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OSCILLATION OF FIXED POINTS OF SOLUTIONS
OF SOME LINEAR DIFFERENTIAL EQUATIONS

B. BELAIDI

ABSTRACT. In this paper, we investigate the relationship between solutions and
their derivatives of the differential equation f(*) 4 A(2)f = 0, k > 2, where A(2)
is a transcendental meromorphic function with pp(A) = p > 0 and meromorphic
functions of finite iterated p—order.

1. INTRODUCTION AND STATEMENT OF RESULT

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory
of meromorphic functions [3], [8]. For the definition of the iterated order of a
merormorphic function, we use the same definition as in [4], [2, p. 317], [5, p.
129]. For all r € R, we define exp; r := €" and exp, ;7 := exp(exp,7), p € N.
We also define for all r sufficiently large log; 7 := log r and log,, ; r := log(log, 7),
p € N. Moreover, we denote by exp,r := r, logyr := r, log_; r := exp; r and
exp_r:=log; 7.

Definition 1.1 ([4], [5]). Let f be a meromorphic function. Then the iterated
p—order p,(f) of f is defined by

— log, T(r, f)

L) ()= T — 0D

>1 i int ,
r—+oo  logr (p>1 is an integer)

where T'(r, f) is the Nevanlinna characteristic function of f (see [3], [8]). For
p = 1, this notation is called order and for p = 2 hyper-order.

Definition 1.2 ([4], [5]). The finiteness degree of the order of a meromorphic
function f is defined by

0, for f rational,
min{j € N: p;(f) < 4+oo}, for f transcendental
for which some j € N

(1.2) i(f) = with p;(f) < 400 exists,
+00, for f with p;(f) = 400
for all j € N.
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Definition 1.3 ([4]). Let f be a meromorphic function. Then the iterated
exponent of convergence of the sequence of distinct zeros of f(z) is defined by
— log, N(r, §)

(1.3) (f) = TEI_POOT (p>1 is an integer),

where N (r, %) is the counting function of distinct zeros of f(z) in {|z| < r}. For

p = 1, this notation is called the exponent of convergence of the sequence of
distinct zeros and for p = 2 the hyper-exponent of convergence of the sequence of
distinct zeros.

Definition 1.4 ([6]). Let f be a meromorphic function. Then the iterated
exponent of convergence of the sequence of distinct fixed points of f(z) is defined
by

_ _ log W(r,%z)
(1.4) 7p(f) = Xp(f —2) = Tim —2 1=

>1 i int .
lim g7 (p>1 is an integer)

For p = 1, this notation is called the exponent of convergence of the sequence
of distinct fixed points and for p = 2 the hyper-exponent of convergence of the
sequence of distinct fixed points [7]. Thus 7,(f) = A\p(f — 2) is an indication of
oscillation of distinct fixed points of f(z).

For k > 2, we consider the linear differential equation
(1.5) P+ A f =0,

where A(z) is a transcendental meromorphic function of finite iterated order
pp(A) = p > 0. Many important results have been obtained on the fixed points
of general transcendental meromorphic functions for almost four decades [10].
However, there are a few studies on the fixed points of solutions of differential
equations. In [9], Wang and L have investigated the fixed points and hyper-
order of solutions of second order linear differential equations with meromorphic
coeflicients and their derivatives and have obtained the following result:

Theorem A ([9]). Suppose that A(z) is a transcendental meromorphic func-

tion satisfying §(co, A) = lim TT”((;Q)) =0>0, p(A) = p < +00. Then every

meromorphic solution f(z)T; 6 of the equation

(1.6) I+ AR) =0,

satisfies that f and f', f all have infinitely many fized points and
(1.7) () =7(f) =7(f") = p(f) = +o0,

(1.8) To(f) = Ta(f) =T2(f") = pa(f) = p-

Recently, Theorem A has been generalized to higher order differential equations
by Liu Ming-Sheng and Zhang Xiao-Mei as follows (see [7]):
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Theorem B ([7]). Suppose that k > 2 and A(z) is a transcendental meromor-

phic function satisfying §(co, A) = lim 7;((:3)) =0>0, p(A) = p < +oo. Then
r—+400 ’

every meromorphic solution f(z) £ 0 of (1.5), satisfies that f and o f®
all have infinitely many fixed points and

(1.9) T =7 =7(") = .. =T = p(f) = +oc,

(1.10) () =T (f ) =72(f ) = ... =F2(fP) = pa(f) = p.

