CONVERGENCE THEOREMS FOR ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS IN BANACH SPACES

YONGFU SU, XIAOLONG QIN anxp MEIJUAN SHANG

ABSTRACT. Let E be a uniformly convex Banach space, and let K be a nonempty convex closed subset
which is also a nonexpansive retract of E. Let T': K — Ebe an asymptotically nonexpansive mapping
with {kn} C [1,00) such that

>0 1(kn — 1) < oo and let F(T') be nonempty, where F(T') denotes the fixed points set of 7. Let
{ants {Bu}, Tanks Lo}, {84}, (i}, {a}, {81} and {4/} be real sequences in [0, 1] such that
an+Bn+m=ahL+8,+v, =al+8l+~) =1and e < an,al,,all <1—c¢foralln € N and some
€ > 0, starting with arbitrary 21 € K, define the sequence {z, } by setting

zn = P(a T(PT)" 'zn + Bljzn + 71 wn),

Yn = P(a, T(PT)" 'zn + Bran + vp0n),

Tny1 = P(anT(PT)" lyn + Bnn + yntn),
with the restrictions > 2 ; vn < 00, Y02 v5, < oo and > 02 | vy < oo, where {wn}, {vn} and {un}
are bounded sequences in K. (i) If F is real uniformly convex Banach space satisfying Opial’s condition,

then weak convergence of {z,} to some p € F(T) is obtained; (ii) If T satisfies condition (A), then
{zn} convergence strongly to some p € F(T).
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1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space, K be a nonempty subset of X and F(T) denote the set of fixed
points of T. A mapping 7" : K — K is said to be asymptotically nonexpansive if there exists a
sequence {k,} of positive real numbers with k, — 1 as n — oo such that

Tz — T y|| < kyllz — y| for all z,y € K.

This class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [2] in
1972. They proved that, if K is a nonempty bounded closed convex subset of a uniformly convex
Banach space F, then every asymptotically nonexpansive self-mapping 7" of K has a fixed point.
Moreover, the fixed point set F'(T') of T is closed and convex.

Recently, Chidume et al. have introduced another new concept about asymptotically nonex-
pansive mappings

Definition 1.1 ([1]). Let E be a real normed linear space, K a nonempty subset of E. Let
P : E — K be the nonexpansive retraction of £ onto K. A map T : K — F is said to be an
asymptotically nonexpansive if there exists a sequence {k,} C [1,00) and k,, — 1 as n — oo such
that the following inequality holds:

IT(PT)" " e = T(PT)" 'yl < knllz —yl,  Vz,ye K, n>1
T is called uniformly L-lipschitzian if there exists L > 0 such that
IT(PT)* e —T(PT)" 'yl < Lllz —yl, Vz,yek n>L

Many authors have contributed by their efforts to investigate the problem of finding a fixed point
of asymptotically nonexpansive mappings and non-self asymptotically nonexpansive mappings.
In [5], [6], Schu introduced a modified Mann iteration process to approximate fixed points of
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asymptotically nonexpansive self-maps defined on nonempty closed convex and bounded subsets
of a Hilbert space H. More precisely, he proved the following theorems.

Theorem JS1 ([5]). Let H be a Hilbert space, K a nonempty closed convex and bounded subset
of H, and T : K — K be a completely continuous asymptotically nonexpansive mapping with
sequence {kn} C [1,00), k, — 1 and Y 07 | (k2 — 1) < co. Let {a,}52; be a real sequence in [0,1]
satisfying the condition e < a, <1 —¢€ for alln > 1 and for some € > 0. Then the sequence {z,}
generated from arbitrary 1 € K by

Tnt1 = (1 — an)xn + @nT"xn, n>1,

converges strongly to a fixed point of T.

Theorem JS2 ([6]). Let E be a uniformly convex Banach space satisfying Opial’s condition, K
a nonempty closed convex and bounded subset of E, andT : K — K an asymptotically nonexpansive
mapping with sequence {k,} C [1,00), k, — 1 and Yoo (k2 — 1) < oo. Let {a,}32, be a real
sequence in [0, 1] satisfying the condition 0 < a < o, < b < 1, for alln > 1 and some a,b € (0,1).
Then the sequence {x,} generated from arbitrary z1 € K by

Tpt1 = (1 — on)n + 0T Ty, n > 1,

converges weakly to a fized point of T'.

