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ON THE HILBERT INEQUALITY

ZHOU YU AND GAO MINGZHE

ABSTRACT. In this paper it is shown that the Hilbert inequality for double series can
be improved by introducing a weight function of the form n—ﬁ %;i — lnTn>,
where n € N. A similar result for the Hilbert integral inequality is also given.
As applications, some sharp results of Hardy-Littlewood’s theorem and Widder’s

theorem are obtained.

1. INTRODUCTION

Let {a,} and {b,} be two sequences of complex numbers. It is all-round known
that the inequality

2
o0 oo mgn oo o0
(1.1) ) :Hn <12y aal? Y [bal?
n=1m=1 n=1 n=1

o0
is called the Hilbert inequality for double series, where . |an|® < +oco and
n=1

e}
S |bal> < +00, and that the constant factor 72 in (1.1) is the best possible.
n=1

The equality in (1.1) holds if and only if {a,}, or {b,} is a zero-sequence (see [2]).
The corresponding integral form of (1.1) is that

(1.2) 77 ded;sﬂ? Z|f<x>|2dx Zg<x>|2dx

where [ |f (z)|°dz < +oo and [ |g(2)|*dz < +oc, and that the constant factor
0 0

72 in (1.2) is also the best possible. The equality in (1.2) holds if and only if
f(x) =0, o0rg(x) =0. Recently, various improvements and extensions of (1.1) and
(1.2) appeared in a great deal of papers (see [2]). The purpose of the present paper
is to build the Hilbert inequality with the weights by means of a monotonic function
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11z’
then to give some of their important applications.

For convenience, we need the following lemmas.

of the form

thereby new refinements of (1.1) and (1.2) are established, and

Lemma 1.1. Let n € N. Then

(1.3) Z(n+x;1)ﬂl”(1+x) - n41-1 <2\7;ﬁ+;lnn>

Proof. Let a, e and f be real numbers. Then

/ dx

(a® +a2)(e + f)
— 1 1 2 2 € x
T2y a2f? {flne+f95 2111(60 +x )+aarctana}+0

where C is an arbitrary constant. This result has been given in the papers (see
[3]-[4]). Based on this indefinite integral it is easy to deduce that the equality
(1.3) is true. O

Lemma 1.2. Let n € N, z € (0,400). Define two functions by

f @) = (xin(Z)f) (“Cﬁz‘ 1+ﬁﬁ)>
g(x) = (xin@)z) (1+(1f\/5_ 1J\r/ﬁ\/ﬁ>>

then f (z) and g (z) are monotonously decreasing in (0, + o), and

(1.4) /f ()dz =7 — 7w (n)
0

(1.5) g(z)de =7+ 7w (n)
/

where the weight function w is defined by

w w0 =235 (- 7))

Proof. At first, notice that 1 — 1;65 = ﬁ7 hence we can write f (z) in form
f(z) = f1(x)+ fa(z), where

10 (o) (F7) A0 Grad v

It is obvious that f; (z) and f5 (x) are monotonously decreasing in (0, + co). Hence
vnoo_ 1
1+v/n — 1+y/n?

f (x) is monotonously decreasing in (0, +00 ). Next, notice that 1—
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we can write ¢g (z) in form g (z) = g1 (z) + g2 (x), where

B NG L
n@ =T marove 20T @rmarve)

It is obvious that g; (z) and g (z) are monotonously decreasing in (0, + o).
Hence g (x) is also monotonously decreasing in (0, + o). Further we need only to
compute two integrals.

T (O (R
B (H_lrﬁ\/ﬁ)(]o(x—lkn (Z)) dx—j(xin <Z)>(1f/5> da
() [ () () o

oo

vnm
T v /n+t2 /n+t2 YL +1) 1+n
0 0
T 1 vnw
-1 _9 _
" \/ﬁ/(n—l—tz)(l—kt)dt 1+vn

0

By Lemma 1.1, we obtain

(1.7) O7f(93) do =m— {” - (nj— 1 \{Enln> - 1\15\7/%}

The equality (1.4) follows from (1.7) at once after some simple computations
and simplifications.
Similarly, the equality (1.5) can be obtained.

O

2. MAIN RESULTS

First, we establish a new refinement of (1.1).
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Theorem 2.1. Let {a,} and {b,} be two sequences of complex numbers. If

oo 9 oo )
> lan|” < 400 and Z |bn]” < 400, then
n=1 —

where the weight function w (n) is defined by (1.6).

