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LIFTING MAPPINGS OVER INVARIANTS
OF FINITE GROUPS

A. KRIEGL, M. LOSIK, P. W. MICHOR anDp A. RAINER

ABSTRACT. We characterize those regular, holomorphic or formal maps into the
orbit space V/G of a complex representation of a finite group G which admit a
regular, holomorphic or formal lift to the representation space V. In particular, the
case of complex reflection groups is investigated.

1. INTRODUCTION

The problem of lifting of morphisms to the orbit space for real or complex repre-
sentations of compact Lie groups was studied in several papers.

The existence of lifts of smooth diffeomorphisms of orbit spaces for a real rep-
resentation of a compact Lie group G in a real vector space V was investigated in
[2], [12], and [6]. The condition for the existence of lifts of smooth and analytic
curves in orbit spaces for real representations of compact Lie groups was found in
[1]. Note that in the real case the orbit space V/G has a natural structure of a
real semialgebraic subset of some space R™ and its stratification coincides with
the isotropy type stratification of V/G. This stratification plays the main role in
the results mentioned above.

In the complex case the lifting problem is more complicated and only the case
of a representation of a finite group G in a complex vector space V was studied.
In this case the orbit space Z = V/G coincides with the categorical quotient V /G
which is a normal affine variety. Therefore the orbit space Z has the natural
structure of a complex analytic set and there are several types of morphisms into
V|G, like regular, rational or holomorphic. To formulate the condition of lifting
one needs to use the isotropy type (Luna) stratification of the orbit space V/G
which is finer than its stratification as affine variety. The conditions of lifting for
holomorphic automorphisms of orbit spaces were found for the Weyl groups in [9]
and for any finite groups in [4]. In [7] it was proved that each holomorphic lift of
a regular automorphism of the orbit space is regular.
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In this paper we consider the conditions for lifts of germs of holomorphic mor-
phisms at 0 from CP to Z, for lifts of regular maps from C? to Z, and for lifts
of formal morphisms from CP to Z, i.e., the morphisms of the C-algebra C[Z]
to the ring of formal power series C[[X7,...,X,]] in variables X1,...,X,. These
conditions are formulated with the use of the spaces JI(C?, Z) and J§°(CP, Z) of
jets at 0 € CP of orders ¢ and oo, respectively. In particular, we consider these
conditions in the case when G is a finite group generated by complex reflections.
Finally, we calculate the above conditions for some simple cases.

Algebraically, the above problems of lifting could be reformulated as partial
cases of the general problem of extension of morphisms in the category of C-alge-
bras from a subalgebra to the whole algebra.

Note that, by Lefschetz’s principle (see, for example, [14]), all conditions of lift-
ing which are formulated in algebraic terms are valid for any field of characteristic
Zero.

In Section 2 we formulate the types of lifting problems which are solved in the
paper and introduce the tools we need for this: Luna’s stratification and the jet
spaces for affine varieties, in particular, for a G-module V and for the orbit space
Z =V/G.

In Section 3 we define the functions T(Al, ..., Ag) and %(Ah ..., Ag), which
are used in the conditions of lifting for holomorphic, regular, and formal lifts and
study their properties.

In Section 4 we obtain sufficient conditions for the existence of local and global
holomorphic lifts and regular lifts.

In Section 5 we obtain a sufficient condition for the existence of formal lifts.

In Section 6 we consider the above sufficient conditions for lifting for complex
reflection groups and calculate some of these conditions for a reflection group in
C and for the dihedral groups.

2. PRELIMINARIES

2.1. Luna stratification of orbit spaces. Let V' be an n-dimensional complex
vector space, G a finite subgroup of GL(V), and C[V]¢ the algebra of G-invariant
polynomials on V.

The following facts are well known (see, for example [11]). Denote by Z the cat-
egorical quotient V//@G, i.e., the normal affine algebraic variety with the coordinate
ring C[V]€. Since the group G is finite, the categorical quotient VG is the geo-
metric one, i.e., V/G is the orbit space V/G. Let m = 7y : V. — Z be the quotient
projection. The affine algebraic variety Z has the natural structure of a complex
analytic space: Let o1,...,0,, be the minimal system of homogeneous generators
of the algebra C[V] and let o : V — (V) C C™ be the corresponding morphism.
Then o (V) is an irreducible Zariski-closed subset of C™ which is isomorphic to the
affine variety Z. For this presentation of Z the morphism o : V' — o (V') coincides
with the projection .

In the sequel we assume that the minimal system of homogeneous generators
01,-..,0m is fixed and they are called the basic generators.
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Let K be a subgroup of G. We denote by V k) the set of points of V' whose

isotropy groups are conjugate to K. By definition, Vg C Ugegngg_l, where V&
is the subspace of V' of fixed points of the action of K on V. Put Z g := n(V(x)).
It is known that {Z(x) : K < G} is a finite stratification of Z into locally closed
irreducible smooth algebraic subvarieties. This is the simplest case of a Luna
stratification, see [8]. Put Vy := V(g for K = {id} and Zj := 7(Vp).

Denote by Z-; the union of the strata of codimension greater than ¢ and put
Z<; = Z\ Z>;. Then Z; is a Zariski-closed subset of Z and Zy = Z<o = Z\ Z>¢
is a stratum of Z called the principal stratum. Points in Zjy and in V} are called
regular points. The following proposition is evident.

Proposition. Zj is a Zariski-open smooth subvariety of Z and the restriction
of m to Vi is an étale morphism onto Zy.

2.2. Polarizations. Let « be a homogeneous G-invariant polynomial of degree
don V and let a® : V¢ — C be the corresponding symmetric d-linear form on V.
For v1,...,v, € V we have

a(tivr + -+ tpog) = o (trvg + - - + vk, ..., b1 + - -+ ERvg)

§ : s
= til...tida(vil,...,vid)
il,...,id

T T
= E et Ay e (V1 OR),

ritetr=d
where
d!
—— S
Oy (V1,0 0g) = 5« (U1« oy ULy ey Uky e ey UR)
riloLorg! —_——— ——
r1 times 7 times
and tq,...,t; are variables.

The polynomials c, .. are the usual polarizations of o on V'*.

Tk

2.3. Invariant coordinates on V. For each regular point zy € Zy there is a
system of regular functions z1, ..., z, on Z such that each y; := z; o m equals one
of the generators o; and the functions z; — z;(zo) are local parameters at zo. Then
the y; are local coordinates on V in a neighborhood of each point v € 7~(zg).
By definition, the functions y; are G-invariant. These coordinates y; are called
invariant coordinates on V.

Since we fixed the basic generators oq,...,0,,, there are only finitely many
choices of such invariant coordinates on V.

Let e; (i =1,...,n) be a basis of V and u; the corresponding coordinates on V.

Denote by J € C[V] the Jacobian det (gg? ) It is clear that J is a homogeneous
J

polynomial.

Proposition. For each integer k > 0 there is a G-invariant polynomial Ay, €
C[V]Y of minimal degree such that J* divides Ay and the sets of zeros of J and
Ay coincide. The polynomial Ay is unique up to a nonzero factor ¢ € C.
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Proof. Let J = fi"* ... f be a decomposition of .J into the product of linearly
independent irreducible polynomials f; € C[V]. Consider the principal effective
divisor (J) = n1(f1) + -+ + ns(fs) of the polynomial J on V. Since for each
g € G we have Jog = det(gé).J, where (g;) is the matrix of g in the basis e;,
the divisor (J) is G-invariant. Then each g € G permutes the prime divisors (f,)
(p =1,...,s). This implies that, if g(f,) = (f,), the coefficients n, and n, of
the divisor (J) are equal. Let {mq,...,m;} be the set of distinct coefficients of
the divisor (J) and let, for each m,, @, be the product of distinct factors f, of
J having the same power m, in the above decomposition of J. Then we have
J = fo:1 @, By the above arguments, for each o = 1,. .., the divisor (@,) of
the polynomial &, is G-invariant.

Since the group G is finite, for each « = 1,. .., there is a minimal integer p, > 0
such that the polynomial @2~ is G-invariant. For o = 1,...,l let kmy = SaPa+7Ta,
where s, and r, are unique nonnegative integers such that 0 < r, < p,. Then we
have J¥ = Hile @saPatTa  Tet u, be the least common multiple of 7, and p,.
Then Ay, = fo:l PsoPatha ig g G-invariant polynomial of minimal degree such
that the sets of zeros of J and Ay, coincide and J* divides Ay.

By the above formula for J¥, for each G-invariant polynomial P such that the
sets of zeros of J and P coincide and J* divides P, A divides P. (|

We denote by Ay, the regular function on Z such that Agor = Ay. By definition,
we have Ak (20) # 0 for each k. Conversely, let y; be invariant coordinates on V/,
let z; be the corresponding regular functions on Z, and for some positive integer k
let ﬁk be the corresponding regular function on Z. If, for a point z € Z, we have
Ap(z) # 0, then z € Z.

Later, for the sake of simplicity, we put A := A; and A=A,

Denote by V(ﬁ) the set of zeros of A. Thus Z~o is the intersection of the
Zariski-closed subsets V(ﬁ) obtained from all choices of invariant coordinates
constructed from the basic generators of C[V]%. The similar statement is true

for V '\ Vp if we replace A by A.

