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CONVERGENCE THEOREMS FOR ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN BANACH SPACES

YONGFU SU, XIAOLONG QIN anp MEIJUAN SHANG

ABSTRACT. Let E be a uniformly convex Banach space, and let K be a nonempty
convex closed subset which is also a nonexpansive retract of E. Let T: K — E
be an asymptotically nonexpansive mapping with {k,} C [1,00) such that
>0 ((kn —1) < oo and let F(T) be nonempty, where F(T) denotes the fixed

points set of T'. Let {an}, {Bn}, {yn}, {an}, {Bn}, {yn}, {on}, {8} and {7, } be
real sequences in [0, 1] such that an + Bn +vn = al, + 8}, +75, = ol + 81+ =

and € < an,al,,all <1—¢for all n € N and some & > 0, starting with arbitrary

z1 € K, define the sequence {zn} by setting

zn = P(!T(PT)* Yan + B xn + v wn),

yn = P(al,T(PT)" ' zn + Blan + Yvn),

Tn+1 = P(anT(PT)nilyn + ,ann +’7nun)7
with the restrictions > °°  yn < 00, 302 ), < oo and >.0° | v, < oo, where
{wn},{vn} and {un} are bounded sequences in K. (i) If E is real uniformly con-
vex Banach space satisfying Opial’s condition, then weak convergence of {z,} to
some p € F(T) is obtained; (ii) If T satisfies condition (A), then {z,} convergence
strongly to some p € F(T).

1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space, K be a nonempty subset of X and F(T") denote
the set of fixed points of T. A mapping T : K — K is said to be asymptotically
nonexpansive if there exists a sequence {k,} of positive real numbers with k,, — 1
as n — oo such that

IT"x — T y|| < knllx —yl| for all z,y € K.

This class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [2] in 1972. They proved that, if K is a nonempty bounded closed
convex subset of a uniformly convex Banach space E, then every asymptotically
nonexpansive self-mapping 7" of K has a fixed point. Moreover, the fixed point
set F(T) of T is closed and convex.
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Recently, Chidume et al. have introduced another new concept about asymp-
totically nonexpansive mappings

Definition 1.1 ([1]). Let F be a real normed linear space, K a nonempty
subset of E. Let P : E — K be the nonexpansive retraction of £ onto K. A map
T : K — F is said to be an asymptotically nonexpansive if there exists a sequence
{kn} C [1,00) and k,, — 1 as n — oo such that the following inequality holds:

IT(PT)" e = T(PT)" 'yl < knllz —yll,  Vo,ye K, n>1
T is called uniformly L-lipschitzian if there exists L > 0 such that
IT(PT)" e = T(PT)" 'yl < L|z —yl, Vo,ye K, n>1

Many authors have contributed by their efforts to investigate the problem of
finding a fixed point of asymptotically nonexpansive mappings and non-self asymp-
totically nonexpansive mappings. In [5], [6], Schu introduced a modified Mann
iteration process to approximate fixed points of asymptotically nonexpansive self-
maps defined on nonempty closed convex and bounded subsets of a Hilbert space
H. More precisely, he proved the following theorems.

Theorem JS1 ([5]). Let H be a Hilbert space, K a nonempty closed con-
vexr and bounded subset of H, and T : K — K be a completely continuous
asymptotically nonexpansive mapping with sequence {k,} C [1,00), k, — 1 and
S (k2 —1) < co. Let {a, 132, be a real sequence in [0,1] satisfying the condi-
tion e < ap, <1 —¢ for allmn > 1 and for some ¢ > 0. Then the sequence {x,}
generated from arbitrary x1 € K by

Tnt+1 = (1 - an)xn + OénTnxna n=>1,

converges strongly to a fixed point of T.

