ITERATIVE SOLUTIONS OF NONLINEAR EQUATIONS WITH
¢-STRONGLY ACCRETIVE OPERATORS
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ABSTRACT. Suppose that X is an arbitrary real Banach space and 7' : X — X is a Lipschitz
continuous ¢-strongly accretive operator or uniformly continuous ¢-strongly accretive operator.
We prove that under different conditions the three-step iteration methods with errors converge
strongly to the solution of the equation T’z = f for a given f € X.

1. INTRODUCTION

Let X be a real Banach space with norm || - || and dual X*, and J denote the normalized
duality mapping from X into 2X" given by

J@)={f e X" :|IfIIP = llol®* = (=, )}, =eX

where (-, ) is the generalized duality pairing. In this paper, I denotes the identity operator
on X, R™ and §(K) denote the set of nonnegative real numbers and the diameter of K for
any K C X, respectively. An operator T' with domain D(7T') and range R(T) in X is called
¢-strongly accretive if there exists a strictly increasing function ¢ : Rt — R with ¢(0) = 0
such that for any =,y € D(T) there exists j(z —y) € J(z — y) such that

(1.1) (Te =Ty, j(x —y)) = ¢(llz = yl)llz - yll
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If there exists a positive constant k& > 0 such that (1.1) holds with ¢(||z — y||) replaced
by k|| — y||, then T is called strongly accretive. The accretive operators were introduced
independently in 1967 by Browder [1] and Kato [8]. An early fundamental result in the
theory of accretive operator, due to Browder, states the initial value problem
du
dt
is solvable if T is locally Lipschitz and accretive on X. Martin [11] proved that if T : X — X
is strongly accretive and continuous, then T is subjective so that the equation

(1.3) Tx=f

(1.2) +Tu=0, u(0)=ug

has a solution for any given f € X. Using the Mann and Ishikawa iteration methods
with errors, Chang [3], Chidume [4], [5], Ding (7], Liu and Kang [10] and Osilike [12], [13]
obtained a few convergence theorems for Lipschitz ¢-strongly accretive operators. Chang
[2] and Yin, Liu and Lee [16] also got some convergence theorems for uniformly continuous
¢-strongly accretive operators.

The purpose of this paper is to study the three-step iterative approximation of solution
to equation (1.3) in the case when T is a Lipschitz ¢-strongly accretive operator and X is
a real Banach space. We also show that if 7' : X — X is a uniformly continuous ¢-strongly
accretive operator, then the three-step iteration method with errors converges strongly to
the solution of equation (1.3). Our results generalize, improve the known results in [2]-[7],
[10], [12], [13] and [15].

2. PRELIMINARIES

The following Lemmas play a crucial role in the proofs of our main results.
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Lemma 2.1 ([7]). Suppose that ¢ : Rt — RT is a strictly increasing function with
#(0) = 0. Assume that {r,}52 o, {sn}50, {kn}2y and {t,}52, are sequences of nonnega-
tive numbers satisfying the following conditions:

(2.1) ikn<oo, itn<oo, isn:oo
n=0 n=0 n=0

and

P(rn+1)

2.2 r < (1+kp)rn — Sar
( ) n+1 _( n) n n n1+rn+1+¢(rn+1)

+t, forn > 0.
Then lim,, o, = 0.

Lemma 2.2 ([10]). Suppose that X is an arbitrary Banach space and T : X — X is a
continuous ¢-strongly accretive operator. Then the equation Tx = f has a unique solution
for any f € X.

Lemma 2.3 ([9]). Let {an, }22 0, {Bn 122 and {vn}22, be three nonnegative real sequences
satisfying the inequality

Opt1 < (1 - wn)an + wnﬂn + Vn fO’I" n >0,
where {wp}3y C [0,1], % jwn, = 00, limyooBn = 0 and Y oo 9 < oo. Then
lim,,—, o &, = 0.

3. MAIN RESULTS

Theorem 3.1. Suppose that X is an arbitrary real Banach space and T : X — X is
a Lipschitz ¢-strongly accretive operator. Assume that {u,}°2q, {vn}o2g, {wn}22, are se-
quences i X and {a,}32 o, {bn}152 and {c,}22, are sequences in [0, 1] such that {||wn||}5,



is bounded and

(o) o0 o0 o0
(3.1) Zai < 00, Zanbn < 00, Z lun| < oo, Z lon || < oo,
n=0 n=0 n=0 n=0
(3.2) Z ap = 00.
n=0

For any given f € X, define S : X — X by Sx = f+a —Tx for all x € X. Then the
three-step iteration sequence with errors {x,}>2 , defined for arbitrary o € X by