Proof. Let c(x) be areal function and satisfy the condition 1—c¢(n)+c(m) > 0,
(n,m € N). Firstly we suppose that b, = a,. Applying Cauchy’s inequality we
have
2

am&n G n (1—c(n)+c(m))
mz::“;m—i—n — = 1m—i—n
l—c (n) + c(m))* my1/4
;;( s ()"
En(l—c(n)—i—c(m))l/Q n1/4\ [
X( (m +n)1/? () >
(2.2) < JiJy
where J = i::l i::l l,i’f;i (%)% (1 —c(n) +c(m))
To= 33l () (= clo) + elm)

We can write the double series J; in the following form:

n=y (i min (%) (1= c(m) +c<n))> (M

n=1 \m=1

Let c¢(z) = 1_‘(35. It is obvious that 1 — 1{‘% + 14\—/\? > 0. It is known from

Lemma 1.2 that the function f (x) is monotonously decreasing. Hence we have

Jl:;(g mj—n(%)E (1_1—1\—/5\/5—’_1-&\-/5\/5))@“2

)(1—(1%—1%))@ of
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where the weight function w (n) is defined by (1.6).
Similarly,

S O (- () o

_7r2|an| —|—7TZCU |an|

n=1

Whence J;.J; < 72 {(2 an2> - (nilw (n) |an|2)2}.

Consequently, we have
2 o 2
< (Danﬁ) (zw |an|>
n=1

o0 o0 —
>y
m=1n=1 mn
where the weight function w (n) is defined by (1.6).
If b, # a,, then we can apply Schwarz’s inequality to estimate the right-hand

side of (2.1) as follows:
1 o0 oo
55 e |3 ] (S5 ) (S04
0 "= =1
1, 2 1, 2
/(Z |am|tm—é> dt /(Z b, |t”‘>
0 m=1 0 n=1

m=1n=1
oo 0o aman
(24) - ZZern sz+n

m=1n=1 m=1n=1

And then by using the relation (2.3), from (2.4) and the inequality (2.1), we obtain
at once. g

IN

Similarly, we can establish a new refinement of (1.2).
Theorem 2.2. Let f () and g () be two functions in complex number field.
o0 oo
If [ |f(2)]? dz < +o0, f lg(x)|” dz < +o0, then
0

77f ") jrdy| <t /|f )P do - ]ow(x)f(x)Fdx
0 0 0

0o 2
(2.5) x / o (@)2de | — /w<x>|g<x>\2dx
0

0
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where the weight function w is defined by

0 2 =0
(2.6) wr)={ vz <\/E—1 m) .

r+1\vz+1 71

Its proof is similar to that of Theorem 2.1, it is omitted here.
For the convenience of the applications, we list the following result.

Corollary 2.3. Let f(x) be a function in complex number field.  If
[ 1 f(@)? de < + oo, then

0/ f(;:)f;y) dxdy’

(2.7) 2

2 2 — wl(x xzx
< O/If(x) de / (@) |f(2)2d

where the weight function w is defined by (2.6).
3. APPLICATIONS

As applications, we shall give some new refinements of Hardy-Littlewood’s theorem
and Widder’s theorem.

Let f(z) € L?(0,1) and f (z) # 0 for all x. Define a sequence {a,} by a, =
fol 2" f(x)dx, n =0, 1, 2, .... Hardy-Littlewood ([1]) proved that

1

(3.1) az <7 | f*(x)de,
LA

0

where 7 is the best constant that the inequality (3.1) keeps valid.

Theorem 3.1. Let f (x) € L?(0,1) and f (z) # 0 for all x. Define a sequence
{an} by a, = fol 2" V2f(x)dx n= 1,2, .... Then

- 2 - 2 ~ 2)72 1
(3.2) (Z ai) <m <Z a%) - <Zw(n) ai) /f2 (z)dx

n=1 0
where w(n) is defined by (1.6).

Proof. By our assumptions, we may write a2 in the form

1
a2 = /anx”_l/Qf(m)dx.
0
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Applying Cauchy-Schwarz’s inequality we estimate the right hand side of (3.2) as
follows

(i a3>2= i/lanx"‘mf(w)dx = /1 (i anx”—1/2> f(z)dz
0 n=1

0

(3.3) - (sz> /f2(x)dz

It is known from (2.3) and (3.3) that the inequality (3.2) is valid. Therefore the

theorem is proved. O
Let ap, >0 (n=0,1,2,....), A(z) = > aza™, A*(x) = Y, a”n—’,”n Then
n=0 n=0

(3.4) /1 A2(z)dz < 7« / (¢ A*(2))* do

This is Widder’s theorem (see [1]).

Theorem 3.2. With the assumptions as the above-mentioned, it yields

) 2
0/ A2 (2) do

(3.5) o 9 . 5
< ? / (e7" A" (x))2 de | — /w (z) (7 A* (CE))Q dx
0 0

where w (x) is defined by (2.6).

Proof. At first we have the following relation:

o0 o0

P _ OQan:tctn
/e tA(tm)dt:/e tz (n') d¢

0 0 n
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Let tx = s. Then we have

/1A2(:E)dx = /1 /ooe_t A* (tx) dt 2dx = / 76_; *(s)ds 2 %dx
0 o \o 0 \0
1 \0 0 \0
o0 oo 2 [eelNe el
(3.6) O/ (0/ e T f(s)ds| du= O/O/ %dsdt

where f (x) =e™* A* (x). By Corollary 2.3, the inequality (3.5) follows from (3.6)
at once. O
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