Theorem JS2 ([6]). Let E be a uniformly convex Banach space satisfying
Opial’s condition, K a nonempty closed conver and bounded subset of E, and
T : K — K an asymptotically nonexpansive mapping with sequence {k,} C [1,00),
kn — 1 and Y )2 (k2 —1) < oo. Let {a, }52, be a real sequence in [0,1] satisfying
the condition 0 < a < ay, < b < 1, for alln > 1 and some a,b € (0,1). Then the
sequence {x,} generated from arbitrary x1 € K by

Tny1 = (1 - an)xn + anTnxn» n > ]-7

converges weakly to a fized point of T'.

In [4], Rhoades extended Theorem JS1 to a uniformly convex Banach space
using a modified Ishikawa iteration method. In [3], Osilike and Aniagbosor proved
that the theorems of Schu and Rhoades remain true without the boundedness
condition imposed on K, provided that F(T) = {z € K : Tx =z} # (.

In [9], Tan and Xu introduced a modified Ishikawa processes to approximate
fixed points of nonexpansive mappings defined on nonempty closed convex bounded
subsets of a uniformly convex Banach space E. More precisely, they proved the
following theorem.
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Theorem TX ([9]). Let E be a uniformly convex Banach space which satisfies
Opial’s condition or has a Frechet differentiable norm. Let C' be a nonempty closed
convex bounded subset of E, T : C' — C' a nonexpansive mapping and {c,}, {On}
be real sequences in [0, 1] such that Y .~ | an(l—an) =00, Y0r; Bu(l—ay) = 0.
Then the sequence {x,} generated from arbitrary z1 € C' by

(1.1) Tnt1 = (L —ap)zn + @, T[(1 = Bn)zn + BnTx,], n>1

converges weakly to a fixed point of T'.

In the above results, T remains a self-mapping of a nonempty closed convex
subset K of a uniformly convex Banach space, however if, the domain K of T is
a proper subset of E (and this is the case in several applications), and T' maps K
into E, then iteration processes of Mann and Ishikawa may fail to be well defined.

In 2003, Chidume et al. [1] studied the iteration scheme defined by

T, € K, Tpi1 = P((1 — ap)xn + o, T(PT)" ta,), n > 1.

In the framework of a uniformly convex Banach space, where K is a nonempty
closed convex nonexpansive retract of a real uniformly convex Banach space E with
P as a nonexpansive retraction. 7' : K — FE is an asymptotically nonexpansive
non-self map with sequence {k,} C [1,00), kn, — 1. {a,}52, is a real sequence
in [0,1] satisfying the condition ¢ < «,, < 1 —¢ for all n > 1 and for some
€ > 0. They proved strong and weak convergence theorems for asymptotically
nonexpansive nonself-maps.
Recently, Naseer Shahzad [7] studied the sequence {x, } defined by

T € K, Tnt1 = P((1 — ap)zn + 0y TP[(1 — Bn)xn + BnTxs)),

where K is a nonempty closed convex nonexpansive retract of a real uniformly
convex Banach space F with P as a nonexpansive retraction. He proved weak
and strong convergence theorems for non-self nonexpansive mappings in Banach
spaces.

Motivated by the Chidume et al. [1], Nasser Shahzad [7] and some others, the
purpose of this paper is to construct an iterative scheme for approximating a fixed
point of asymptotically nonexpansive non-self maps (provided that such a fixed
point exists ) and to prove some strong and weak convergence theorems for such
maps.

Let K be a nonempty closed convex subset of a real uniformly convex Banach
space F. In this paper, the following iteration scheme is studied

r1 € K

2n = P(a!T(PT)" ‘a, + Bz, + ' w,)

Yn = P(a, T(PT)" 'z, + BLn + v vn)

Tnt1 = P(anT(PT)" 'Yy + Bntn + Yntin)

where {an }, {Bn}, {70}, {on}, {BL} {7}, {en}, {80} and {77} are real sequences

in (0, 1) such that ap, + Bn + v =, + B, + v, =all + 8/ ++/ = 1.
Our theorems improve and generalize some previous results to some extent.