The main purpose of this paper is to study the relation between solutions and
their derivatives of the differential equation (1.5) and meromorphic functions of
finite iterated p-order. We obtain an extension of Theorem B. In fact, we prove
the following result:

Theorem 1.1. Let k > 2 and A(z) be a transcendental meromorphic function
of finite iterated order p,(A) = p > 0 such that 6(c0, A) = lim mrd) — 5> 0.
+

T(r,A
LA T A)

Suppose, moreover, that either:

(i) all poles of f are of uniformly bounded multiplicity or that
(i1) (o0, f) > 0.

If o(z) # 0 is a meromorphic function with finite p-iterated order p,(p) < +0o0,
then every meromorphic solution f(z) £ 0 of (1.5), satisfies

(L1) X =)= —9) = = XY —9) = () = +oo,
(1.12) X1n+1(f —p) = Xerl(f/ —p)=...= Xp+1(f(k) —¢) =pp+1(f) =p.
Setting p = 1 and ¢(z) = z in Theorem 1.1, we obtain the following corollary:

Corollary 1.1. Let k > 2 and A(z) be a transcendental meromorphic function
of finite order p(A) = p > 0 such that 6(co, A) = § > 0. Suppose, moreover, that
either:

(i) all poles of f are of uniformly bounded multiplicity or that
(ii) 6(o0, f) > 0.

Then every meromorphic solution f(z) Z 0 of (1.5) satisfies that f and f/, f//, e
.., %) all have infinitely many fized points and

(1.13)
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2. AUXILIARY LEMMAS

We need the following lemmas in the proofs of our theorem.

Lemma 2.1 ([4]). Let f be a meromorphic function for which i(f) =p > 1
and pp(f) =0, and let k > 1 be an integer. Then for any e > 0,

f(k) e
: 7) = O(exp,_, {r77°}),

outside of a possible exceptional set E of finite linear measure.

(2.1) m(r

To avoid some problems caused by the exceptional set we recall the following
Lemma.

Lemma 2.2. ([1, p. 68]) Let g : [0,+00) — R and h : [0,+00) — R be
monotone non-decreasing functions such that g(r) < h(r) outside of an exceptional
set E of finite linear measure. Then for any o > 1, there exists ro > 0 such that
g(r) < h(ar) for all r > rg.

Lemma 2.3. Let k > 2 and A(z) be a transcendental meromorphic function of
finite iterated order p,(A) = p > 0 such that §(co, A) = § > 0. Suppose, moreover,
that either:

(1) all poles of f are of uniformly bounded multiplicity or that

(2) (o0, f) > 0.

Then every meromorphic solution f(z) # 0 of (1.5) satisfies pp(f) = +oo and
pp+1(f) = pp(A4) = p.

Proof. First, we prove that p,(f) = +00. We suppose that p,(f) = f < +00
and then we obtain a contradiction. Rewrite (1.5) as

(2.2) = _ ﬂ

f

By Lemma 2.1, there exist a set E with finite linear measure such that

(2.3) m (T, f;k)

for r ¢ E.
It follows from the definition of deficiency §(oco, A) that for sufficiently large r,
we have

) =0 (exp, o {r"*}),  pp(f) =B < +ox,

(2.4) m(r, A) > gT(r, A).

So when r ¢ F is sufficiently large, we have by (2.2)—(2.4)

(k)
(2.5) T(r,A) < gm(r, A) = %m <7~7 ff) = O(exp,_, {TﬁJrs})_

By Lemma 2.2, we have for any a > 1

(2.6) T(r,A) < O(exp,_, {arPte})
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for a sufficiently large r. Therefore, by the definition of iterated order, we obtain
that i(A) < p—1
(2.7) Pp-1(A) <B+e < +oo

and this contradicts p,(A4) = p > 0. Hence p,(f) = +o0.
By using the same proof as in the proof of Theorem 2.1 [6], we obtain that

pp+1(f) = pp(A4) = p. u

Lemma 2.4. Let Ay, Ay,...,Ax_1, F # 0 be finite p-iterated order meromor-
phic functions. If f is a meromorphic solution with p,(f) = 400 and pp41(f) =
p < +o0o of the equation

(2.8) FO 4+ A fED 4 F A f + Aof = F
then Ap(f) = pp(f) = +o0 and Mpy1(f) = ppt+1(f) = p.

