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FURTHER GENERALIZATION OF SOME DOUBLE INTEGRAL
INEQUALITIES AND APPLICATIONS

WENJUN LIU, CHUNCHENG LI anD YONGMEI HAO

ABSTRACT. Further generalization or improvement of some double integral inequal-
ities are obtained. Applications in numerical integration are also given.

1. INTRODUCTION

Recently, N. Ujevié [8] obtained the following double integral inequalities, which
gave upper and lower error bounds for the well-known mid-point and trapezoid
quadrature rules:
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respectively, where f : [a,b] — R is a twice differentiable mapping, v < f”(¢) <T
f'(b) = f'(a)
b—a
In this paper, we will generalize the above mentioned integral inequalities with
a parameter A by defining p(¢) as in (2.3) and (2.15). Our result in special the
case yields (1.1) and can be better than (1.2). The sharpness of (1.1) and (1.2) is
also obtained. Finally, we give applications in numerical integration.
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2. MAIN RESULTS

Theorem 2.1. Let I C R be an open interval, a,b € I, a <b. If f : I — R is
a twice differentiable function such that f” is integrable and there exist constants
v, T € R, withy < f"(t) <T, t€a,b],0 <\ < 1. Then we have
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then the inequalities given by (2.1) and (2.2) are sharp in the usual sense provided
that A # 1/3.

Proof. Let p : [a,b] — R be given by
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Integrating by parts, we have
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From (2.4)—(2.5) it follows
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From (2.6)—(2.9) we see that (2.1) and (2.2) hold.

149

If we now substitute f(t) = (¢t — a)? in the inequality (2.1) or (2.2) then we
find that the left-hand side, middle term and right-hand side are all equal to

1-3X

provided that A # 1/3.

(b—a)?. Thus, the inequalities (2.1) and (2.2) are sharp in the usual sense

O

Remark. We note that in the special cases, if we take A = 0 in Theorem 2.1

we get (1.1). Furthermore, the inequality (1.1) is sharp in the usual sense.
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Corollary 2.2. Under the assumptions of Theorem 2.1 and with A = 1/3, we
have the following inequality
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Corollary 2.3. Under the assumptions of Theorem 2.1 and with A = 1/2, we
have the following sharp inequality
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Corollary 2.4. Under the assumptions of Theorem 2.1 and with A\ = 1, we
have the following sharp trapezoid inequality
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We now show that (2.12) can be better than (1.2). For that purpose, we give
the following examples.

Example 1. Let us choose f(t) =t* , k> 2, a =0, b> 0. Then we have
F(t) = kt* ) =kk -1ty =0,
I=k(k—1)0p"2 §=kb2

Thus, the left-hand sides of (2.12) and (1.2) become:
k(k—4)

24

We easily find that L.H.S.(2.12) > L.H.S.(1.2) if ¥ > 7. In fact, if £ > 7 then
(2.12) is much better than (1.2).

L.H.S.(2.12) = —gbk and L.H.S.(12) = — bvr

Example 2. Let us choose f(t) = —t*, k> 2, a =0, b> 0. Then we have
fl(t) = =kttt ') = —k(k—1)t""2, I =0,
y=—k(k—1)b"2 8= kb2

Thus, the right-hand sides of (2.12) and (1.2) become:
k(k —4)

bk,
24

R.H.S.(2.12) = gbk and R.H.S.(1.2) =



FURTHER GENERALIZATION OF SOME INTEGRAL INEQUALITIES 151

We easily find that R.H.S.(2.12) < R.H.S.(1.2) if £ > 7. In fact, if k¥ > 7 then
(2.12) is also much better than (1.2).

Theorem 2.5. Let the assumptions of Theorem 2.1 be satisfied. Then we have
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then the inequalities given by (2.13) and (2.14) are sharp in the usual sense.

Proof. Let q : [a,b] — R be given by
(2.15) q(t) = %[t— (1 —=XNa—Xb|[Aa+ (1 —=A)b—t].
We have
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Integrating by parts, we obtain
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From (2.16) and (2.17) it follows
b
/ a(t) [f”(t) e

(b a){(a® + 4ab + b*) — 6[(1 — N)a + Ab][Aa + (1 — \)b]},

and

b
/ g — 7" (1))dt

(2.19) /f dt—i()(b—a)—i—)\(l;)\)S(b—a)?’

+ 12(b a){(a® + 4ab + b*) — 6[(1 — N)a + Ab][Aa + (1 — \)b]}.

We also have

b
/ AL (1) — 7t

< max |q(t) / () — At

t€la,b]

(2.20)

(I_TZ/\(S (b - a)?, /\elo,;—f]ucqt\f,l],

M s )6 a Ae(é—f,iﬁf,
and
b
[ atorr - o

b

» < v at)] [0 = £(0)at
2.21 )

“‘Tw(r—sxb—a)?’, Ae[o,;—f]u<;+f,1],

1 V21
(F—S)(b—a)g, /\€<2—4,2+4

AL =)
2

From (2.18)—(2.21) we see that (2.13) and (2.14) hold.
If we now substitute f(t) = (t — a)? in the inequality (2.13) or (2.14) then
we find that the left-hand side, middle term and right-hand side are all equal to

1
g(bfa)Q. Thus, the inequalities (2.13) and (2.14) are sharp in the usual sense. [
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Remark. We note that in the special cases, if we take A = 0 or A = 1 in
Theorem 2.5 , we can also get (1.2). Furthermore, the inequality (1.2) is also
sharp in the usual sense.

Corollary 2.6. Under the assumptions of Theorem 2.5 and with A = 1/2, we
have another sharp trapezoid inequality
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3. APPLICATIONS IN NUMERICAL INTEGRATION

We restrict considerations to the following quadrature rule with a parameter. We
also emphasize that similar considerations can be done for all quadrature rules
considered in the previous section.

Theorem 3.1. Let the assumptions of Theorem 2.1 hold. If D = {a = z¢ <
xp < -+ < xp =b} is a given diwision of the interval [a,b], h; = 211 — x4,

g _ f@in) = f(i)

1 T h )

1=0,1,2,--- ;n—1,
then we have

b
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for A € [0,v/2 — 1] , while
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Proof. Apply Theorem 2.1 to the interval [x;,z;+1], ¢ = 0,1,2,--- ;n — 1 and
sum. Then use the triangle inequality to obtain the desired result. O
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