2.4. Jet spaces. Now, for an affine variety X, we will define the space J§(C?, X)
of g-jets at 0 of morphisms from CP to X. It is similar to the corresponding notion
of jet spaces for affine schemes of finite type over C in the case p = 1 (see, for
example, [10] and [5]).

We will consider now the category of C-algebras.

Let C[X1, ..., X,] be the C-algebra of polynomials in variables X1,..., X, with
complex coefficients and let m, be the ideal of C[X},...,X,] generated by the
X1,..., Xp. Put m? := (m,)?. Then

0= C[Xy,..., X,]/mitt
is the truncated ring of polynomials, the model jet algebra. In particular, 32 =
(C[Xl, ‘e ,Xp]/mp =C.

Let A = (ay,...,as) for ay,...,as € {1,...,p} be a (unordered) multi-index of
order |A| := s. In particular, for s = 0 we put A := (). Denote by 2, , the set
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of multi-indices A of orders < ¢. By definition, each P € Gg can be written as
P = ZAte,, ,ba X4, where pg € C and X4 := X,, ... X,,. The natural bijection

P+ (pa)aen,, between J¢ and C%»4 is an isomorphism of vector spaces and
defines a structure of affine space on GZ. For ¢ < r, consider the natural morphism
Pryq * 3; - 3;1;

For an affine variety X over C, the set of Ji-valued points of X, i.e., morphisms
from the coordinate ring C[X] of X to the ring Jf, is called the space of g-jets of
morphisms from CP to X at 0 € C? and is denoted by J§j(CP, X). In particular,
we have JJ(CP, X) = X and J}(CP, X) = TX, the total tangent bundle of X.

It is evident that each polynomial function on 3¢ defines a function on J§ (C?, X)
and these functions generate a ring of C-valued functions on J§(CP, X). It is clear
that this ring is a finitely generated C-algebra. Then Jj(CP, X) supplied with
this ring has a structure of an affine variety (not necessarily irreducible). For two
affine varieties X; and X5 and for a morphism ¢ : X7 — X5, we have the natural
morphism J§(CP,¢) : JI(CP, X1) — JI(CP, X>) of affine varieties. Thus one can
consider JJ(CP, ) as a covariant functor from the category of affine varieties to
itself.

For each h € JJ(CP, X) there is a unique point z € X such that the correspond-
ing maximal ideal m, coincides with the kernel of the composition pg o h. Then
the morphism h can be extended uniquely to a morphism from O, to Jj vanishing
on mZ*! and hence induces a morphism hg 4 @ Op/mit! — J2 which, in turn,
determines the initial morphism A uniquely. Therefore one can view JJ(C?, X) as
the set of morphisms from the local rings O, /mZ*! to 3¢ for all z € X.

h

C[X] 33
h /1 A
- - | ha,q
// ‘
mdtic O, O, /mi+l

Assume that X is presented as a Zariski-closed subset of C™ defined by an ideal
(@1,...,9,) of the ring C[W7,...,W,,] of polynomials with complex coefficients
in variables W1,..., W,,.

A morphism % : C[X] — J¥ is defined by a morphism A’ : C[Wy, ..., Wp,] — J2
with #/(@;) = 0 for I = 1,...,7. It is determined by A'(Wi) = 3_ 4cq, , Wia Xa,
where i = 1,...,m and W; 4 € C. The condition h'(®;) = 0 is equivalent to
the vanishing of all the coefficients of the variables X 4 in h(®;). Thus the map
JJ(CP, X) — (C™)%»a given by h+— (W; a)i=1,....m, ac2, , induces a bijective cor-
respondence between J§(CP, X) and the Zariski-closed subset of (C™)%r.« defined
by 7|2, 4| many polynomial equations, where |2, ,| denotes the cardinality of the
set 2, ;. By definition, this correspondence is an isomorphism of affine varieties.

The homomorphism p; , induces the morphism

Px.rq: Jo(CP,X) — JI(CP, X).
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In particular, we have the morphism px 40 : J§(CP, X) — X.

The projective limit J§°(CP, X) = liing((Cp,X) is called the space of co-jets
at 0 € CP of morphisms from CP to X or the space of formal morphisms from
CP to X. By the definition of a projective limit we have natural projections
PX,00q ¢ JG°(CP, X) — JI(CP,X). By definition, one can consider a point of
J§°(CP, X) either as a morphism C[X] — C[[X1,...,X,]] or as a morphism from
the completion O, of the local ring O, for some z € X to C[[Xy,... X))

In particular, for the above presentation of X as a Zariski-closed subset of C™,
each h € J§°(CP, X) is uniquely defined by a morphism b’ : C[Wy,..., W,,] —
Cl[X1,...,X,]] with A'(®;) =0 for I = 1,...,r. It is defined by h'(W;) = h; €
C[[X1,...,X,]], where &;(h;) =0 foreach { =1,...,7.

Consider X as a complex analytic set and let h : CP,0 — X be a germ of a
holomorphic map at 0 € CP. Denote by §cr,o and §x , the rings of germs of
holomorphic functions on CP at 0 and on X at = respectively. We may identify
the ring §cr o with a subring of the ring C[[Xy, ..., X,]]. Consider the morphism
h*: §x 2 — Scr0 € C[[Xy,...,X,]] induced by h. The restriction of h* to Ox 5,
which is denoted by j§° h, belongs to J§°(CP, X) and is called the co-jet of h at 0.
Put jd h := px.00,4(j5° k) and call jd h the g-jet of h at 0.

Denote by z1,...,z, the standard coordinates in CP. Let A = (aq,...,as) be
a multi-index, W a finite dimensional complex vector space, and F' : CP,0 — W a
germ of a holomorphic map, i.e., F' € W®%Fcr 0. We denote by 04 a linear operator
on W ® §cr,0 which is equal to the tensor product of the identical operator on

W and the operator % on §cr 0. In particular, we have Oy F = F' and we

write J, F' instead of 8(a)1F.

For the above presentation of X as a Zariski-closed subset in C™ the holomor-
phic germ h : CP,0 — X can be given by a holomorphic map F' from a neighbor-
hood of 0 € C? to C™ such that ;0 F =0 for each [ =1,...,r. Denote by 2, the
set of all multi-indices A = (aq,...,as). By definition, the co-jet j§° h is uniquely
determined by the indexed set (94F(0))aea, of complex numbers. The complex
numbers 04 F(0) satisfy the equations 94(®; o F')(0) = 0 for A € 2, and do not
depend on the choice of F. Similarly, the g-jet j& F' is determined by the indexed
set (0aF'(0)) aen, , of complex numbers satisfying the equations 94 (9,0 F)(0) = 0
for all A € A, ;. The above considerations show that for a smooth point x € X
our notion of jets coincide with the usual one.

Note that the jet spaces of holomorphic functions and of regular functions on
affine varieties coincide.

Later we denote by d4 also the linear operator on W ® C[[X1, ..., X,]] which
is equal to the tensor product of the identical operator on W and the operator

9 on C[Xy,. .., X))

0Tqq..-0%Tqy

2.5. Consider a G-module V, the spaces of g-jets J§(CP,V), and JI(CP,Z),
and the sets of formal morphisms J§°(CP, V) and J§°(CP,Z). The projection
7 : V — Z induces the morphism J§(C?, ) : J(CP,V) — JI(CP, Z) and the map
Joo(CP, ) = Jeo (TP, V) — Jo°(CP, Z).
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The standard action of the group G on C[V] induces an action of G on Ji(CP, V)
by automorphisms of J{(CP, V) as an affine variety and on J§°(C?, V). The inclu-
sion C[V]¢ C C[V], the morphism J{(CP,7), and the map J§°(CP, x) induce the
morphism

7 JI(CP, V) /G — JI(CP, Z)
and the map
7 JP(CP, V) /G — JS°(CP, Z).
Denote by J{(CP, Z) the Zariski closure of 7%(JJ(CP,V)/G) in J§(CP, Z).

Proposition. The morphism ¢ : J§(CP,V)/G — J§(CP, Z) induces a bira-
tional morphism of J(CP,V)/G to JJ(CP,Z).

Proof. The group G acts freely on the open subset p(/’lq’o(VO) C Ji(cr,v).
Since all points of V; and Zj are smooth, for each v € V) the morphism J{(CP, )
induces a bijective map of p‘_,qu’o(v) onto pg}qﬂo(w(’u)). Thus the morphism 74
maps the Zariski-open subset p;/iLo(VO)/G of J{(CP,V)/G onto the Zariski-open

subset PE,lq,o(Zo) of JJ(CP,Z) bijectively and this implies the statement of the
proposition. [l

2.6. Evidently we have the following bijections
J§(CP,V) = Hom(C[V],J]) = Lin(V*,3) =V @ 32,

where V* is the dual vector space for V, Hom means the set of morphisms in
the category of C-algebras, and Lin means the set of linear mappings. So each
h e J§(CP,V) =V ®(J%) can be written uniquely as h = D aen, , ha®Xa, where
ha € V. Similarly, J§°(CP,V) =V @ C[[X4, ..., X,]] and, for h e J§°(CP, V), we
have h = ZAE% ha® X4, where hy € V.

Proposition. The space of jets JJ(CP,V) is isomorphic to the affine space
V¥v.a. Moreover, there are isomorphisms of G-modules

JUCP, V) =V¥ra  and Jg°(CP, V)=V
where the G-action on the products is the diagonal one.