(1.2)
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Let E be a real Banach space. A subset K of E is said to be a retract of E if
there exists a continuous map P : E — E such that Pr = z for all z € K. A map
P : FE — FE is said to be a retraction if P2 = P. It follows that if a map P is a
retraction, then Py = y for all y in the range of P.

A mapping T with domain D(T') and range R(T') in E is said to be demiclosed
at p if whenever {x,} is a sequence in D(T') such that {z,} converges weakly to
x* € D(T) and {Tx,} converges strongly to p, then Tz* = p.

Recall that the mapping T': K — F with F(T) # () where K is a subset of E,
is said to satisfy condition A [8] if there is a nondecreasing function f : [0,00) —
[0,00) with f(0) =0 and f(r) > 0 for all r € (0, 00) such that for all v € K

| = Tz|| = f(d(z, F(T)),

where d(z, F(T)) = inf{||z — p|| : p € F(T)}.
In order to prove our main results, we shall make use of the following Lemmas.

Lemma 1.1 (Schu [6].). Suppose that E is a uniformly convexr Banach space
and 0 < p<t, <qg<1foralne N. Suppose further that {x,} and {y,} are
sequences of E such that

limsup ||, || < r,limsup ||y,|| <7

n—oo n—oo
and

lim ||thxn, + (1 —tn)ynl =7
hold for some r > 0. Then limy,_,c ||Zn — yn|| = 0.

Lemma 1.2 ([1] Demiclosed principle for nonself-map). Let E be a uniformly
convexr Banach space, K a nonempty closed convexr subset of E. LetT : K — E
be an asymptotically nonexpansive mapping with {k,} C [1,00) and k, — 1 as
n — oo. Then I —T is demiclosed with respect to zero.

Lemma 1.3 (Tan and Xu [9]). Let {r,}, {sn} and {t,} be three nonnegative
sequences satisfying the following condition

Tn41 S (1 + Sn)rn + tna vn Z 1.

If ZZO:1 Sy < 00 and ZZO:1 t, < 00, then lim, _ . 1y, exists.
2. MAIN RESULTS

Lemma 2.1. Let E be a uniformly convexr Banach space and K a nonempty
closed convex subset which is also a nonexpansive retract of E. Let T : K — E be
an asymptotically nonexpansive mapping with {k,} C [l,00) such that
Sooe (kn — 1) < co. Let {x,} be the sequence defined by the recursion (1.2)
taking arbitrary 1 € K, with the restrictions Y - vn < 00, > o 75 < oo and
oo W < 0o. Then limy,_.o ||z, —p|| exists, for any p € F(T), where F(T)
denotes the nonempty fized point set of T'.
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Proof. Since {w,}, {v,} and {u,} are bounded sequences in C, for any given
p € F(T), we can set

My = sup{||u, —pl|| : » > 1}, My = sup{||v, — pl|| : » > 1},
M3 = sup{||w, —p|| : n > 1}, M =max{M,; :i=1,2,3}.
It follows from (1.2) that
120 = pll = | P(ay T(PT)" 20 + Bran +vws) — b

< lan (PT)" ', + T+ Y wn = Pl
< apIT(PT)" an = pll + By l2n — pll + 73 lwn — o]
= ap||T(PT)" &y — T(PT)"'p|l + Byl — pll + 7 llwn — pl]
< apkpllan = pll + By lln — pll + vpllwn = pll
< dpknllzn = pll + (1= ay)llzn = pll + 7 llwn — pl
< knllzn = pll + 7 M,

