for the known facts on the subject explored, the first important result is the
criterion of Dieudonné [8] which refines the classical Kulikov’s criterion for direct
sums of cyclic groups [12] in a very convenient form for applications.

Theorem 1. (Dieudonné, 1952) Let A be a group with a subgroup G such that
AJG is a direct sum of cyclic groups. Then A is a direct sum of cyclic groups
— G =Up<wGn,Gn CGpy1 <G, Vn>1:G,Np"A=0.

Note that such a subgroup G is of necessity nice in A.
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We have further strengthened in [2] the previous statement to the class of
o-summable groups which properly contains the class of direct sums of cyclic
groups.

Theorem 2. (Danchev, 2005) Let A be a group with a nice subgroup G such
that A/G is o-summable. Then A is o-summable <— G = Up<,Gp, G, C
Gny1 <G, Vn > 1, Ja, < length(A) : G, Np*~ A =0.

In particular, if G is a o-summable balanced subgroup of A so that A/G is
o-summable, then A is o-summable.

For that extension but in terms of valuated groups we refer the reader to [3].

Furthermore, we improved in [7] (see [6] too) the Dieudonné assertion for the
classes of summable groups and X-groups, respectively; the variant for valuated
groups was considered in [5] and [4], respectively.

Theorem 3. (Danchev, 2008) Let A be a group of countable length with a nice
subgroup G equipped with a valuation produced by the restricted height valuation
on A such that A/G is summable. Then A is summable <= G[p|] = Up<uGn,
G, C Gpi1 <G, Vn > 1, G, are height-finite in A.

In particular, if G is a balanced subgroup of A so that A/G is summable of
countable length, then A is summable of countable length if and only if G is sum-
mable of countable length.

Theorem 4. (Danchev, 2008) Let A be a group with a nice subgroup G such
that G N p*TtA = p*T1G and A/G is a B-group. Then A is a L-group <=
G[p] = Un<wGn, Gn € Gpy1 < G, Vn > 1, G, are with a finite number of finite
heights as computed in A, that is, G, Np"A C p¥ A.

In particular, if G is a balanced subgroup of A so that A/G is a X-group, then
A is a X-group if and only if G is a X-group.

The goal of the present paper is to enlarge the last two affirmations, namely
Theorems 3 and 4, to new classes of abelian groups called weakly n-summable
groups and n-X-groups, respectively. However, the proofs are based on develop-
ments of our ideas given in the aforementioned articles [5] and [4].

THE MAIN RESULTS

1. Generalized Dieudonné and Honda criteria for weakly n-summable
groups

A group C of countable length is said to be a weakly n-summable group provided
that C[p"] = Ui« Ci, C; C Ci41 < C[p"] and all C; are with finite height spectrum
in C. When n = 1 this is precisely the classical criterion for summability of
groups with countable lengths due to Honda [11] (see [9], v. II, p. 123, Theorem
84.1, too). Thus weakly 1-summable groups of countable length correspond with
summable groups in the sense of Honda. Besides, each weakly n-summable group
is a summable group while the converse implication fails for n > 2. There exist
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many interesting properties of this class of groups some of which are similar to
the summable ones and some of which are specific. However, this is the theme of
another research article.

We are now ready to prove our first main result.

Theorem 1.1. Suppose the group A possesses a nice subgroup G of countable
length equipped with a valuation produced by the restricted height valuation on A
such that A/G is a weakly n-summable group of countable length. Then A is a
weakly n-summable group of countable length if and only if G[p"] = U<, G;, G; C
Git1 < G[p"] and all G; are height-finite in A.

Proof. 7=". Write A[p"] = Uj<w4i, 4; C Ajy1 < A[p"] and all A; are height-
finite in A. Consequently, G[p"] = U;<,,G; by setting G; = A; NG and clearly
G; C Gi41 < G[p™] with all G; height-finite in A.

7<”. Since A/G is of countable length, there is an ordinal o with the property
that p®(A/G) = (p*A + G)/G = 0, whence p*A C G. Moreover, since G is of
countable length, there exists an ordinal 3 so that p°G = 0. Hence p*tPA = 0
and, since a + 3 is also countable, we have reached the conclusion that A is with
countable length. Next, write (A/G)[p"] = U;<w(Bi/G), where B; C B;11 < A
with p"B; C G and, for all indices i, B;/G are height-finite in A/G. That is why

(Bi/G)\{G} € [p" (A/G)\ p" THA/G)] U - U™ (A/G) \ p" T (A/G))]
for some ordinals 71, -+ ,7;. On the other hand, we write down
G\ {0} C [P AN AU U T AN P A]

for some ordinals 01, - -+, ;. Since (A[p"]+G)/G C (A/G)[p™], it is easily verified
that
Ap™ = Bl = A
i<w 1<w
by substituting 4; = B;[p"].