Proof. The first statement follows from the definition of the structure of the
affine variety on J§(C?, V). The maps J§(C?, V)3 h— (ha) acu, , and J§°(CP, V) >
hi— (ha)aen, give the required isomorphisms of G-modules. O

Note that for

A=(1,....1,...,p,...,p),
——

——
r1 times rp times
where r1,...,7, > 0, and for a germ of a holomorphic map F': C?,0 — V we have

h=jFF=%, ﬁ@A F(0) ® X4, where Al = r1!...r,l. A similar formula is true
for the g-jet jd F.
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2.7. The problem of lifting. We consider the following problem. Let f : CP —
Z be a rational morphism which is regular on a Zariski-open subset U of CP. A
rational morphism F' : CP — V which is regular on U is called a regular lift of f if

moF = f.
/‘JJ/
! Z

Cp ——

Similarly, let U be a connected classically open subset U of CP and let U — Z
be a holomorphic map, i.e., a morphism in the category of complex analytic sets.
A holomorphic map F' : U — V is called a holomorphic lift of f if o FF = f. If
f:CP .z — Zis agerm at x € CP of a holomorphic map from CP to Z, a germ
F:CP xz — V at z of a holomorphic map from CP to V is called a local lift of f if
moF =f.

Let f € J§g°(CP, Z) be a formal morphism. A formal morphism F € J§°(CP, V)
is called a formal lift of f if J§°(CP,m)o F = f.

The aim of this paper is to find conditions for the existence of all these lifts.

A germ f:CP,z — Z at x € CP of a holomorphic map from CP to Z is called
quasiregular if f~1(Zy) meets any neighborhood of .

By 2.3, if a germ [ is quasiregular, there is a choice of invariant coordinates y;
such that for the corresponding A the comp031t10n Ao f does not vanish identically.

A formal morphism f : C[Z] — C[[Xq,...,X,]] from CP to Z is called quasireg-
wlar if there is no stratum S of Z of codimension > 1 such that f factors through
a morphism C[S] — C[[X1, ..., X,]], where S is the closure of S.

We claim that for a quasiregular formal morphism f and for any choice of in-
variant coordinates y;, for the corresponding A we have f(A) # 0. By 2.3 the
set of zeros of all A obtained from any choice of invariant coordinates coincides
with the Zariski-closed subset Z~q of Z. If our claim is wrong, by Hilbert’s Null-
stellensatz the formal morphism f vanishes on the ideal I(Zso) = /I(Zs¢) of
C[W1,...,W,,] which defines Z~(. Consider the standard presentation of I(Z~¢)
as an intersection of a finite set of prime ideals of C[Z] corresponding to the decom-
position of Z~¢ into irreducible components. Since C[[X1,...,X,]] is an integral
domain, f vanishes on at least one of these prime ideals. But each of these prime
ideals defines a component of Z<( and such components are the closures of strata
of Z of codimension > 1. This contradicts our assumption.

Let K be a subgroup of G and let V¥ be a subspace of V of fixed points of the
action of K on V. Let H = Ng(K) be the normalizer of K in G consisting of all
elements of G preserving V¥, and let W = H/K be the corresponding quotient
group acting naturally on V. By definition, 7(V¥) is the closure S of a stratum
S of Z.

Consider the natural map x : VE /W — 7(VE) = S. Tt is evidently bijective
and regular since the natural map V/W — V/G is regular and 7(VE) = S is
a Zariski-closed subset of Z as the projection 7 is a finite morphism. Then the
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morphism « is birational. Denote by Sy, the set of all normal points of S, i.e.,
points = € S such that the local ring O, (S) is integrally closed. It is known that
Shor 18 & Zariski-open subset of S and S C Spor since S is smooth. Since the affine
variety VX /W is normal, by Zariski’s main theorem, the restriction | 8., Of K to
Shor induces an isomorphism between the algebraic varieties 771 (Syor) and Syor.

Assume that, for a holomorphic map f as above, f(U) is contained in Z-.
Then f(U) is contained in the closure S of a stratum S of Z of codimension > 1.
Namely, let f(U) C Zs;_1 for maximal i. Then there exists « € U such that f(x)
is a point of some stratum S of codimension i; otherwise f(U) C Z;. If a regular
function h € C[Z] vanishes on S then h o f vanishes on an open neighborhood of
x in U and thus on the whole of U. So f(U) C S and there is a subgroup K of G
distinct from G such that f(U) C S = n(VE).

It is clear that if each morphism f of the above type (regular, holomorphic, or
formal) from CP to VE /W has a lift F' (regular, holomorphic, local, or formal),
then the composition of f with the morphism x has the corresponding lift to V/
which is the composition of F' with the inclusion VK — V.

Conversely, if f : C,x — Z is a germ of a holomorphic map at z € CP such that
f(x) € Spor, there is a unique germ of a holomorphic map f’ : CP,x — V& /W such
that ko f/ = f. Similarly, let f : C[Z] — C[[Xy,...,X}]] be a formal morphism
from CP to Z which can be extended to the morphism O, (Z) — C[[X1,... , X,]] for
some z € Syor. There is a unique formal morphism f/ : C[V/W] — C[[X1,..., X,]]
such that J§°(CP,k)(f') = f. In both cases the lifting problem for 7 : V — V/G
reduces to the corresponding one for my«x : VE — VE /W,

Although these arguments give nothing if the above points f(x) or z do not
belong to Shor, we have the following theorem.

Theorem.

(1) Let f be a holomorphic map from a classically open subset U of CP to
Z =V/G, S a stratum of mazimal codimension such that f(U) C S, and
f:CPix — Z be a germ of f at some x € U. Let K be a subgroup of G
such that 1(VE) = S, and let W = Ng(K)/K. If the germ f : CP,x — Z
at x € U has a local lift to 'V, then the germ f': CP,x — VE /W of the map
defined by f is a quasireqular germ of a holomorphic map and this germ has
a local lift to VK.

VE——V
VK/W 7 ™
Cr,z ; 5¢ Z==V/G

(2) Let f be a formal morphism from CP to Z and let S be a stratum of the
mazimal codimension such that f factors through a formal morphism f'
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from CP to S. If f has a formal lift to V, then the formal morphism f is
quasiregular and has a formal lift to VE such that m(VE) = S.

(3) If Fy and F» are holomorphic lifts of a holomorphic map [ : U — Z, then
there is a g € G such that Fy, = go Fy. The same is true for local lifts of
germs of holomorphic maps, and for lifts of formal morphisms.

Proof. (1) Consider a local lift of f which is a germ of a holomorphic map
F:U" — V, where U' C U is an open subset. By assumption, F(U’) C 7=}(S) =
UgeGgVK and there is a point x € U’ such that the stabilizer Gp(,) = gKgt.
Then F(U') C g(VE) and F’ = g~ o F is a local lift of f such that F/(U’) C VE.
Then 7y« o F’ is a germ of a holomorphic map which by construction coincides
with the germ of f’. By definition, the germ f’ is quasiregular and F” is its local
lift.

(2) Let F be a formal lift of f to V. Let I(S) be the prime ideal of C[Z]
defining S. Consider the pullback 7*(I(S)) of I(S). By the definition of VX we
have 771(S) = UgecgV X . By definition of a formal lift the formal lift F' vanishes
on 7*(I(S)) and then, by Hilbert’s Nullstellensatz, on the ideal I(UgecgV ™) =
VI(UgeggVE) of C[V] defining a Zariski-closed subset UyeqgVE of V. Evi-
dently the ideal I(UyeqgV ) equals the intersection of prime ideals I(gV¥). Since
C[[X1,...,X,]] is an integral domain, there is a g € G such that the formal mor-
phism F vanishes on I(gV¥) and then F o g~! is a formal lift of f which factors
through the formal morphism F’ : C[V¥X] — C[[Xi,...,X,]]. Thus the formal
morphism f factors through the formal morphism [’ = J§°(CP, my «x )(F') from C?
to VE /W, F' is a formal lift of f’, and, by assumption, the formal morphism f’
is quasiregular.

(3) First assume that the germ of f is quasiregular at = € U.

Let F} and F5 be holomorphic lifts of f. By assumption, there is a point y
in a neighborhood of x such that Fj(y) and Fy(y) are regular points of V. Since
(mroF1)(y) = (mo Fy)(y), there is a unique g € G such that F(y) = (go F1)(y). As
the projection 7 is étale at Fy(y), the lift F coincides with go F} in a neighborhood
of y and then on the whole of U.

Let K be the maximal subgroup of G such that f(U) C 7(VE), let Ng(K)
be the normalizer of K in G, and W = Ng(K)/K. By the proof of (1) the
germ f : CP,x — Z for € U can be considered as a quasiregular germ of a
holomorphic map f’: CP,z — S = m(VX) and there are gy, g2 € G such that the
germs g1 o F} : CPix — V and go o Fy : CP,x — V are local lifts of the above
germ f’ to VE. Then, for some g € H = Ng(K) we have g2 o Fy = (gg1) o F in
a neighborhood of = and then in the whole of U. Thus we have Fy = (g5 'gg1)Fi.

For local lifts the proof is the same. For lifts of formal morphisms the proof
follows from 5.4 below. (]

The above theorem shows that the problem of lifting for local and formal lifts
is reduced in some sense to one for the quasiregular case.