which implies that
(2.1) [z = pll < knllzn — pll + 77 M.
From (1.2) and (2.1) we get
lyn = pll = |P(a}, T(PT)" 20 + Bpen + vpvn) = b
< oy, T(PT)" " 20 + B0 + 7r0n — |
< IT(PT)" 20 — pll + By, |0 — pll + 75 llvn — p
= o IT(PT)" 'z, — T(PT)"'pl| + By llxn — pll + 75 l[on — p
< apkpllzn = pll + By llwn — pll + Ypllvn — 1l
< agknllzn = pll + (1 = ap)llzn = pll +vpllvn = pl|
< apkn(knllzn = pll + 9 M) + (1 = ap) |z = pll + 75 llvn — 1
< kpllzn = pll + knyy M + 7, M,
which inplies that
(2.2) lyn = pll < kallzn — pll + kny M+, M.
Again, from (1.2) and (2.2) we have
#2011 = pll = 1P(nT(PT)"  yp + Bnitn + mttn) — pl|
= [l T(PT)" 'y + Bnitn + yntin — pl|
< || T(PT)" Yy — pll + Bullan — pll + Y llun —
< an|[T(PT)" y, — T(PT)"'pll + Bullzn — pll + nllun — pll
< anknlyn — pll + Bullzn — pll + ¥ llun — pll
< ankpllyn — pll + (1 — an)|lzn — pll + Ynllun — pll
< ankn (k2|20 = pll + knyn M + 7, M) + (1 = o) @0 — pl| +va M
< kplln = pll + Koy M + knyp, M + 7, M.
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Therefore

(2:3)  llznsr —pll < @+ (k5 = D)llen — pll + (k37 + ka7, +77) M.

Note that > 7 (k, — 1) < oo is equivalent to > - (k3 — 1) < oo, therefore by
Lemma 1.3, lim,, . ||z, —p|| exists for all p € F(T). This completes the proof. [

Lemma 2.2. Let E be a normed linear space, K a nonempty closed con-
vex subset which is also a nonerpansive retract of E, T : K — E a uniformly
L-Lipschitzian mapping. Let {x,} be the sequence defined by the recursion (1.2)

oo 1

taking arbitrary x1 € K, with the restrictions Y ., ¥ < 00, Yoo Vh <00 and
S i <00 and set Cp, = |z, — T(PT)" ta,|, Vn > 1. Iflim, o C, =0,
then limg, oo ||z — Ty|| = 0.

Proof. Since {uy}, {v,} and {w,} are bounded, it follows from Lemma 2.1 that
{un — xn}, {vn — 2n}, {w, — z,} are all bounded, now, we set
r1 = sup{||un, — x,|| : n > 1}, ro = sup{||v, — x,|| : n > 1},
rg = sup{||w, — x| i n > 1}, rg = supf{||vp_1 — x,|| i n > 1},
rs = sup{||un_1 — T(PT)" %z,| : n > 1}, r=max{r; :i=1,2,3,4,5}.
It follows from (1.2) that
12nt1 = @nll < lanT(PT)" ™ yn + Ban + Yntin — T
< NT(PT)" ™y = aall + yar
< T(PT)" ™ an — @l + | T(PT)" "y — T(PT)" " | + yur
< Cp+ L||yn — xn|| + ynr
< Cp + L), T(PT)" 2, + B0 +Yvn — || + Yur
< Cp + L|T(PT)" 2, — 2| + 4L L1 + yur
< Cp + L|T(PT)" 2, — 2,|| + L|T(PT)" 2, — T(PT)" ‘a,||
+ Y5 L1 + Y1
< Cp+ LCy + LP||2n — x| + v L1 + Yt
< Cn+ LCy, + L?|| o T(PT)*  ayy + Bl @ + viwy — T |
+ L1 + ypr
(2.4) = Cp(14+ L+ L?) + 7L + ), Lt + ynr
and
[Yn—1 = 2l < llaq 1 T(PT)" 201 + B_1@n-1 + Yp_1Vn-1 — Tn]|
< IT(PTY™ 201 — 2l + 1 — 2l + V7
<|TPT)"P2n—1 = @nall + | T(PT)"?2p1 = T(PT)"wn]
+2)|zp—1 — @all + Vo1
(2.5) < Ch1 + LCh1 + Ly 17+ 2||Tn—1 — || + vy
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Substituting (2.4) into (2.5) we obtain
[yn—1 = @nll € Cmr1(3+ 3L +2L%) + (1 + 2L)r (L1 +77-1)
+ 27) 4.
On the other hand, from (2.4) and (2.6) we have
n — (PT)" L
< ||an,1T(PT)”_2yn,1 + Bn1ZTp-1 + Yn-1Un_1 — T(PT)"_zan
< | T(PT)" 2y, _1 — T(PT)" 22, + [|[2n_1 — T(PT)" 22,
+ Yn—1T
< Lllyn-1 = @nll + |2n-1 = T(PT)" 21|
H|IT(PT)" 22n—1 — T(PT)"2nl| + yn-1r
< Lljyn-1 = @nll + Co1 + L||zp—1 — @ + vn-1r
< LCy—1(4+4L +3L*) + Cpq + LPry))_1(1 + 3L)
(2.7) +3Lry,_1(1+ L)+ (1 + L)ry,—1.
It follows from (2.7) that
0 = Tall < 20 — T(PT)" L]l + | T(PT)" 2 — T
< Cp+ LI|(PT)" 1z, — 2, |
<Cn+ L*Cp_1(4+4L +3L*) 4+ LC, 1 + LPr+/_, (1 + 3L)
+3L%,_ (1 + L)+ L(1 + L)ry,_1.