2n = (1 = ¢cp)@n + cn STy + wp,
(3.3) Yn = (L = bp)xy, + b Szn + Un,s
Tt = (1 — an)@pn + anSyn + tn, n>0
converges strongly to the unique solution q of the equation Tx = f. Moreover
1zns1 = all < L+ (3+3L% + L)aZ, + L(L + L) anby] |25 — dl|
(3.4) — A(Zp41, 9)anl|zn — qll + anbp L*(3 + L) |w||
+ anL(3 4 L)||va|| + (3 4+ L) ||unll

) €10,1) for z,y € X.

for n >0, where A(w,y) = Trzsirade=n

Proof. 1t follows from Lemma 2.2 that the equation Tz = f has a unique solution ¢ € X.
Let L' denote the Lipschitz constant of 7. From the definition of S we know that ¢ is a
fixed point of S and S is also Lipschitz with constant L = 1 + L’. Thus for any z,y € X,
there exists j(z —y) € J(x — y) such that

(I = 8)z— (I = )y, jx —y) = Az, )|z — y]|*.




This implies that

(I=5—A(z,y)z -1 -5 - Az,9)y,j(x—y)) =20
and it follows from Lemma 1.1 of Kato [8] that
(3-5) e =yl <llz—y+r[(I =S - Alz,y))x — (I = 5 — Az, y))yl|
for z,y € X and r > 0. From (3.3) we conclude that for each n > 0

T = Tpt1 + GnTn — A SYn — Unp
= (14 an)tns1 + an(l = 5 — A(@nt1,9))Tnt1 — (I — A(@nt1,9))anTn

(3.6) + an(STny1 — Syn) + (2 — A(Tny1, q))ai(xn — SYn)
- [1 + (2 - A(mn-i-l; Q))an]un
and
(3.7) qg=1+an)g+an(l =5 —A@pt1,9)q — (I — A(Tn+1,9))ang.

It follows from (3.5)—(3.7) that



[2n — 4l
= [[(1 +an)Tnt1 + an(l = S — A(@n+1,9))Znt1 — (I — A(Tn+1,9))anTn
+ an(STpi1 — Syn) + (2 — A(xpy1,q))a (x, — Syn)
—[1+ 2 - Al@nt1,9)anlun — (1 + an)g — an(l = S — A(zny1,9))q
+ (I = A(znt1,9)and]
an
1+a,

—wI—S—Ameﬂnﬂ—nal—A@Mmqmmn—w

> (1+an)

Tnt1 —q+ [(I -5 - A(xn—i-l) q))xn—i-l

= (2 - A(@nq1, Q))ai“xn = Synll — anl|Szns1 — Synll
— [+ (2 = A(@n+1, 9))an]|un|l

2 (14 an)llzni1 — qll = an(1 = A(@ni1, 9)llzn — qll
— (2= A(Zn+1,9))02 |z = Synll — anllSzns1 — Syal|
— [+ (2 = A(@nt1,9))an]lluall,

which implies that

(Rl

14+ (1 - A(znt1,9))an
< L0 A Dln, 4 (0 A, ) — Syl
n

+ an[|STnt1 — Synll + [1 + (2 — A(Tn+1, @) an]||unll
< (1= A(@ny1,9)an + a2)|Zn — qll + 262 ||z — Syl
+ an||STnt1 — Synll + (1 + 2a) ||un |

(3.8)

for n > 0. By (3.3) we get that



1z = gll < (1 = ca)llzn = gll + enllSzn — gl + [Jwnl
(3.9) < (1 —=cn)llzn — qll + Lenllzn — gl + [Jwnl]
< Lllzn — gl + [Jwnll,

”yn - q” S (1 — bn)“xn - CI|| + anSZn - Q|| + an“

3.10

(8.10) < (1= b2 — all + Zbullzn — qll + oall,
(3.11) lzn — Sznll < |2n — qll + |S2n — ql| < l|l2n — ql| + Ll|2n — 4l
(3.12) i = pin)] £ Ballme = S20] 4 los]

and

(3.13) 15Yn — ynll < N1SYn —qll + llyn —qll < (1 + L)|lyn — 4l

for n > 0. From (3.9)—(3.13) we obtain that
(3.14) lzn = Syall < (1 + L¥)llzn — gll + L2bnlwall + Lijva
and