Namely, let the conditions of Theorem 2.7(1) be satisfied. Since the morphism
K is birational, for each basic invariant 7 of C[V %], the composition k= o 7 is a
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rational function on VX /W and, in general, the function k' o7 o f is a meromor-
phic function on U. First we have to check that this function is analytic near x.
If f(x) € Shor this is always true, because £~! is an isomorphism near f(z). Then
f has a local lift at z iff the germ f’ : C?, 2 — VX /W has a local lift to VX.

The analogous statement for formal lifts is true whenever the conditions of
Theorem 2.7(2) are satisfied.

2.8. An algebraic interpretation of the problem of lifting. The results of
this section are not used in the rest of the paper.

The above geometric problem of lifting has the following algebraic interpreta-
tion. For instance, suppose that f : C? — Z is a regular morphism and F is its
regular lift. Consider the morphism f* : C[Z] = C[V]¢ — C|CP] induced by f and
the morphism F* : C[V] — C|[CP] induced by F. Since, by definition, C[Z] C C[V],
the morphism F™* is an extension of the morphism f* to C[V].

1% C[V]
k4 -
F , v
7/ e *
sf 4
otz Coi——cl]

Similarly, consider a germ of a holomorphic morphism f : C?,0 — Z, 0O, where
O = 7(0) and its local lift F': C?,0 — V,0. We have the morphisms f*: §z o0 —
Scr0 and F* : Fy,0 — Scr o induced by f and F respectively. Since the projection
m induces the inclusion §z,0 C §v,0, the morphism F* is an extension of the
morphism f* to §v,.

Finally, let f : C[Z] — C[[X;, ..., X}]] be a formal morphism from C? to Z and
let F: C[V] — C[[X4,...,X}]] be its formal lift. Since the projection 7 induces
the inclusion C[Z] C C[V] the lift F is an extension of the morphism f to C[V].

2.9. Let 7 be a homogeneous G-invariant polynomial of degree d on V and let 7°
be the corresponding symmetric d-linear form on V. For each germ F : C?,0 — V
of a holomorphic map and each system of multi-indices (A, ..., Ay) we put

T(Ay,..., A)(GEF) = 1° (8A1F(O), . ,6AdF(O)>.

By 2.4, T(A4,...,Aq) is a function on JJ(CP,V) for ¢ > |A4],...,|Aq|. From 2.2
and Proposition 2.6 it follows that the function

T<A1?"'7Ad> : Jg(cp’v) = Vglpvq — (C

is regular, G-invariant, and equal to a polarization of 7 up to a nonzero factor. It
is also symmetric in Ay, ..., Aq.

By Proposition 2.5, define a rational function T'(A;, ..., Ag) on JI(CP,Z) by
the condition T(Ay,..., Ag) = T(A1,..., Ag) o JL(CP, 7). By definition, we have

(1) TW0,....0)or =T(0,...,0)=r7.
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Now extend the d-linear form 7° on V to a d-linear form ¥ on J§°(CP,V) =
V®C[[Xy,...,Xp]] with values in C[[X7, ..., X,]] which is defined by the following
condition. For i =1,...,d, v; € V, and F; € C[[X1,...,X}]]

T @ F1,...,04QFy) :=7%(v1,...,vq) F1 - Fy.

For h € J§°(CP,V) = V®C[[X1,...,X,]] and a system of multi-indices A, ..., Ay
put
T(Ar,..., Ad)(h) == F(Da,h, ..., 0n,h).

By definition, the function (A4, ..., Aq) : J§°(CP, V) — C[[ X4, ..., X,]] is G-inva-
riant and symmetric in Ay, ..., Aq.

T(Aq,...,Aq)
—_ >

JP(CP V) —=—=V @ C[[Xq1,..., X}]] Cl[Xq,..., Xp]]
JE(CP. V) T(A1,...,Aq) c
JI(CP,x
i aEnm T(Ay,...,Aq)
Jg(CP, 2)

3. THE FUNCTIONS T(Al, ..., Ag) AND %(Al, o Ag)

3.1. The ¢-jet of the identity map on V in invariant coordinates. Let
v:V — V be the identity map. Let vg € V| be a regular point of V' and let y; be
invariant coordinates in a neighborhood U of vy in V introduced in 2.3. Then in
U the map v is defined by a holomorphic function v(y;) with values in V.

Let I = (i1,...,%s) be a (unordered) multi-index with 41,...,is € {1,...,n}.
In particular, for s = 0 we put I := (. Then the g-jet of the identity map v at
each point z € U is defined by the set of partial derivatives 0jv = Bylaiqéy for
|I| < q at z.

Let e, be a basis of V, let u, be the corresponding coordinates, and let J =

det (ggj) be the Jacobian.

Lemma. Let I = (i1,...,1s), where s > 0, be a multi-index. Then ;9;; =
J?*7191v is a regular map from U to V.

Proof. We prove this lemma by induction with respect to s. We use that

Oug 1,
dyi B jJi 7

where J* € C[V] is the algebraic complement of the entry dy;/du, in the Jacobi
matrix.
For s =1, JOjv =Y _"_, J%, is a regular map from U to V.

a=1 "Y1
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,is) with (79; being regular. Then for I’ = (i1,...,is41) we have

opv = 5yia (;22:) J25+1 Z 1s+1< 8812}) —(2s— 1);;]& N)v

s+1
where 30, J (J%Ia”) —(2s — 1)887{1/8—;1;) is a regular map from U to V. O

LetI:(z’l,...

3.2. Let h=jlF e J{(CP, V), where F : C?,0 — V is a germ of a holomorphic
map such that F(0) € V5. Put F; := y; o F, where y; are the invariant coordinates
on V. We need to express the g-jet jdF in terms of the g-jet of the identity map
v, i.e., we have to find the explicit formula for each hy = 04 F(0) with A € A, ; in
terms of OpF; and Orv with |B|, |I| < |A|. We can extract this formula from the
following expression (see the classical Faa di Bruno formula for p = 1 and [18] or
[19] for arbitrary p):

di(vo F) Sy ’v o
ven=aim X G

(2)

)

5 dnF;,  d%F;,

R T
q1+-+qr=q £l Ak

where y; are arbitrary local coordinates in V. Note that the formula (2) is true
whenever F' : C[V] — C[[Xq,...,X,]] is a formal morphism from C? to V and
Fy = F(y;).

The formula (2) implies the following

Lemma. For each multi-index A=(ay,...,as) %0, whereay,...,as€{1,...,p},
there is a well defined function

Wa:(X,Y) e > aas(Y) Xy,
1<|7<) 4]

where X = (X7)1<|11<ja] and where the coefficients aa,; are polynomials in
Y = (yi,B)1<i<n,1<|B|<|A|, Such that for each germ of a holomorphic map F :
CP,0 — V,v with v reqular and for the local coordinates y; from above we have

OuF =W, ((8111 o F)r, (8BFi)iaB>'
For example,
9, F = Z(@iv o F) 0. F;,
=1

Oar.an)F =Y (i jyv 0 F) 00, F; 00, Fj + Y (0100 F) 00y a0) F,

i,j=1 i=1

and so on.
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3.3. We consider T'(A4,...,Aq) which is a regular function on J§(C?, V), and
f(Al, ..., Aq) which is a rational function on JJ(CP, Z), both defined in 2.9.

Let z; be the regular function on Z for ¢ = 1,...,n, used in 2.3 for the con-
struction of the invariant coordinates on V. Let Aj,..., Ay # 0 and Agy1 =
co=Ag=0. Put M :=2(|A1| +---+ |A4|) — d’. By Lemma 3.1, for any system
of multi-indices Iy,...,I; such that 1 < || < |Ay|,...,1 < |Iy] < |Ag| and
Iyyq =+ =1; =10, the expression Ay -T o (dp,v,...,0r,v) is a G-invariant and
regular function on V. Thus there is a unique rational function T(I 1o, lg)onZ
such that f([l, coyIg)om =T(0nv,...,0r,v) and INTE f(]l, ..., 14) is a regular
function on Z.

Let ¢ be the maximal order of the multi-indices A;,...,Ay. For k=1,....d
we may consider the aa, 7, of 3.2 as polynomials in Y = (y; B)1<i<n,1<|B|<q- Put

any,.. Ay 1,0, Y) i =aa, 1Y) aa, 1,Y).
Theorem. Let Ay,..., Ay # 0, Agt1,...,4q = 0 and Aq,...,Aq € Up,q.
Then:
(1) The following is a rational function T(As,...,Aq) on JYCP, Z):

T(Ahu-,Ad) = Z QA Ay 1, Ty ((8Bzi)i,B) f(117~-~7ld’7®a"'7®);

1< <[ Aql,

11T,/ [<1A g

(2) T(Ay,...,Aq) 0 JUCP,7) = T(As,...,Ad);
(3) Apr-T(Ax,...,Aq) is a regular function on Ji(CP, Z).