(2.6)

It follows from lim, oo Cr, =0, > 00 1 < 00, > oo v <ooand > .7 v, < 0
that

lim |z, —Tz,| =0.
This completes the proof. O

Theorem 2.1. Let E be a uniformly convexr Banach space and K a
nonempty closed convex subset which is also a nonexpansive retract of E. Let
T:K — E be an asymptotically nonexpansive mapping with {kn} C [1,00) such
that 325, (ky —1) < 00 and F(T) £ 0. Let {an}, {Ba}, {3} {al} {85},
{v.}, {ai}, {81} and {~)} be real sequences in [0,1] such that a, + By + o =
an + 8, +q, =an+ 80+ =1and e < ap,a, o <1—¢ foralln € N

and some € > 0. Let {x,} be the sequence defined by the recursion (1.2) taking
arbitrary x1 € K. Then lim,,_ ||z, — Tx,| = 0.

Proof. Take p € F(T), by Lemma 2.1 we know, lim,,_, ||z, — p|| exists. Let
lim, oo ||&n — p|| = ¢. If ¢ = 0, then by the continuity of T' the conclusion follows.
Now suppose ¢ > 0. We claim lim,, . || Tz, — || = 0. Taking limsup on both
the sides in the inequality (2.1), we have
(2.8) limsup ||z, —p| <ec.

n—oo
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Similarly, taking limsup on both sides of the inequality (2.2), we have
(2.9) limsup [ly, — pl| < c.

n—oo

Next, we consider
IT(PT)" yn — p+ Yulun — z)|| < |T(PT)"  yn = pll +vnllun — @0l
< Enllyn = pll + yr
Taking limsup on both the sides in the above inequality and using (2.9) we get
limsup [|T(PT)" Yy — p + Yo (tn — 2| < c.

n—oo

and
|Zn =P+ Y (Un — zn)|| < |20 — Pl + Yo lltn — 20|

< lzn = pll +vnr,
which imply that
limsup [|zn, — p + Yo (un — zp)|| < c

n—oo

Again, lim [|2n4+1 — p|| = ¢ means that
n—oo

(2.10) lim inf [|ov,, (T(PT)" " yn — p + Yo (s — )
+ (1= an)(@n —p+ Yu(un —z0))|| > c
On the other hand, using (2.1) yields
”an(T(PT)nilyn =P+ Yn(un —2n)) + (1 — an)(@n — P+ Y (un — )|
< anHT(PT)"_lyn =l + (1 = an)lzn —pll + ynllun — 2,
< anknllyn — pll + (1 = an)l|zn — pll + Vo llun — o4
< ankn(kinxn —pl + kn'ﬂz’r + '%lzr) + (1 = an)llzn = pll +Ynlltn — 2,