In [4], Rhoades extended Theorem JS1 to a uniformly convex Banach space using a modified
Ishikawa iteration method. In [3], Osilike and Aniagbosor proved that the theorems of Schu and
Rhoades remain true without the boundedness condition imposed on K, provided that F(T') =
{r e K:Tx=ua} #0.

In [9], Tan and Xu introduced a modified Ishikawa processes to approximate fixed points of
nonexpansive mappings defined on nonempty closed convex bounded subsets of a uniformly convex
Banach space E. More precisely, they proved the following theorem.



Theorem TX ([9]). Let E be a uniformly convex Banach space which satisfies Opial’s condition or
has a Frechet differentiable norm. Let C be a nonempty closed convex bounded subset of E, T : C —
C' a nonezpansive mapping and {ay, }, {Bn} be real sequences in [0,1] such that > > | an(1—ay) =
00, Yooy Bn(l — an) = 00. Then the sequence {x,} generated from arbitrary z, € C' by

(1.1) Tl = (1 — an)xpn + anT(1 = Bn)xn + BnTxy], n>1

converges weakly to a fized point of T'.

In the above results, T' remains a self-mapping of a nonempty closed convex subset K of a
uniformly convex Banach space, however if, the domain K of T is a proper subset of E (and this
is the case in several applications), and 7' maps K into E, then iteration processes of Mann and
Ishikawa may fail to be well defined.

In 2003, Chidume et al. [1] studied the iteration scheme defined by

1 € K, Tpy1 = P((1 — ap)zn + o, T(PT)" a,), n>1.

In the framework of a uniformly convex Banach space, where K is a nonempty closed convex non-
expansive retract of a real uniformly convex Banach space E with P as a nonexpansive retraction.
T : K — FE is an asymptotically nonexpansive non-self map with sequence {k,} C [1,0), k, — 1.
{@,}22, is a real sequence in [0, 1] satisfying the condition € < o, <1 — € for all n > 1 and for
some € > 0. They proved strong and weak convergence theorems for asymptotically nonexpansive
nonself-maps.

Recently, Naseer Shahzad [7] studied the sequence {z,} defined by

r1 € K, Tnt1 = P((1 — an)xn + @ TP[(1 — Bn)xn + BnTxy,]),

where K is a nonempty closed convex nonexpansive retract of a real uniformly convex Banach
space E with P as a nonexpansive retraction. He proved weak and strong convergence theorems
for non-self nonexpansive mappings in Banach spaces.
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Motivated by the Chidume et al. [1], Nasser Shahzad [7] and some others, the purpose of
this paper is to construct an iterative scheme for approximating a fixed point of asymptotically
nonexpansive non-self maps (provided that such a fixed point exists ) and to prove some strong
and weak convergence theorems for such maps.

Let K be a nonempty closed convex subset of a real uniformly convex Banach space E. In this
paper, the following iteration scheme is studied

v € K
n = P(a;{T(PT)”_lxn + BnTn + Ynwn)
= P(c, T(PT)" 20 + B,%n + Yn0n)
Tnt1 = P(anT(PT)" Yyp + BnTn + Yntn)

where {an}, {8}, {1}, {ar}, {Bn}, {7}, {en}, {87} and {~} are real sequences in (0, 1) such
that o + B+ m=0p, + 0, +v, =ap+ 6, +7, =1.

Our theorems improve and generalize some previous results to some extent.

Let E be a real Banach space. A subset K of E is said to be a retract of E if there exists a
continuous map P : E — FE such that Pz = x for all x € K. A map P : E — FE is said to be a
retraction if P2 = P. It follows that if a map P is a retraction, then Py = y for all y in the range
of P.

A mapping T with domain D(T') and range R(T) in E is said to be demiclosed at p if whenever
{z,} is a sequence in D(T') such that {z,} converges weakly to z* € D(T') and {T'z,} converges
strongly to p, then Tx* = p.

Recall that the mapping 7' : K — F with F(T) # () where K is a subset of F, is said to satisfy
condition A [8] if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(r) > 0
for all » € (0, 00) such that for all z € K

| = Tz|| = f(d(z, F(T)),

(1.2)



where d(z, F(T)) = inf{||z — p|| : p € F(T)}.
In order to prove our main results, we shall make use of the following Lemmas.

Lemma 1.1 (Schu [6].). Suppose that E is a uniformly convex Banach space and 0 < p < t,, <
q <1 for alln € N. Suppose further that {z,} and {yn} are sequences of E such that

limsup ||z, || < r,limsup ||y, || < r
n— 00 n—00

and
lim ||t,2, + (1 —tn)ynl =7
n—oo

hold for some r > 0. Then lim,_, ||Zn — yn|| = 0.