Ar, A
Jace, vy — - v ¢

—
—

—

J4(CP ) _ -
~ 7 T(Ar,Ad)

—

Ji(CP, Z)
Proof. (1) By Proposition 2.5, it suffices to check that the condition
T(Ay,...,Ag) o =T(Ay, ..., Ag)

is satisfied for the above expression of T(Al, ..., A4). By Lemma 3.2, this follows
from

T(Ala cee ,Ad)(h) =
Z (aA17,,_,Ad,7]17___71d/ ((BBFi)i,B) T(811v, e ,61d/1}, UV,... ,U) ¢} F) (0)7

1<]11 <141,

1</ <Ay |

where h = jd F € J§(CP,V).
(2) This statement follows from Proposition 2.5.
(3) This statement follows from (1) and Lemma 3.1. O
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3.4. Let F € V®C[[Xy,...,X,]] be a formal morphism from CP to V and
F; = y;(F). Lemma 3.2 implies the following

Lemma. For each multi-index A such that |A| > 1 and the invariant coordi-
nates y; on V we have

JHASY (R o, F — 0, (((JQ(AID@;)(F))I, (63Fi) 4 >

K2

3.5. The function T(A;,...,Ay). Consider the presentation of Z as an irre-
ducible Zariski-closed subset of C™ defined in 2.1. Denote by I(Z) the prime
ideal of the ring of polynomials C[W1, ..., W,,] defining Z C C™. By 2.4, each
formal morphism f € Jg°(CP,Z) is defined by the equations f(W;) = f; for
(j=1,...,m), where f; € C[[X1,...,X,]] and &(f;) =0 for each ¢ € I(Z).

Let ¥ be a regular function on Z which is the restriction to Z of a polynomial
U e CWh,...,W,,]. Foreach f € J§°(C?, Z) put ¢(f) := U(f;). By definition we
have ¥(f) = f(¢), where f is considered as a morphism C[Z] — C[[ X3, ..., X,]].
Then (f) defines a unique function J§°(C?, Z) — C[[Xy, ..., X,]] which is inde-
pendent of the choice of the polynomial W.

Similarly, consider a rational function ¥ on Z such that ¢ = %,

19 are regular functions on Z and put ¢(f) := i;—% whenever 1o(f) # 0. Tt is
clear that ¢(f) is a function on J§°(CP, Z) with values in the field C((X1,...,X}))
of fractions of the ring C[[X},...,X,]] which is independent of the choice of the
presentation ¢ = LI

Let z; be the regular functions on Z used in 2.3 for the construction of the
invariant coordinates y; on V. Let f € J5°(CP, Z) be a quasiregular formal mor-
phism from CP to Z such that A(f) #0. For Ay,...,Ag¢ # 0, Agryq,..., A3 =10
and M = 2(|A1]| + -+ + |Aq4|) — d’ put

where 11 and

T(Al,...,Ad/,w,...7®)(f) —
= Z (a’A17---;Ad/7117---71d1((aBzi)i,B) -f([l,...,fd/,@,...,@))(f),

1<) <A,
1<I71,/[<1A

Y
By definition, T(Ay, ..., Aq) is a function with values in the field C((Xq, ... , Xp))
on the set J§°(CP, Z) consisting of all f € J§°(CP, Z) such that A(f) # 0.

Theorem. LetAl,...,Ad/zé 1] andAd/+1,...,Ad =0 and M = 2(|A1|+_|_
|Ag|) — d'. Then the function T(Aq,...,Aq) satisfies the following conditions:

(1) T(Ay,...,A45) 0 J(CP 1) = F(Aq,...,Ag), where T is from 2.9.
(2) Apr-%(Aq, ..., Ag), where Ay is regarded as a function on J§°(CP, Z), is
a function on J§°(CP, Z) with values in C[[X1,...,Xp]].
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T(Aq,..,A
Jee(cr, vy — 22t oy, X))
_ >
J(CP -7
o )i _ 7T T(ArAg)
Jeo(C, 2)

Proof. The proof follows from the definition of the function ‘E(Al, ..., Aq) and
Lemma 3.4. O

4. THE CONDITIONS OF LOCAL AND GLOBAL LIFTING

4.1. First we consider local lifts at regular points.

Proposition. Let f: CP,x — Z,z be a germ at x € CP of a holomorphic map
with z reqular. Then for each v € 7~1(2) there is a unique local holomorphic lift
F:CPix— Vv of f.

Proof. By Proposition 2.1, the map w is étale on V. Thus for each point
v € 7~ 1(2) there is a unique local holomorphic lift F : CP,z — Vj,v of f. O

4.2. Lifts of quasiregular holomorphic germs. Let X be an affine variety and
let f be either a rational morphism from CP to X or a holomorphic map defined
on a classically open connected subset U C CP to X. Consider the morphism j9f
from C? or from U to J§(CP, X)), which for z € U is given by j¢f(z) = jif( +=z).
The morphism j4f is rational and is regular wherever f is regular; or holomorphic
if f is holomorphic.

Let 0 : V. — (V) C C™ be the morphism defined by the system of basic
generators oy, ...,0n,. Recall that o(V) and Z = V/G are isomorphic as affine
varieties and, for this presentation of Z, o equals 7.

Denote by wj,...,w,, the standard coordinates in C™ and let I(Z) be the
prime ideal of the ring C[W7,..., W,,] defining Z. Consider C[W1,...,W,,] as a
graded ring with a grading defined by degW; = dego; for j = 1,...,m. Then
1(Z) is a homogeneous ideal.

For 7 = o and a system Ay,. .., Ay, of multi-indices denote by §j (Ar,..., Ag,)
the rational function T(Ay, ... , Ag,) from 2.9 on J{(CP, Z).

Recall that by 2.7 for a quasiregular germ f : CP,0 — Z of a holomorphic map
there is a choice of invariant coordinates such that for the corresponding function
A we have &of;éo.

Theorem. Consider a quasireqular germ f: CP.0 — Z =V/G of a holomor-
phic map described by wjo f = f; for j =1,...,m. Assume that, for some choice
of the invariant coordinates such that ﬁof %0, q is the minimal order of nonzero
terms of the Taylor expansion of Ao f ato.

Then the lift F' of f at 0 exists if and only if for j = 1,...,m and for each
system of multi-indices Ai,...,Aq; € Uy, the functions §j (A1,...,Aq;) o jif
have holomorphic extensions to a neighborhood of 0.
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S(A1,...,Aq)

JA(CP, V) C
%(Cp’”)l (A1, Ad)
jqf 15---541d

Cr,0

Ji(cr, z)

Proof. Let F be alift of f. Then by the definition of the function §j (A1, ..., Agy)
for each ¢ > 0 we have

Sj(Al, .. .,Adj) quf = Sj(Ah- .. ,Adj) quF : (Cp,() — (C,
where the right hand side defines a holomorphic germ.

Conversely, let the assumptions of the theorem be satisfied. Let us now use a
representative f : U — Z of the germ, where U is a connected open neighborhood
of 0. Let ¢ be the minimal order of nonzero terms of the Taylor expansion of Ao f
at 0. For each j =1,...,m consider the function

B fani= Y (S Ag) 0 ) (@) ta, ot

Aq )“'7Adj emp,q

where x € U and t = (ta)aen,, € C%»a, By assumption, the function f;’ is a
polynomial in ¢t whose coefficients are holomorphic near 0. By definition, the map
fi= (qu)j:l,...,m : CP x C¥»¢ — C™ is holomorphic near 0.

Since Z~¢ is a Zariski-closed subset of Z of codimension > 1, the inverse image
f~Y(Zs0) is a complex analytic subset of U of codimension > 1 and f~1(Zp) is a
dense open subset of U.

Let, for y € U, f(y) be a regular point and let F, be a local lift of f defined in
a neighborhood U, of y, which exists by Proposition 4.1. For each ¢ consider the
holomorphic map F : U, x C%¥%»9 — V given by:

(4) Fi(x,t):= Y 0aF,(z) ta.
Aed,

By Theorem 3.3, we have

(00 F)(x,t)= Y. 8, (aAle(x), o Oay, Fy(x)) tay o ota,

|
] .

(S)(Arre. o Aq) 0 398, ) (@) ta, -ty = F(a.0)
Al,A..,Adj Ele,q

Therefore for each polynomial @ € I(Z) we have ® o f4 = 0 on U, x C*»« and
thus also on U x C*». So f7 is a holomorphic map from U x C?*»4 to Z and FJ
is a lift of f9.

For each germ of a holomorphic function ¢ € Fcr 5, denote by TayZ ¢ the sum
of terms of the Taylor expansion at x of ¢ of orders < ¢. For each germ ¢ = (¢;);
of a holomorphic map C?,z — C™, put Tay? ¢ := (TayZ ¢;);.
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By assumption, there is a multi-index A € 2, , such that da(A o £)(0) =
da(AoTayd £)(0) # 0. This implies that there is a point zg = (2o 1,...,%o,p) € CP

such that (A o Tayg f)(zo) # 0.

For
A_(17 '717' '7p7"'7p)7
—— ——
r1 times rp times
put
1
ta(@) == ———— (@)™ ... ()", t(a) = (ta(®))aen, ,
T1e...Tp:
where z = (z1,...,1zp) € CP.

By definition, we have F!(y,t(z —y)) = Tay] F,(x) and then f/(y,t(z —y)) =
(0j o Tayy F,)(x). On the other hand, since o; is homogeneous, for a fixed y we
have Tay{ f; = Tayj (o, o Fy) = Tay} (o, o Tay] F,). Thus, we have

(5) Tayy f{(y, t(z — y)) = Tay] f;(x).