< kpllen = pll + kpynr + knvpr 4 ar.
Therefore,
limsup ||, (T(PT)" Yy — 9+ Yo (Un, — 1))
(2.11) n—oe

+ (1= an)(@n —p+Tn(un —20))| < e
Combining (2.10) with (2.11) we obtain
im [lov, (T(PT)" g = p + Y (e — )
+ (1 —apn)(@n —p+(un — )| = c
By applying Lemma 1.1, we have
(2.12) lim | T(PT)" "y, — 2| = 0.
Notice that
lzn = pll < I T(PT)"  yn — x| + |T(PT)" "y — pl|
< T(PT)" yn — @nll + Enllys — pll,
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which yields
¢ <liminf ||y, — p|| < limsup ||y, — p|| < c.
n—0o0 n—o0

This implies that
Jimly —pll = c.
Again, nlixrgo llyn — pll = c gives
liminf ||}, (T2, — p + 7, (v, — 1))
(2.13) n—o0
+ (1= ap)(@n —p+ (e —20))|| Z ¢
Similarly, we have
o (T(PT)" " 2 = p+ 7y, (vn — @) + (1 = @) (@ =+ 77, (v — @)

< o [IT(PT)" 2n = pll + (1 = ag)[lzn = pll + 73 lvn — 2a

< apkinllzn = pll + (1= af)llzn = pll + Ypllvn — 24l

< dpkin(bnllzn = pll 4+ 9nr) + (1= ap)l2n = pll + Ypllvn — znll

< kpllan = pll + ke +
Therefore,

limsup ||, (T(PT)" 'z, —p+ ., (vn — )
(2.14) n—oc
+ (1 —ap)(@n —p+ 1 (vn —z0))| < c

Combining (2.13) with (2.14) yields that

lim (o, (T(PT)"" 2, — p + 7} (v — )
(2.15) " / /
+ (1= al)(@n — p+ Yy (vn — 2a))l| = c.

On the other hand, we have
IT(PT)" 20 = p+ 7, (00 — 2) | < |T(PT)" 20 — pll + 7 llon — 24
S anZn _pH + ’)/;l’l"
Taking limsup on both sides of the above inequality and using (2.1), we have

(2.16) limsup ||T(PT)" 2, —p+ 7, (vn —zn)|| < ¢

n—oo
and
20 =+ (o0 = zp) | < |20 = pll + Yy llon — |
< llen = pll + 7,
which yields

(2.17) limsup ||z, — p + 7, (v — x0) || < c.

n—oo

Applying Lemma 1.1, it follows from (2.15), (2.16) and (2.17) that
(2.18) lim | T(PT)" 'z, — .| = 0.

39
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Notice that
|20 —pl < HT(PT)nilzn —Zn|| + HT(PT)nilzn =l
<\ T(PT)" 'z — 2l + knllzn — pl|-
We have
¢ < liminf ||z, — p|| < limsup ||z, — p|| < c.
That implies that
(2.19) lim |z, —p|| =c.
By the same method, we have

lim [al(T(PT)" 2 = p + (W — 7))
(2.20) n—eo
+ (1= Q) (@n =+ (wn —20)) = ll = c.