1SZns1 — Synll < (Lb, + L3b, — Layb, — L2apb, + L3a, + La,)||z, — q||
(3.15) + (L2b,, + L3anby)||wn || + (L + L2ay)||vn || + L|jua |




for n > 0. It follows from (3.8), (3.14) and (3.15) that
lznt1 =gl < [L+ (3 +3L% + LY)aj, + L(L + L*)anbn]|lzn — gl
(3.16) — A(n+t1, Qanllzn — gl + anan2(3 + L) ||wal|
+ B3+ L)anvn|l + (3 4 L)||ual

for n > 0. Set

o= |2n —qll, En=34+3L3+LYa2 + L(1 + L?)anb,, Sn = an,

tn = anbp L2(3 + L)|lwn || + anL(3 + L)||va|| + (3 4 L)|jun| for n > 0.
Then (3.16) yields that

A(rni1)
1+7rp1 + ¢(7'n+1)

It follows from (3.1), (3.2), (3.17) and Lemma 2.1 that r, — 0 as n — oco. That is x,, — ¢
as n — 0o. This completes the proof. O

(3.17) Tl < (L4 kp)rn — Snrn +t, forn>0.

Remark 3.2. Theorem 3.1 extends Theorem 5.2 of [3], Theorem 1 of [4], Theorem 2
of [5], Theorem 1 of [6], Theorem 3.1 of [10], Theorem 1 of [12], Theorem 1 of [13] and
Theorem 4.1 of [15].

Theorem 3.3. Let X, {un}S% o, {vn}o20, {wn o, {an}o, {bn}22 and {c,}52, be
as in Theorem 3.1 and T : D(T) C X — X be a Lipschitz ¢-strongly accretive operator.
Suppose that the equation Tz = f has a solution ¢ € D(T) for some f € X. Assume that
the sequences {xn}o2 o, {ynto2y and {z,}22, generated from an arbitrary xo € D(T) by
(3.3) are contained in D(T). Then {x,}5lo, {yn}oey and {2,152, converge strongly to q
and satisfied (3.4).



The proof of Theorem 3.3 uses the same idea as that of Theorem 3.1. So we omit it.

Remark 3.4. Theorem 3.1 in [7] and Theorem 3.2 in [10] are special cases of our
Theorem 3.3.

Theorem 3.5. Suppose that X is an arbitrary real Banach space and T : X - X is a
uniformly continuous ¢-strongly accretive operator, and the range of either (I —T) or T is
bounded. For any f € X, define S : X — X by Sx = f+a —Tx for all z € X and the
three-step iteration sequence with errors {x,}°22, by

o, Uo, Vo, Wo € X,
(3.18) Zn = alxy + bl Sz, + wny,
' Yn = anTy + b, Szn + € 0p,
Tn+1 = AnTn + bnSYn + Cpln, n >0,
where {u, 152 o, {vn}22 o and {w,}52 o are arbitrary bounded sequences in X and {a,}52,

{bn}oZo, {entnzo, {antnzo, {0n)a20, {chtnos {an}nto, {0h}oZo and {c;}7%, are real se-
quences in [0, 1] satisfying the following conditions

an+bp+cp=1, a,+b,+c, =1,

3.19
(3.19) al + v+ =1, by+c,€(0,1), n>0,

(o) B ) L P ;s Cp, o
320) D ba=too, i b= lin b, = liw ¢, = lim 5 =0

Then the sequence {z,}22 , converges strongly to the unique solution of the equation Tz = f.



Proof. 1t follows from Lemma 2.2 that the equation Tz = f has a unique solution ¢ € X.
By (1.2) we have

(Tz =Ty, j(x —y)) = (I - Sz — (I = Sy, j(z —y)) = Az, )|z — yl,

o(lz—ylD
Itz—yll+o((lz—yll)

(I =5—A(z,y)z - =5 - A2,9)y,j(x —y)) =0
for z,y € X. It follows from Lemma 1.1 of Kato [8] that
(3.21) e —yll < llz =y +7r[(I - § = Az,y))x — (I =5 — Az, y))y]|
for x,y € X and r > 0. Now we show that R(S) is bounded. If R(I — T') is bounded, then
Sz = Syl| = |(I = T)x — (I - T)y|| < 6(R(I - T))
for z,y € X. If R(T) is bounded, we get that
1Sz = Syl = l(z —y) — (Tz = Ty)|

< ¢~ (|ITx — Tyll) + ||Tz — Ty||

< ¢~ (6(R(T))) + 6(R(T))
for z,y € X. Hence R(S) is bounded. Put

where A(z,y) = € [0,1) for z,y € X. This implies that

dy = by, + cp, d, =Y, +c, Al =b+cr  forn>0
and
D = max{|zo —qf,

3.22
(3:22) sup{||z — q|| : © € {un, vn, Wn, STp, SYn, Szn : m > 0} }}.