Now we choose an ascending family (F;);<., of subgroups of A[p™] such that
F; NG = 0 and such that (F; ® G)/G = (B;/G) N [(A[]p"] + G)/G]. With the
classical modular law from ([9], v. I) at hand the last is equivalent to the equality
F; ® G = B;[p"] + G where F; < B;[p"]. We claim that A[p"] = Ui« (F; ®G;). In
order to check that, letting a € A[p"] hence a + G € (Ap"] + G)/G C (4/G)[p"].
Thus a + G € (B;/G) N [(A[p"] + G)/G] for some index [, whence by our choice
we have a + G C F; & G. Thus, a € F; ® G[p"] and hence a € Fy & G for some
index s. So, the claim has sustained.

Furthermore, because of the niceness of G in A, we obtain

[(F; @ G)/GIN{G} € (Bi/G)\{G}
C (P A+G)/G)\ (T A+G)/G) U
Ul A+G)/G)\ (0" A+G)/G)]
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which is tantamount to
(F; @ G)\GC [T A+G)\ (P A+G)Iu---U[(pA+G)\ (P A+ G)]

C " A\p A+ GIU - U[(p AN P A) + G
=" A\ A U U A\ + G

Therefore,

F\G=F\{0} C[(pmA\p" Tt AU U@ A\p" T A)] + G
and since (p°A + G)[p"] = (p°A)[p"] + G[p"] for each ordinal & we have
Fi\GC[(pmA\p" A U U (" A\ p" A + Gp"].

Next, we select an ascending sequence (L;);<, of subgroups of A[p"] so that
L; C F; for each index 7 with
Uri=UFE

i<w i<w
and so that
L\ {0} C [(pm A\p" T A) U U (" A\ T A)] + G
with (L; ® G; +p" TtA)NG[p"] C G; for every ordinal 7 & {1, -+ ,Vi; 01, , 0}
It is plainly verified that A[pn] = Ui<w(Li D Gl) with Ll D Gl g Li+1 D G1'+1-
What remains to prove is that every member L; @ G; of the union is height-finite
in A. Doing that, given x € L; & G;, hence x = a; + g; where a; € L; and g; € G;.
Thus
ai € L\ {0} € Fi\ {0} € (pm A\p" T A U U (pr A\ p" A
and
9: € G\ {0} C (P A\ P TTA U U (PP AN\ PTA).
Note that when either a; = 0 or g; = 0, everything is done.
Besides, we see that if height 4 (a;) # height 4(g;), then
helghtA(x) = min {heightA(ai)7 helghtA(gz)} € {’Yla Vi 61a T 761} .
Otherwise, if height 4 (a;) = height 4(g;), we assume in a way of contradiction that
(Li® G)) N (p"A\ p™™rA) # 0 for some 7 & {v1,-+,7;01, - ,0;}, i.e. that
height 4 () = 7 for some z as above. But since
z+Ge[(Bi/G)\{G}HN[(p"A+ G)/G] = [(B:/G) \{G} N[p"(A/G)],
it must be that
r+GepHA/G) = (pTTT A+ G)/G.
Hence
z€ (AL G = @ A" + Glp"]
and so x = a, + g for some a, € (p”1A)[p"] and g € G[p"] \ {0}. Thus
r—a,=g€(L;®G; +p Tt A)NG[p"] C Gy
and 0 # g € G; with height 4(g) = 7 since
height o (z) =7  and  heighty(a;) >7+1> 7.
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Consequently,
(GA\{O) N (PTAN\PHA) # 0
for 7 as above, which is false.
We then finally conclude that

(Li ® Gi) \ {0} € (P A\p" A U~ U (pT A\ p" T A)
U A\ A U U (T AN P A),
whence they are height-finite in A, as wanted. O
The following consequence is immediate.

Corollary 1.2. Suppose that G is a balanced subgroup of the group A such that
A/G is a weakly n-summable group. Then A is a weakly n-summable group if and
only if G is.

2. Generalized Dieudonné and Honda criteria for n-X-groups

A group C is called an n-3-group provided that Cp"] = U;«,,C;i, C; C Ciy1 <
C[p"] and all C; are with a finite number of finite heights as calculated in C, that
is C; N p'C C p*C. When n = 1 this is precisely the criterion for X-groups due
to the author [1]. Thereby 1-X-groups correspond with 3-groups in the classical
sense. Moreover, each n-3-group is a X-group whereas the converse implication
fails for n > 2. However, it is well-known by [13] that 3-groups with countable
first Ulm subgroups are of necessity with first Ulm factor which is a direct sum of
cyclic groups, hence they are n-3-groups for any n € N.