By assumption, the function §j (A1,...,Aq;) 0 j9f has a holomorphic extension
to a neighborhood of 0 and we may suppose that the point y belongs to this
neighborhood. Letting y — 0 in (5) we get Tayg f/(0,t(z)) = Tay{ f;j(x). Then
we have (A o f9)(0,t(z)) = A(Tayg f)(z) # 0 and, for the point zyp € CP chosen
above, we have (A o f9)(0,t(xq)) # 0, i.e., f9(0,%(x0)) is a regular point of Z.

Now we will construct a local lift of f. Consider a local holomorphic lift F'? of
f9 near (0,t(z0)) in U x C¥ra which exists by Proposition 4.1. We can choose y
near 0 so that f(y) € Zy, so there exists a local holomorphic lift F), of f near y,
and still (Ao f9)(y, t(x0)) # 0. Consider the map F defined by formula (4). Both
F¢ and F7 are local lifts of f9 at (y,t(z¢)). By Theorem 2.7, there exists g € G
such that F/ = gF'? near (y,t(xo)).

Since FJ(x,t) is linear in t € C%».¢, also F9(x, t) is linear in ¢ and thus is defined
for all t. Put t; := (t1,4)a, where t; g = 1 and t;, 4 = 0 for A # (. Then near
0 € C? we have by 2.9(1),

0j(F(@,t1) = fi(z.t) = (80,....0) 0 jf ) (@) = f;(x),
ie., F9( ,tp)is alocal lift of f at 0. O
Remark. Consider the grading of the ring C[Z] = C[V]¢ induced by the nat-
ural grading of the polynomial ring C[V'] and denote by r the order of the homo-

geneous function A. Let f: CP,0 — Z be a germ of a holomorphic map satisfying
for some positive integer ¢ and for each j = 1,...,m the following conditions:

1) The function S; Aq,...,Ag.)0j%f has a holomorphic extension to a neigh-
J J
borhood of 0 for each system of multi-indices Ay, ..., Ay, € A, 4 such that,

(@-(Al, - Ag) ojqflf) (0) =0 for all Ay, ..., Aq, € Apy 1;
(2) Tayt(A(f)) # 0.
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Then f has a local lift at 0. B
Actually, since Tayy?(A(f)) = Tay,?(A(Tayd f)), the proof of Theorem 4.2 is
valid for this q.

4.3. The conditions for lifting of first order. Next we use the notion of
rational tensor fields on affine varieties (see [7]).

For each 0 < s < d consider the rational symmetric tensor field 7, of type (2)
on Z defined as follows:

n

o= > T (00),0,0,0) dziy @ @ d,

i1, is=1

where T((zl), ooy (3),0, . (Z)) is a partial case of the function T'(Iy, ..., 1) de-
fined in 3.3.
Consider the pull back 7*7, of 75. By definition, we have

T, = Z T(Viyy-ey Vi Uy, 0)dys;, @ - @dy;, = T(dv,...,dv,v,...,0)

i1,..is=1

and then 75 = . T(dv,...,dv,v,...,v), where dv occurs precisely s times. Since
the projection 7 is étale on Vj and by the above formula for 7*7, the tensor field
7*7s is independent of the choice of the invariant coordinates y;, the tensor field
T, is independent of the choice of the invariant coordinates as well. Note that
T = édT induces a regular differential 1-form on Z.

By Lemma 3.2, for each germ f : CP,0 — Z of a holomorphic map we have

P
frry = Z (T((al),...,(as),(/),...,(/)) ojlf) dTg, @ @dxg, .
A1,...,05

Denote by o0;,, where (1 < s < d;), the tensor field 75 for 7 = ;. Then the
conditions for lifting of Theorem 4.2 for each j = 1,...,m and Ay,..., Ag; € Ay,
are equivalent to the following statement: For each 1 < s; < d; the pull back
J*0js,; is a holomorphic germ of a symmetric covariant tensor field on C?. We
call these conditions the conditions of first order. For s = 1 these conditions are
satisfied automatically.

Note that the conditions of the remark at the end of 4.2 for ¢ = 1 use the condi-
tions of first order only. For example, it suffices to consider only these conditions
if we need to have lifts which are linear maps from CP to V.

4.4. Global holomorphic lifts. The following theorem shows that the problem
of global holomorphic lifting can be described topologically.

Theorem. Let U C CP be a classically open connected subset of CP and let f :
U — Z =V/G be a holomorphic map such that f~*(Zy) # 0. Then a holomorphic
lift F:U — V exists iff the image of the fundamental group w1 (f~1(Zy)) under f
is contained in the image of the fundamental group w1 (Vo) under the projection .
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Proof. Since by Proposition 4.1, the local holomorphic lift of f exists for each
x € f~1(Zy), the condition of the theorem is equivalent to the existence of a
holomorphic lift for the restriction of f to f~1(Zy). Actually, let F' be such a lift.
Since f~1(Zy) is an open dense subset of U and 7 is a finite morphism, the lift
F is bounded on bounded subsets of U N f~1(Zy). Then by Riemann’s extension
theorem F' has a holomorphic extension to U which is a holomorphic lift of f. O

4.5. We indicate that the problem of the existence of a global regular lift reduces
to the one for a holomorphic lift.

Theorem. Let U C CP be a Zariski-open subset of CP and let f : CP — Z =
V/G be a rational morphism which is reqular in U and such that f~1(Zy) # 0.
If a global holomorphic lift of f on U exists then it is reqular.

Proof. The proof follows from Lemma 5.1(1) of [7]. O

4.6. Global regular lifts. Now we indicate conditions for the existence of a
global regular lift.

Theorem. Let f : CP — Z = V/G be a regular morphism such that f(CP)N
Zo £ 0. Then f has a regular lift iff there is an integer q¢ > 0 such that, for each
j=1,...m and each multi-index A = (a1, ...,aq), the mapping §j(A, oo, A)ogif
15 constant.

Proof. Let u; be linear coordinates in V and let F = (Fy, ..., F},) be the expres-
sion of a regular lift of f in these coordinates. Suppose ¢ is the maximal degree of
the polynomials F;. Then for each A = (a1,...,a4) the map S;(4,...,A) o j9F is
constant. Theorem 3.3 implies that §j(A, ..., A) 0 jif is constant as well.

Let the condition of the theorem be satisfied. Let x € CP be a point such that
f(x) € Zy. Then there is a local lift F' of f at x. By Theorem 4.2, the condition of
the theorem implies that o;(04F') is constant for each A = (a1,...,aq) and each
j. But this means that d4 F is constant also and, therefore, F' is a polynomial
map of degree < ¢ in a neighborhood of x. Thus F' has a polynomial extension to
the whole of CP and this extension is a lift of f. O

4.7. We consider a special case when the existence of a local lift implies the
existence of a global lift.

Theorem. Let f = (f;) : CP — C™ be a regular morphism from C? to Z = V/G
such that each function f; is homogeneous of degree rd; for some positive integer
r. Then a global reqular lift of f exists iff f has a local holomorphic lift at 0 € CP.

Proof. Consider the action of the group C* on Z induced by the action of the
homothety group on V. This action induces a homotopy equivalence between the
open subset f~1(Z;) and the open subset f~1(Zy)N B, where B is an open ball in
CP centered at 0. Then the statement of the theorem follows from Theorems 4.4
and 4.5. O
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5. FORMAL LIFTS

In this section we find the conditions for lifts of quasiregular formal morphisms
from C? to Z. Note first that Proposition 4.1 about the existence of lifts at regular
points also holds for formal morphisms.

Let o1,...,0y, be the basic generators of C[V]9, dego; = d; for j =1,...,m,
and o : V — o(V) C C™ the corresponding morphism. Consider some invariant
coordinates y; on V and the corresponding function A on Z. Recall that we
consider Z as a Zariski-closed subset o (V') of C™ defined by the ideal 1(Z) of the
ring C[W7, ..., W,,] and, for this presentation of Z, the projection 7 equals the
map o:V — o(V) CC™.

5.1. The functions P,(7) and ]5(1(7'). For a homogeneous G-invariant polyno-
mial 7 on V', consider the function Py(7) : J§°(CP, V) — C[(ta)a]@C[[X1,. .., Xp]]
and the function P,(7) on the set of quasiregular formal morphisms f € Jg°(C?, Z)
such that A(f) # 0 with values in C[(ta)a] ® C((X1,... ,Xp)), where (ta)a =
(ta)aes,, and C[(t4)4] is the ring of polynomials in (t4)4 with complex coeffi-
cients, defined as follows:

Pyr)(F) = > T(A1,...,A))(F)ta, ...ta,,
Aty AgeA, 4
P ()= Y S(An.. A)(f) ta, - tay,

Al,...,AdEQ‘pyq

where F e J3°(CP, V), f€ Jg°(CP, Z), and where T(Ay, ..., Ag) and T(Ay, ..., Ag)
are the functions defined in 2.9 and 3.5. _ _

The following lemma follows from the definitions of P,(7), Py(7), T(A1,..., Aa),
and Theorem 3.5.