Lemma 1.2 ([1] Demiclosed principle for nonself-map). Let E be a uniformly convex Banach
space, K a nonempty closed convex subset of E. Let T : K — E be an asymptotically nonexpansive
mapping with {k,} C [1,00) and k,, — 1 asn — oo. Then I —T is demiclosed with respect to zero.

Lemma 1.3 (Tan and Xu [9]). Let {r,}, {sn} and {t,} be three nonnegative sequences satisfying
the following condition
Tl < (14 8p)rn + tn, Vn > 1.
If > sn <00 and Y o7 | t, < 00, then lim,_ oo Ty exists.

2. MAIN RESULTS

Lemma 2.1. Let E be a uniformly convex Banach space and K a nonempty closed convex sub-
set which is also a nonexpansive retract of E. Let T : K — E be an asymptotically nonexpansive
mapping with {kn} C [1,00) such that
S0 ((kn — 1) < co. Let {z,} be the sequence defined by the recursion (1.2) taking arbitrary
z1 € K, with the restrictions Y .o, vn < 00, Yoo 7, < oo and Yoo 7, < co. Then



lim,, oo ||Zn — p|| exists, for any p € F(T), where F(T) denotes the nonempty fized point set of

T.
Proof. Since {wy}, {v,} and {u,} are bounded sequences in C, for any given p € F(T), we can
set
My =sup{llun —pllin > 1}, My =sup{llun —pll 0 > 1},
M5 = sup{||w, — p|| : n > 1}, M = max{M; :i=1,2,3}.

It follows from (1.2) that

Iz = pll = | P(an T(PT)" @0 + Bran + Ynwn) — pl|
< ||04ZT(PT)"_1I" + ﬁﬁﬂ?n + 'wan - p”
< o || T(PT)" ™ @n — pll + Bnllzn — pll + 77 |lwn — pll
= oy |T(PT)" " n — T(PT)" " 'pll + By llzn — pll + 77 |lwn — pl|
< agknllzn — pll + By llen — pll + v llwn = pll
< agknllzn = pll + (1 = of)llzn — pll + vnllwn — pll
< knllzn — pll + 77 M,

n

which implies that

(2.1) 2 = pll < knllzn — pll + v, M.




From (1.2) and (2.1) we get
lyn = pll = [|1P(, T(PT)" " 2 + Br@n + 7,0n) — 2
< ||a;zT(PT)n_lzn + BrZn 4 Ynvn — 0l
< ap||IT(PT)"  2n — pll + Brllzn — pll +nllvn — pll
= ap||T(PT)" 2z — T(PT)"'pll + By llzn — pll + vy llon — 2
< apkallzn — pll + Bpllzn — pll + v — pll
< apknllzn — pll 4+ (1 = ap)llzn = pll + 75 llve —
< apkp(knllzn — pll + 77 M) + (1 — ap)llzn — pll + 75 llve —
< knllzn = pll + knyn M + 7, M,
which inplies that
(22) =PIl < kallzn = pll + knvn M + M.
Again, from (1.2) and (2.2) we have
Znt1 = pll = [1P(@nT(PT)" yn + Butn + Yntun) — pl|
= lanT(PT)" "'y + Butn +yntin — p
< || T(PT)" 'y — pll + Ballzn — pll + Yallun — pl|
< || T(PT)" yn — T(PT)" 'pll + Bullzn — pll + Yallun — ol
< ankpllyn — pll + Ballzn — pll + Yallun — pl|
< anknllyn = pll + (1 = an)l|zn = pll + o llun — pll
< ankn(killzn — pll + Koy M + 7, M) + (1 = ap)[|2n — pll + 1M
< kpllzn = pll + ki M + kn v M + 7 M.
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Therefore

(2.3) |Znt1 = pll < (L4 (k5 = D)z — pll + (ks + kv, + 70) M.
Note that Y o (k, — 1) < oo is equivalent to > oo (k3 — 1) < oo, therefore by Lemma 1.3,
lim,, o ||, — p|| exists for all p € F(T). This completes the proof. O

Lemma 2.2. Let E be a normed linear space, K a nonempty closed convexr subset which is also
a nonezpansive retract of E, T : K — E a uniformly L-Lipschitzian mapping. Let {x,} be the
sequence defined by the recursion (1.2) taking arbitrary x1 € K, with the restrictions Y . | i < oo,
Yo e <00 and 307 n < 0o and set Cy, = ||z, —T(PT)" a,||, Vn > 1. Iflim,_o Cn =0,
then lim, oo ||n — Tzy|| = 0.