Moreover,
IT(PTY"™ 2 — p+ 4 (wn — )| < IT(PTY" Y2 — pll + 2l —
< knllzn —pll + 57
which implies that
(2.21) limsup ||[T(PT)" 2, — p+ 7 (wn — z,)|| < c

n—oo

It follows from
1

lzn —p+ 'Y;L/(wn —zn)| < lzn —pll + 'Yn”wn — Zn ||
< lzn = pll + v

we obtain

(2.22) limsup ||z, — p + 7, (wn — )| < ¢

Combining (2.20), (2.21) with (2.22) yields

(2.23) lim |T(PT)" tx, — x,| = 0.
n—oo

Since T is uniformly L-Lipschitzian for some L > 0, it follows form Lemma 2.2
that

lim @, — Tz,| = 0.
This completes the proof. O

Theorem 2.2. Let K be a nonempty closed convex subset of a uniformly con-
vex Banach space E satisfying Opial’s condition. Suppose that T : K — FE is
an asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
S (kn—1) <00, ky — 1 asn — oo. Let {x,} be defined by (1.2), where {a,},
Ok, L, i d, (843, {0}, {a2}, {87} and {2/} are real sequences in [0, 1]
such that o~ Bn+yn = ol + 0, +75, = an+ 00+~ =1L ande < ay,al, ol <1l-—¢
for alln € N and some ¢ > 0. Then {x,} converges weakly to a fixed point of
F(T).
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Proof. For any p € F(T), it follows from Lemma 2.1 that lim, ., ||2n, — p||
exists. We now prove that {z,} has a unique weak subsequential limit in F'(T).
Firstly, let p; and py be weak limits of subsequences {z,,} and {z,,} of {z,},
respectively. By Lemmas 2.1 and 2.2, we know that p € F(T'). Secondly, let us
assume p; # pg, then by Opial’s condition, we obtain

lim ||z, —p1]| = lim [[2,, —p1]| < lim |z, —p2l = lim [J2,; — pa
n— 00 k—oo k—o0 j—o00
< lim ||z, —pill = lim |z, — p1]]
k—o0 n— oo

which is a contradiction. Hence p; = ps. Then {x,} converges weakly to a fixed
point of T'. The proof is complete. O

Next, we shall prove a strong convergence theorem.

Theorem 2.3. Let E be a uniformly convexr Banach space and K a nonempty
closed convex subset which is also a nonexpansive retract of E. Let T : K — E be
a nonexpansive mapping with p € F(T) := {x € K : Tx = x}. Let {a,}, {fn},
{v}, {a,}, 8L}, {vnts {a}, {8} and {7} be real sequences in [0,1] such that
an+On+ym =l + 0, +v, =l + 6+~ =1 and and e < ay,, 0, ol < 1—¢ for
alln € N and some ¢ > 0. Let {x,,} be the sequence defined by the recursion (1.2)
taking arbitrary x1 € K. Suppose T satisfies condition (A). Then {x,} converges
strongly to a fixed point of T.

Proof. By Lemma 2.1, lim, . ||z, — p|| exists for all p € F = F(T). Let
lim,, o || s — p|| = ¢ for some ¢ > 0. If ¢ = 0, there is nothing to prove. Suppose
¢ > 0. By Theorem 2.1, lim,, o ||T2,, — 2] =0, and (2.5) give
inf [[z,41 —pl| < inf (1 + (ki = D)llzn —pll + (ki’%f + kn'Y;z +Yn) M.
pEF peF

This means that
d(zpy1, F) < (14 (k) = D)d(@n, F) + (ki + knv,, + ) M.

Thus lim,, . d(z,, F') exists by virtue of Lemma 1.3. Now by condition (?A?),
lim,, oo f(d(zp, F')) = 0. Since f is a nondecreasing function and f(0) = 0, there-
fore lim,, .o d(z,, F) = 0. Now we can take a subsequence {z,,} of {z,} and
sequence {y;} C F such that ||, —y;| < 277. Then following the method in the
proof of Tan and Xu [9], we get that {y;} is a Cauchy sequence in F' and so it
converges. Let y; — y. Since F is closed, therefore y € F' and then x,, — y. As
lim, o || s — pl| exists, x,, — y € F = F(T) thereby completing the proof. O
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