By (3.18) and (3.22) we conclude that

(3.23) max{l|zn = qll; [yn —qll, lzn —qll} <D for n > 0.
Using (3.18) we obtain that
(1—dp)xy = Tpy1 — dnSyn — cn(un — Syn)
(3.24) =[1 -1~ A(Tnt1,9)dn]Tnt1 +dn(I = S — A(@ni1,9))Tni1
+ dp(STrs1 — Syn) — cn(tn — Syn)-
Note that

(3.25) (1—dn)g=[1-(1-A@nt+1,9)dn]g + dn(I — S — A(Tn+1,9))g-
It follows from (3.21) and (3.23)—(3.25) that
(1 =dn)llzn —gll = [1 = (1 = A(Znt1,9))dn]l[ 201 — ¢
d
+ 2 I-S—A(zpnt1,9)zn
T (1= Al ) (@nsts Qi
— (I =5 = A(@nt1,9))dlll = dnllSzni1 = Synll = cnllun = Syall
2 1= (A= Azn+1,9)dn]l|ens1 — qll — dnl|STnir — Synll — 2Dcn.

That is
[nss — gll < = la — dl
et =S = (1 - A(®pt1,9))dn !
(3.26) dn 2Dcy,
1—(1— A(@nt1,9))dn 1521 = Syall + 1= (1 - A(znt1,9))dn

IA

[1— (1 - A(Tnt1,9)dn]llzn — qll + Mdp||STny1 — Synll + Mcy,



for n > 0, where M is some constant. In view of (3.18)—(3.20) we infer that

[Znt+1 = Ynll < [|Tnt1 — zoll + lyn — zn |l
< bnllSyn — znll + cnllun — znll + b5 l1S2n — 2|l + cpllvn — 24l
< bnllSyn — znll + enllun — 2ol + b5 l1S2n — 2nll + ey llvn — @4l
+ b (02 11SZ5 — @all + cpllwn — zn|)
<2D(dy +d;, +b,d) — 0
as n — 00. Since S is uniformly continuous, we have

(3.27) |Sznt1 — Syn|| = 0 asn — oo.

Set inf{A(zn+1,q) : n > 0} = 7. We claim that » = 0. If not, then r > 0. It is easy to check
that

|lznt1 — qll < A —rdy)l|zn — ql| + Mdy||STnt1 — Synll + Me, for n > 0.

Put

Cn =tndn, an=|x,—4q|, wp,=rdy,

Brn = Mr~Y(||STys1 — Synll +tn), An =0 forn>0.
(3.2) ensures that ¢, — 0 as n — oo. It follows from (3.20), (3.27) and Lemma 2.3 that
wn, € (0,1] with "% (wy, = 00, limy o0 B = 0, Y e g Yn < 00. So ||z, —¢|| — 0 as n — oo,
which means that » = 0. This is a contradiction. Thus r = 0 and there exists a subsequence
{llzni+1 — all}320 of {[[zn+1 — qll}72, satisfying

(3.28) |Zn,+1 — ¢l = 0 asi— occ.



From (3.28) and (3.29) we conclude that for given € > 0 there exists a positive integer m
such that for n > m,

(329) 21 —al <&
and

Cn .1 o(e)e }
3.30 M||S -8 M— < —, ———————— .
(3.30) 5011 = Syl + MG < min{ 5o, I

Now we claim that
(3.31) |zn,.+; —qll <e forj>1.

In fact (3.29) means that (3.31) holds for j = 1. Assume that (3.31) holds for j = k. If
|z, +k+1 — ql| > €, we get that
%nm+k+1 — dll
< NTnp k= all + M 45 15T k41 = SYnp+kll + Men,, 1k
f1 p(e)e
(3.32) < ot {_6 s,
S e min (35 T pe) 1 3o S et

< —e.

| w

Note that ¢(||zn,, +x+1 — qll) > ¢(g). From (3.32) we get that

¢(e)

3.33 Az, Q) > — .
( ) (T +k+1,9) 1+¢(%€)+%€




By virtue of (3.26) (3.30) and (3.33) we obtain that

[ER ]
= (1_ ¢(3€)8 3
1+¢(§5)+§8
+ Mdn k]| ST k1 — SYnp+kll + Men,, 4k
o(e)e ) . {1 o(e)e }
<|l-—F7"%——=d e+ming -6, ——="——=— ¢dp,,
< (-t 2 T o3 + 32 J

dnm+k) i — gl

<e.

That is
€ < ||Znp+k+1 — gl <&

which is a contradiction. Hence ||z, +x+1 — ¢|| < e. By induction (3.29) holds for j > 1.
Thus (3.31) yields that x,, — g as n — oco. This completes the proof. O

Remark 3.6. Theorem 3.5 extends and improves Theorem 3.4 in [2] and Theorem 3.1
in [16].
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