Lemma.
(1) We have

P,(1) = P,(1) 0 J&(CP,7) : J&(CP, V) — C[(ta) a] © C[[X1, ..., Xp)]-

Py (T
Jee(Cr, V) — s Cl(ta)a] @ Cl[X, -, X,
ch(cp’ﬂ)l P, (r)
J5e(Cr, Z)

(2) If 71,72 € C[V]Y are homogeneous polynomials of the same degree, then
Po(m1 4 12) = Fy(m1) + Py(72); B
(3) Let 71,72 € C[V]€ be homogeneous polynomials. Then we have Py(Ti72) =

Py(11)Py(72).
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(4) Let f be a polynomial in the graded variables Ty, ..., T, of degrees dy, ..., d,
which is homogeneous with respect to this grading, and let T1,...,7, €
C[V]¥ be homogeneous polynomials of degrees dy, ..., d,. Then we have

Pq(f(ﬁ,...,m) - f(Pq(ﬁ),...,pq(n)),

Pq(f(ﬁ,...,n)) - f(ﬁq(ﬁ),...,ﬁq(n)>.

5.2. For 0 = (01,...,04) and a formal morphism F : C[V] — C[[Xy,..., X}]]
from CP to V put o(F) := (F(01),..., F(om))-

Lemma. Let F: C[V] — C[[Xy,..., X},]] be a formal morphism from CP to V.
If o(F) = 0, then F vanishes on the set of all reqular functions on V with zero

constant terms; or, F' =0 as an element of V @ C[[X1,...,X,]].

Proof. Let (e;) be a basis of V' and w; the corresponding coordinates. It is
sufficient to prove that F(u;) = 0. Since the group G is finite the ring C[V] is
integral over its subalgebra C[V]¢. Then for each i = 1,...,n there is a polynomial
p(r) = 2N + Zjvzl an—;xN =9 whose coefficients an_; belong to C[V]%, such that
p(u;) = 0. Consider the natural grading of the ring C[V]. Since deg((u;)¥) = N
we may assume that degay_; = j. This implies that the coefficients ay_; as
polynomials in ¢; have no constant terms. Then we have

0 = F(p(u;)) = F(u;)N + ZF(GN—j)F(Ui)N_j-

Since o(F) = 0, this equation implies F(u;)Y = 0 and therefore F(u;) = 0. O

5.3. The conditions for formal lifts. For F' € J§°(CP, V') consider P,(7)(F) as
a polynomial in (¢4)4 with coefficients in C[[X71, ..., X,]]. Denote by P,(7)(EF)o(t)
the polynomial in (¢4)4 which is obtained by the evaluation of the coefficients of
the polynomial P,(7)(F') at X = (X1,...,X,) = 0. Similarly, for f € J3°(C?, Z)
consider P,(7)(F) as a polynomial in (£4)4 with coefficients in C((X1,..., X))
and denote by ]Sq(T) (f)o(t) the polynomial in ¢ which is obtained by the evaluation
of the coefficients of the polynomial ﬁq(T) (f) at X = (X, ..
their values at X = 0 are defined.

Xp) = 0 whenever

)

For

A=(1,....1,...,p,...,p,

—— ——

r1 times Tp times

put
1 T T
ta(X) = e () (), X = (140 s,
el Tpe

For a formal power series ¢ € C[[X1,...,X,]], denote by Tay? ¢ the sum of the

terms of ¢ of orders < ¢. Denote by &;(Ay,..., Ag,) the function T(Ay,..., Adg;)
for 7 = 0.
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Recall that by 2.7 for a quasiregular formal morphism f € J§°(CP, Z) there is
a choice of invariant coordinates such that for the corresponding function A we
have f(A) # 0 which here we write also as A(f) # 0.

Theorem. Let f € J°(CP,Z) be a quasiregular formal morphism given by
the equations f(w;) = f; € C[[X1,...,Xp]] for j = 1,...,m, where w; are the
standard coordinate functions on C™ 2O Z. Let y; be invariant coordinates on V
such that for the corresponding function A we have Z(f) # 0. Assume q is the
minimal order of nonzero terms of ﬁ(f)

Then a formal lift F of f exists iff for j = 1,...,m and for each system of
multi-indices Ay, ..., Aq; € Up, we have éj(Al, o Ag)(f) € Cl[X, ..., X

and Tay? f; = Py(0;)(f)o(t(X))-
Proof. Let F be a formal lift of f. Then, by Theorem 3.5, we have

&;(Arr. ., Ap)(f) = 6;(Ar,..., Ag))(F) € C[[X1, .., X, ]I
Moreover, by Lemma 5.1, we have

Tay? f; = Tay*(0;(F)) = Py(0;)(F)o(t(X)) = Py(0)(f)o(t(X))-

Conversely, let the assumptions of the theorem be satisfied and let ¢ be the
minimal order of nonzero terms of A(f). By assumption, Tay?(A(f)) # 0. Then
there is a point zo = (0,1,...,%0,p) € CP such that Tay?(A(f))(z0) # 0.

For each j = 1,...,m consider the function

Fi((ta)a) = Py(o;)(f) = > Gi(Ar . Ag)(f)ta, ctay

We may consider f¢ = (f]') as a formal morphism C¥ra x CP, (t(x)),0) — C™,
i.e., as a morphism 6(Cm,)fq(t(w0)70) — (5(5%,(, TP, ((zo),0)- Ve prove that f4 = (f;’)
is a formal morphism C%».« x CP, (t(x),0) — Z by the following arguments. Let
& € I(Z) be a homogeneous polynomial. Then @ o o = 0 and, by Lemma 5.1, we

have &(f) = &(Py(0;)(f)) = Po(@ 0 05)(f) = 0.

By assumption, we have Tay? f; = ]Sq(oj)(f)o((tA(X))A) = f;]((tA(X))A,O).
Since the polynomial A is homogeneous, we have

Tay? (A(f((X),0))) (w0) = Tay"(A(Tay? /) (wo) = Tay"(A(f))(zo) # 0.
Thus, the formal morphism f? = (fj'-])jzly__”m has a formal lift
F1:C%a x CP,((t(x),0) — V,

which can be written as follows: F'9 = )~ , F'i t4, where A is a multi-index and
FleV®C[Xy,..., X,
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Since F'? is a formal lift of f?, for each j =1,...,m we have

o (F1)= Y &j(F4, - F4, ) ta, - ta,
Aty Ad

= > G An A (bay + tay (w0)) - (Eay, +tay, (20)),
Aly"'7Adj Gmp,q

This implies that Gj(Fgl,...,ngj) = 0 whenever for some k = 1,...,d; we
have |Ay| > ¢. In particular, for a multi-index A such that |A| > ¢ and for each
j=1,...,m we have 0;(F) = 0. By Lemma 5.2, we have Fi} = 0 and, therefore,
the formal lift F'9 is a polynomial in (t4)4 with coefficients in VQC[[ X4, ..., X,]].
Put ¢; := (t{')4 where t9 = 1, and #{ = 0 for A # (). Denote by F9(t;) the value
of F'? as a polynomial in ¢ at ¢ = t;. Then we have

oj(Fi(t1)) = fi(t1) = &;(0,....0)(f) = f;,
i.e., F9(ty) is a formal lift of f. O
5.4. Theorem 5.3 implies the following
Corollary. The map ©° : J°(CP,V)/G — J§°(CP, Z) is injective.

Proof. Let f € J§°(CP, Z) be a formal morphism which has a lift to V.

First assume that the morphism f is quasiregular. Consider a formal morphism
1= (f}); from C¥ra x CP, (t(x0),0) to Z constructed for f in the proof of
Theorem 5.3 and one of its lifts F'¢ : C*».a x CP, (¢(z0),0) — V. Since F4(t(z0),0)
is a regular point of V, the lift F'¢ is unique up to the action of some g € G. On
the other hand, for each lift F' of f, F4 =3, ﬁaAF ta is a lift of f9. This
implies that the lift F' of f is unique up to the action of some g € G.

For an arbitrary formal morphism f € J§°(C?, Z), there is a subgroup K of G
such that we can consider f as a quasiregular formal morphism to VX/(Ng(K)/K).

Then one can prove our statement using the same arguments as in the proof of
Theorem 2.7. U

6. COMPLEX REFLECTION GROUPS

In this section we consider the case when G is a finite group generated by complex
reflections.

6.1. Relative invariants. Recall some standard facts about finite complex re-
flection groups (see [15], [16], and [17]).

First note that in this case the basic generators oq,...,0,, are algebraically
independent, m = n = dim V, and then Z = C™. Therefore we have a unique (up
to permutation) choice of invariant coordinates y; .

Suppose ) is the set of reflection hyperplanes of G and, for each H € §, denote
by ey the order of the cyclic subgroup Gy of G fixing H pointwise, by sy a
generator of Gy, and by Iy a linear functional with the kernel H. Then the
Jacobian J equals [] Hes I3 ! up to some nonzero constant factor ¢ and one
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can take [[cq 05" for A. We may choose the functionals I such that J =
[hes l?{Hil-

Denote by E¢g the set of the orders ey of the cyclic subgroups Gy fixing point-
wise the reflection hyperplanes and, for each e € Eg, set 9. := {H € $Hleg = e}.
Then A, =[] . Ui 18 G-invariant polynomial. Denote by &e the regular func-
tion on Z such that ﬁe om = A,.

Consider the standard action of the group G on C[V] given by g- f = fog™
for every f € C[V] and g € G.

Let x : G — C\ 0 be a character of G. A x-relative invariant is a polynomial
f € C[V] such that g - f = x(g)f for each g € G.

1

Theorem. Let G be a finite group generated by complex reflections and x a
character of G such that x(sg) = det ™" (sg) for some k. Then the polynomial
fx = HHEyj l];j is a x-relative invariant and the space of x-relative invariants
equals the space C[V]C f,,.