Clearly, each weakly n-summable group (of countable length), defined as in
Section 1, is an n-X-group. It can be showed via a concrete counterexample that
the converse claim is wrong for groups with lengths > w - 2. Nevertheless, we shall
illustrate below that for lengths < w-2 these two classes of groups do coincide (for
n = 1, the interested reader can see [1]).

Proposition 2.1. Let n > 1. Then every n-X-group of length < w -2 is
weakly n-summable and vice versa.

Proof. For an n-X-group C we write C[p"] = U;<,C;, C; C Ci11 < C[p"] and,
Vi<w, C;Np'C C p*C. Since length(p”C) < w, i.e., p*C is bounded, there is
some k > 1 such that p*T*C = 0. Consequently, it is readily observed that C; has
only finitely many height values in C or, in other words, C; are height-finite in C.
That is why, by definition, C' is weakly n-summable, as asserted. O

Now, we shall proceed to prove our second main result.

Theorem 2.2. Suppose the group A possesses a mice subgroup G such that
GNp*T"A = p“tG and A/G is an n-X-group. Then A is an n-L-group if and
only if G[p"] = U<, Gi, G; C Gip1 < G[p"] and, for alli < w, G;Np'A C p* A.

Proof. 7=". Write A[p"] = UjcwAi, A; C Aiy1 < A]p"] and, V i < w,

A;NptA C p?A. Hence G[p"] = U;«,G;, where G; G N A;. Since G; C
Git1 <G[p" and, Vi <w, G;Np'A C A; Np'A C p¥ A, the proof is finished.
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7", Write
(A/@)p" = | J(Bi/G)
<w
where B; C B;11 < A with p"B; C G and, V i < w,

(Bi/G)(\p'(A/G) € p*(A/G).

The last inclusion, in view of the classical modular law from ([9, v. ]), is tanta-
mount to the relation B; N p'A C p“A + G. Furthermore, because it is obvious
that (A[p"] + G)/G C (A/G)[p"], we obtain that
Ap" = Bilp" = U 4
i<w i<w
by putting A; = B;[p"]. Next, we select an ascending family (K;);<,, of subgroups
of A[p"] such that K; N G = 0 and such that
(K ® G)/G = (Bi/G)N[(A]p"] + G)/G].
Applying the classical modular law (see cf. [9]), the last equality is equivalent to
where K; C B;[p"].
We claim that
Ap™) = (K@ G).
i<w
In order to check this, letting a € A[p™] hence
a+Ge(Ap"]+G)/G C (A/G)[p"]
and even more
a+G € (B/G)N[(A]p"] + G)/G]
for some index t. Therefore, via our selection, a + G C K; ® G and a € K; ® G.
Finally, a € K;®G[p"], whence a € K,,, ®G,,, for some index m. This substantiates
our claim.

Furthermore, we choose an ascending tower (P;);<, of subgroups of A[p"] so
that for all indices ¢ the following dependencies hold: P; C K; with U;«,P; =
Ui<wK; and so that (P; & G;) Np'A C p*A + G;. The choice is possible because
of the inclusions

KioG CK,©oGCB,
with
(Ki®Gi)Np'AC BiNp'AC (p*A+G)p"] = (0?A)[p"] + Gp"] S p* A+ Gp"].
It is straightforward that
Ap =P e Gy)
i<w

where P; © G; C P41 @ G;,1. What suffices to compute is that (P; © G;) Np'A C
p“ A. In fact, with the aid of the classical modular law (e.g., [9], v. I), we have

(P, @ G)NP'AC (pYA+G) Np'A=p?A+ (G;Np'A) = p“A
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since by hypothesis ,
G;Np'ACp“A.

The following consequence is direct.

Corollary 2.3. Suppose that G is a balanced subgroup of the group A such that
A/G is an n-X-group. Then A is an n-X-group if and only if G is an n-3-group.

Remarks. In [3], [4] and [5] the subgroup is furnished with the restricted
height valuation on the whole group. So, the height condition G N p*t"A =
p“ TG is automatically satisfied. Certainly, in [4] the Theorem can be equivalently
formulated as follows: ”Suppose G is a group with a nice valuated subgroup A
endowed with the valuation produced by the restricted height valuation of G. If
G/A is a Y-group, then G is a Y-group if and only if A is a X-group”, which
formulation is identical to those from [3] and [5]. Moreover, in [7] it was given a
different proof when n = 1 but again with the usage of that height restriction on
G and A, namely G NpYtlA = potliG.
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