Proof. Since {un}, {v,} and {w,} are bounded, it follows from Lemma 2.1 that {u, — z,},
{vn, — n}, {w, — x,} are all bounded, now, we set
r1 = sup{||u, — zp| : n > 1}, ro = sup{||vy, — x| :n > 1},
rg = sup{||wn, — x| :n > 1}, rg = sup{||vn_1 — x| :n > 1},
rs = sup{||un_1 — T(PT)" %zy,| : n > 1}, r=max{r; :i=1,2,3,4,5}.
It follows from (1.2) that
”x’"«‘f‘l - m774” S ||anT(PT)n_1yn + ﬁnxn + YnlUn — .’I,'nH
< | TPT) yn — all + ur
<N T(PT)*an — ol + IT(PT)* yn — T(PT)" 'z || + Yar
<Cn+ L”yn - xn” + YT
< Cp + L, T(PT)" Y2, + B0 + Yovn — Tp || + Yur



< Cp + LIT(PT)" 2, — || + VoL + yur
< Cp + L|T(PT)" 'an — || + L|T(PT)" 2, — T(PT)" 2y |
+ L Lr + ynr
< Cp+ LC, + L?|| 2y — 0| + L Lr + Ynr
< Cp + LC, + L2 oS T(PT)" ap, + Bizn + Yiws — Z4|
+ L Lr + ynr
(2.4) = Cp(1+ L+ L?) + L2 + Lt + ynr
and
Yn—1 = @nll < llaq 1 T(PT)" 2201 + B_1%n—1 + Yn_1Vn—1 — Za||
< ”T(PT)TL_QZn—l = @ull + 1Zn—1 = Znll + Y17
S NT(PT)"2an-1 = tnall + | T(PT)" 2201 = T(PT)"*zni]
+ 2|1 = @ull + a7
(2.5) <Cpo1 4+ LCho1 + L) 17+ 2||Tp—1 — @] + )7
Substituting (2.4) into (2.5) we obtain
lyn—1 — Tnll < Cno1(3+ 3L +2L7) + (1 + 2L)r(Ly_y +Vn-1)
(26) + 290 47
On the other hand, from (2.4) and (2.6) we have
l2n = (PT)" 2n|
< a1 T(PT)" Y1 + Bo1@n—1 + In—1tn-1 = T(PT)" 2|




< |IT(PT)" 2oy — T(PT)" 2, | + s — T(PT)" 2|
+ Yn—1r
< Lllyn-1 = zall + l2n-1 = T(PT)"2zp]|
+ |T(PT)" 2,1 — T(PT)" 2xp|| + Yn_1r
< Lllyn—1 = @nll + Cn—1 + Lllzn—1 — nl| + yn-17
< LCp_1(4+4L +3L%) + Cp_1 + L?rvy),_1(1+ 3L)
(2.7) +3Lry,_1(1+ L)+ (1 + L)ry,—1.
It follows from (2.7) that
l2n = Tl < llon = T(PT)" @] + | T(PT)" 2n — Twnl|
<Ch+ L”(PT)n_lxn |
< Cp+L2Cp_1(4+4L+3L%) + LC,_1 + L3rv)!_, (1 + 3L)
+3L%ry),_1(L+ L) + L(1 + L)ryn_1.
It follows from lim, o Cpy =0, .07 1 41 <00, > 0”17 < oo and > | v, < co that
nlin;o |z — Tz,|| = 0.
This completes the proof. O

Theorem 2.1. Let E be a uniformly convex Banach space and K a nonempty closed
convex subset which is also a nonexpansive retract of E. Let T : K — E be an asymptotically
nonezpanswe mapping with {k,} C [1,00) such that > > (k, —1) < oo and F(T)#0. Let
{an}, {Bn}, {Am}, {an}, {8.}, {m}, {an}, {87} and {y;} be real sequences in [0,1] such that
n+Bntm=o,+0,+v, =al+08/ 4+~ =1and e < ap,a,,all <1—¢ foralln € N



and some € > 0. Let {x,} be the sequence defined by the recursion (1.2) taking arbitrary x; € K.
Then lim, o ||€n — Txy,|| = 0.