In particular, the polynomial J. = ] 5. lf{l is a ye-relative invariant for a
character . such that x.(sy) = detl_e(sH), when H € $., and x.(sg) = 1,
when H ¢ §).. Then the jacobian J is a x-relative invariant for a character x such
that y(sg) = det' ™" (sz).

6.2. The functions T(Al, ...,Ay) and ‘E(Al, ..., Ay) for complex reflection
groups. For a complex reflection group G one can improve the statement (3) of
Theorem 3.3 and the statement (2) of Theorem 3.5 as follows.

Theorem. Let 7 be a homogeneous G-invariant polynomial of degree d on V
and let Aq,...,Aq be a system of multi-indices such that Ay,...,Ax # 0 and
Apg1=--=A43=0. Put M :=2(|A1|+---+|A4|) —d and let, for each e € Eg,
both pe and ve be positive integers such that M = pee — v., where 0 < v, < e.
Then

(1) Tlecr. AM=1eT(Ay, ..., Ag) is a regular function on Z;

(2) Regard A. as a function on J§°(CP, Z). Then [[ cp,. AM—ne T(Ay, ... Ag)
is a function on J§°(CP, Z) with values in C[[X,...,X,]].

Proof. (1) Consider the G-invariant rational function T(dp,v,...,0r,v) on V,
where I7,...,1; be a system of multi-indices such that 1 < || < |A4],...,1 <
[Iy| < |Ag| and Iy4q =--- = I; = 0. Tt is easily checked that

JM = H Aéw_#eva
ecEqg
where x is a character defined by the condition x(sg) = det(sg) e for H €
$e. Since by Lemma 3.1, JM T(05,v,...,0r,v) is a regular function on V,
JM T(0r,v,...,0r,v) is a x-relative invariant for the same character x and then by
Theorem 6.1 we have JM T(dpv,...,0,0) € C[V]Sf,. Therefore
[lecr, AM=re T(I;,...,1;) is a G-invariant polynomial on V and (1) follows

from the definition of the function T(Il, ..., I4) and Theorem 3.3(1).
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One can prove (2) similarly using the definition of the function ‘E(Al, sy Ag)
and Lemma 3.4. O

To apply the above results on lifting we need to find explicit expressions for
the functions §j(A17 ..., Agy) and G;(Aq,..., Ay;) for particular G-modules V.
Although this problem is purely technical the computations are rather complicated.
Therefore we consider only simple examples.

6.3. First Example. Consider the simplest case when V = C and G is the
complex reflection group generated by a generalized reflection z — exp(%)z for
some fixed n > 2. There is one basic invariant ¢ : z — 2™ and Z = C. Consider,
for example, the lifting problem for f € Fcr 0, i-e., the problem of solving the
equation 2" = f in the ring §cr 0. Note that in this case f is either quasiregular,
or equals 0, and it suffices to assume that f is quasiregular.

Let y = 2™ be the invariant coordinate on V. It is clear that the symmetric

n-linear form S on V corresponding to o equals z; ---z,. Consider the system

of multi-indices A1, ..., A, where Ay = (ai,..., aél), ooy Ap = (af,...,ay ) and
Ay =--=A4,=0. Put

r L _ .n-r

aloal oalap T S(04,2,...,04,2) =2"""04,2-- 04,2

By the general procedure we need to express f7, . via y = 2" and its
1 qr

partial derivatives day. We do this by the following recurrence relations.

1

1 r
N A AR

f; = 5&197
(6) y ! (ﬁ... Lsenalan = al;.ia}ll ;;..‘a;‘ra
;1..4% = 8aq ;14..%,1 - (n - 1) i,alu.aq,la
which give the required formulas by induction with respect to ¢ = max{q, ..., ¢}
Thus, for the above system of multi-indices Ay, ..., A, we have

g(Alv s 7An) quf = f;%.‘.a}“w..,a{...ag )
for f € JI(C,Z), and

S(Ay,...,A)(f) = f;}ma;l,.,.,a;;.,agr(f),
for f € J§°(CP, Z).

There is the following stronger form of Theorem 4.2 for the case under consid-
eration.

Theorem. Let f: CP,0 — Z = V/G be a germ of a holomorphic map. Then
f has a local lift at O iff either f =0, or there is a system of indices (a1, ...,a,)
such that the functions fy ., oj"f and fI . . o ©j"f have holomorphic

extensions to a neighborhood of 0 and ( o Oj’"f) (0) #£0.
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Proof. We may suppose that f(0) =0and f # 0. Let F : C? — V be a local lift
of f at 0. Since F' # 0 there is a multi-index A = (ay, ..., a,) such that d4 F(0) #
0. Then the functions f;, , oj"f = F" '0sF and f' . . . oj"f=(9aF)"
are holomorphic near 0 and f;' ., ., ., oj"f#0.

Suppose the conditions of the theorem are satisfied. By (6), the equality

(7) " ey araray 037 F = (Jay a, 03"

is satisfied in a neighborhood of 0 outside the complex analytic set f = 0. Thus it
is satisfied near 0. By assumption, the germ f;' ., ., oj"fisinvertible and
the germs f and fgl___ar o j" f are not invertible in the ring §cr . Since this ring
is factorial (see, for example, [3]), (7) implies that f! , o j"f divides f in this
ring. Then, by (7),

n n s
. P IVt 2T T
ar..ap I f
is a germ of a holomorphic function at 0 and a local lift of f at 0. By definition,
F is defined up to multiplication by exp %

Note that for n = 2 we have, instead of (8), the following simpler formula for
the local lift F":

[ Y

T o /fn T
\/ al...ar,...,alu.aroj f

O

We leave it to the reader to formulate the corresponding results for formal and
regular lifts.

6.4. Second Example. Now we consider the dihedral groups. Since the com-
putations in this case are more complicated, we treat only the tensor fields which
are used in the conditions of first order.
Let G = ®; (I > 3) be the dihedral group acting on the real Euclidean plane
R2. We consider the corresponding complexification of this action on V = C2.
Let v = (z,y) € C2. We put z := x+iy, 2 := x — iy, and for each integer k > 0

AR CUST
k_N"(_1)) k=235, 2] [F — 1) k—2j—1, 2j+1
Rz jE:O( ) 2 "7y and 1z 2 (-1) 9i 41 x Yy

In particular, we have R z = 2 and I z = y. It is easily checked that z¥ = R 2*4i1 2*
and 2F = RzF — 112"

Choose the generators o7 and o9 of the ring (C[V]@l as follows: o1 =
$(@*+y?) and 02 = JR2' = (2 + 20).

By definition, y; = o1 and y2 = o9 are the invariant coordinates on V' which
we will consider also as the coordinates on the orbit space Z = V/G.

Denote by 01,5 and o2 5 the tensor fields 75 from 4.3 for 7 = 07 and 7 = o3,
respectively. To write the conditions of first order it suffices to calculate the tensor
fields 01,2 and o9 s for s =2,...,1.

1.2
522«'—
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It is easily checked that for the coordinates z and z on V' we have

i 1 ~ ~ o~
J=—x1: 01 == (=122 + 2221), o05=—(z1--2+21-2),
2 4 21
¥ . 0 0
dv = —H((z dy; — Zdy2)$ + (=2 "dy1 + zdyg)a—g).

One can put A := (121)2 = 2ly} — 1243

Furthermore we denote by (dy;1)?(dy2)? the symmetrized tensor product of p
factors which are equal to dy; and ¢ factors which are equal to dys.

Using (9) we get

o1,s(dv, dv) = (21_1yi_1dyf — 2lyady1dys + 2y1dy§).

1
T=)?

By the definition of oy 2, we have
Loigim1 121, 2 2
712 = < (27} — 2yadyadys + 213

Similarly, using (9) we get
o9.s(dv,....dv, v,... V)
—_———— ——

s times !l — s times

Z (s) ((_1)s—t3<z—1)tzz—t n (_1)tz(l—1)t/z\l—t)dywidy57t _

t
t=0

= ((# + (-1 dy;

Z's

20(I24)s

S

(8 - _ _ .
+ (-1 t(t>yi F(FOD 4 (1)) ) dyldys t)-
t=1

Using the equality

200 4 (=)0 = (R2H =120 + (1) (R2 4120

we get
o9,s(dv, ..., dv, v,...,v)
———— ——
s times | — s times
(=1)%° l sl 7,8 - tol—t (S, 1—t
(10) =m0+ 302 ()od
t=1
t—1

55 measya s (—1>S+j>dyidy;—t>.
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Let s = 2r. Then (10) implies

(—=1)" 2 2r
02,27 = X yadys” + Z(_l)t2l_t( )yllt
t=1

t
5] o
. Z (_1)ult2u2< o >Auy§—2u—1dy§dygr—t
u=0

Let s = 2r + 1. Then (10) implies

2r+1
0, (21
022741 = ) dy3™+ Y (-1)12 t( >yi t
AT t=2 ¢
(5]

—ouf t— 1 ANu—1, t—2u r+1—
(=1 < )A bRy dyy

2u—1

u=1
By 4.3 we can use the above tensor fields 012 and oz to write down the
conditions of first order for lifting for the dihedral groups ;.

Remark. The conditions of lifting for the ®;-module C? could be reduced to
those of the first example 6.3. This follows from the following formulas:

I)2=A, =Rz +ils, 2 =Rz —ilZ.
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