Proof. By (2.8), we can write

1 (k) (k—1) !
(29) f F<ff +Ak71ff +...+A1f7+A0 .
If f has a zero at 2z of order a(> k) and if Ay, A4,..., Ax—1 are all analytic at z,

then F must have a zero at zg of order o — k. Hence,

k—1
(2.10) N <r7 Jlt) <kN (r, ;) +N (r, ;) + ZN(T, Aj)
j=0
By (2.9), we have

(2.11) m ( ) Zm( fm>+kzlmrA +m( ;>+0(1).

J=

Applying the Lemma 2.1, we have

(2.12) m (r, f;:)> = O(exp,_; {r"*°}) forj=1,...,k

where pp41(f) = p < 400, holds for all r outside a set E C (0, +00) with a linear
measure m(F) = p < +00. By (2.10)—(2.12), we get

T(r f)=T (r, ch) +0(1)

k-1
(213) < kN (r, 1> + ZT(T, Aj))+T(r, F)+ O(exp]%1 {r”“})
)T
(Jz|=r¢ E).
Set

o =max {pp(F),pp(A4;):j=0,....,k—1}.
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Then for a sufficiently large r, we have
(214) T(r,Ag)+ ...+ T, A1)+ T(r,F) < (k+1) exp,_1 {T”Jrg} .
Thus, by (2.13), (2.14) we have
— 1
T(r, f) <EkN (’r, f) +(k+1) exp,_; {th-i-e} + O(expp,l {rﬂ+a})

(lzl =r ¢ E).

Hence for any f with p,(f) = 400 and pp+1(f) = p, by (2.15) and Lemma 2.2, we
have

(2.15)

Ap(f) = pp(f) = +o0
and X;D-‘rl(f) > pp+1(f). Since X;D-Q—l(f) <pp+1(f) we have X17-5-1(f) = pp+1(f) = p.
O

3. PROOF OF THEOREM 1.1

Suppose that f(z) # 0 is a meromorphic solution of the equation (1.5). Then
by Lemma 2.3 we have p,(f) = 400 and p,1(f) = pp(A). Set w; = fU) — ¢
(] = 0,1,...,]{7),211611 pp(wi) = pp(f) = o0, pp-i-l(wj) = pp+1(f) = pP(A)a
(G =0,1,....k), Np(wj) = XN(f9) — ), (j = 0,1,...,k). Differentiating both
sides of w; = f) — ¢ and replacing f*) with f(¥) = —Af, we obtain

(3.1) w9 = —Af — o) (j=0,1,....k).

Then we have

(k—J) (k—7)
w; +
(3.2) f= —%.

Substituting (3.2) into the equation (1.5), we get

(k=) ) (=) (B
w s ) .
(3.3) ( JA ) +wj<.k D <(‘/’ - ) n gOac—a)) .

By (3.3) we can write

wj(gk—j)+(I)2k_j_1w§2k—j—1)+“.+(I)k_jw](lk—j)

(3.4) (k=) (k=)

_ i (k) ¥

=-A A(E——
()™ + A=),

where ®_,_1(2),...,Pak—;(2), (j = 0,1,...,k) are meromorphic functions with
(k=)

pp(q)kfj) Spv“'»pp(q)Qkfjfl) SP; (j:0,17,k) ByA?_éOand pp( A ) <
400, then by Lemma 2.3, we have

(55) » <<¢(;j) ) (k) i <¢(;j)>> 0.
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Hence, by Lemma 2.4, we have A\,(w;) = pp(w;) = +oo and Apji(w;) =
pp+1(wj) = pp(A). Thus

Xp(f(j)_so):pp(f):—i_oo (j:()v]-v"'vk)a
M1 (9 =) = ppa(f) =pp(A) =p (j=0,1,....k).
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