Proof. Take p € F(T'), by Lemma 2.1 we know, lim,,_, o ||, —p|| exists. Let lim,, o ||z, —pl| =
c. If ¢ = 0, then by the continuity of 7' the conclusion follows. Now suppose ¢ > 0. We claim
lim,, o0 |72y, — 2| = 0. Taking limsup on both the sides in the inequality (2.1), we have

(2.8) limsup ||z, — p|| < e

n—oo

Similarly, taking limsup on both sides of the inequality (2.2), we have

(2.9) limsup [ly, — p|| < c.

n—oo

Next, we consider
IT(PT)" g — p+ Yol — o)l < ITPT)" g — pll + allun — zall
< knllyn — pll + yar
Taking limsup on both the sides in the above inequality and using (2.9) we get

lin,,ILSolip ||T(PT)n_1yn —p+mlun —zn)| <c
and
lZn — P+ Yn(un — o)l < |20 — Pl + Ynlltn — x|
< ”wn _p” + Inr,
which imply that
limsup ||z, — p + Yn(un — z5)|| < c

n—oo




Again, lim ||z,4+1 — p|| = ¢ means that
n—0o0

210 tim inf [l (T(PT)"" g — p+ 5 (ttn — 7))
+ (1= an)(@n = p+m(un —z0))ll > c.
On the other hand, using (2.1) yields
lan(T(PT)" g = p+ Yot = 20)) + (1 = )0 = B+ ot — )|
< anlIT(PT)" = pll + (1 = @)l = ol + allim — 0]
< anknllyn = pll + (1 = an)l[zn = pll +mllun — 2|
< ankn (kg llzn = pll + knyr +95r) + (1= o)z = pll + ynllun — za
< k3||Tn — p|| + k20T + knYlr + Ynr.
Therefore,

lim sup ||ozn(T(PT)”_1yn —p+ Yn(un — )
(2.11) n—oo
+ (1 - an)(mn —-p+ ’Vn(un - In))” <c.

Combining (2.10) with (2.11) we obtain
1 [l (T(PT)" g — o+ Yt — 22))
+ (1= an)(@n = p+m(un —z0))l = c.
By applying Lemma 1.1, we have
(2.12) lim | T(PT)" *yn — x| = 0.

n—oo




Notice that ) L
zn —pll < NT(PT)" yn — 2l + IT(PT)" " yn — pl|

< ||T(PT)n_1yn — Zn || + knllyn — 2l
which yields
¢ < liminf ||y, — p|| < limsup ||y, —p| < c.
=9 n—00
This implies that
Jim ly, —pll = c.
Again, lim ||y, — p|| = c gives
n—0o0
liminf ||}, (T2, — p + 7, (v, — 1))
(2.13) n—oco0 , /
+ (1 —ap)(@n —p+m(vn —an))l 2 c

Similarly, we have
o (T(PT)" 2 — p+ v (vn — @) + (1 = ) (@ — P + 7 (v — @)
< o |T(PT)" 20 = pll + (1 = ap)llzn = pll + llvn — zall
< apknllzn = pll + (1= ap)llzn — pll + W llvn — 2nl
< apkn(knllzn = pll +9mr) + (L= on)llzn = pll + nllvn — @0
< Eallzn = pll + By + a7
Therefore,

limsup [|o, (T(PT)" "2, — p + 7 (vn — Tn))
(2.14) n—oo
+ (1 =al) (@ —p+7,(vn—zn)|| < c.




Combining (2.13) with (2.14) yields that
lim o7, (T(PT)" 20 — p + 7 (vn — 2))
(2.15) n—oo , ,
+ (1 =) (@n =P+ 7, (vn — 20))l = c.
On the other hand, we have
IT(PT)" 20 — P+ vn (v — )| < (T(PT)" 2 — pll + Yl — zall
< knllzn = pll + 757
Taking limsup on both sides of the above inequality and using (2.1), we have

(2.16) limsup |T(PT)" 2z, —p+ 7, (vn —2)|| < ¢

n—oo

and
#n =D+ 7 (vn = 20)|| < lZn — 2l + Y0 llvn — znll

< llon = pll +v0r,
which yields

(2.17) limsup ||z, — p + 7, (v — xn)|| < c.
n—oo

Applying Lemma 1.1, it follows from (2.15), (2.16) and (2.17) that

(2.18) lim || T(PT)" " zn — x| = 0.

Notice that
&n = pll < NIT(PT)* ' 2n — 20l + |T(PT)" 2, — pll

< ||T(PT)n_1zn - In” + knllzn _p”'




We have
¢ < liminf ||z, — p|| < limsup ||z, — p|| < c.
W=ee n—00

That implies that
(2.19) lim ||z, — p|| = ¢
By the same method, we have
lim oy (T(PT)" zn — p+ v, (W — a0))
(2.20) n—oee " "
+ (1= ap)(@n —p+ 7 (wn —2n)) —pll =c.
Moreover,
IT(PT)" 2n = p+ 7 (wn = z0) | < |T(PT)" " 2n — pll +pllwn —
< knll2n — pll + vr
which implies that

(2.21) limsup ||T(PT)" ‘2, —p + " (w, — z,)|| < c
n—0o0
It follows from " .
lzn =P+ vp(wn — 2n)|| < llzn — pll + Ynllwn — 2]
< [lzn — pll + 0
we obtain
(2.22) limsup ||z, — p + 71 (W, — )| < c.

n—oo

Combining (2.20), (2.21) with (2.22) yields
(2.23) lim | T(PT)" ta, — 2| = 0.
n—oo
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Since T is uniformly L-Lipschitzian for some L > 0, it follows form Lemma 2.2 that
lim ||z, — Tz,|| = 0.
This completes the proof. O

Theorem 2.2. Let K be a nonempty closed convex subset of a uniformly convexr Banach space E
satisfying Opial’s condition. Suppose that T : K — E is an asymptotically nonerpansive mapping
with sequence {k,} C [1,00) such that > > (kn,—1) < 00, k, — 1 asn — co. Let {z,} be defined
by (1.2), where {an}, {Ba}, {7}, {aLT 1Y, (v}, {al}, {82} and {71} are real sequences in
[0,1] such that ap + B+ =l + B, + 7, =l + B+~ =1 and € < an,al,all <1—¢ for
alln € N and some € > 0. Then {x,} converges weakly to a fized point of F(T).

Proof. For any p € F(T), it follows from Lemma 2.1 that lim, . ||z, — p|| exists. We now
prove that {z,} has a unique weak subsequential limit in F(T'). Firstly, let p; and py be weak
limits of subsequences {x,, } and {xn;} of {z,}, respectively. By Lemmas 2.1 and 2.2, we know
that p € F(T). Secondly, let us assume p; # ps, then by Opial’s condition, we obtain

lim ||z, —p1]| = lim [|2,, —p1l| < lim [z, —p2| = lim [|2,; — pa|
n— 00 k—oo k—oo j—o0
< Jim flan, —pill = Jim_ o~
k—o0 n—oo

which is a contradiction. Hence p; = py. Then {z,,} converges weakly to a fixed point of T". The
proof is complete. O

Next, we shall prove a strong convergence theorem.

Theorem 2.3. Let E be a uniformly conver Banach space and K a monempty closed convex
subset which is also a nonexpansive retract of E. Let T : K — E be a nonexpansive mapping with

pe F(T):={re K:Te =z} Let {an}, {Bn}, {m}, {an}, {Ba}, {7}, {en}, {87} and {7}



be real sequences in [0,1] such that oy, + Bn + Yo = o, + B, + 75, = ot + B+~ = 1 and and
e < ap,al,a <1—c¢ foralln € N and some ¢ > 0. Let {x,} be the sequence defined by the
recursion (1.2) taking arbitrary x1 € K. Suppose T satisfies condition (A). Then {z,} converges
strongly to a fixed point of T.

Proof. By Lemma 2.1, lim,,—, ||, — p|| exists for all p € F = F(T). Let lim,—, ||zn — p|| =
c for some ¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By Theorem 2.1,
lim,, o0 |72y, — 2| = 0, and (2.5) give

inf [|epn41 —pll < inf (1+ (k5 = 1))llzn — pll + (k377 + ka7 + 1) M.
pEF pEF

This means that
A(Tpy1, F) < (1+ (k3 — 1))d(@n, F) + (24 + knyl, + ) M.

Thus lim,,—, 00 d(2n, F') exists by virtue of Lemma 1.3. Now by condition (A), lim, . f(d(zn, F)) =
0. Since f is a nondecreasing function and f(0) = 0, therefore lim,,_, o d(z,, F') = 0. Now we can
take a subsequence {zn,} of {z,} and sequence {y;} C F such that [z,, — y;|| < 277. Then
following the method in the proof of Tan and Xu [9], we get that {y;} is a Cauchy sequence in
F and so it converges. Let y; — y. Since F' is closed, therefore y € F' and then x,, — y. As
lim,, oo ||zn — p|| exists, z, — y € F = F(T) thereby completing the proof. O
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