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ON THE UNIQUENESS RESULT FOR THE DIRICHLET
PROBLEM AND INVEXITY

M. PLOCIENNICZAK

ABSTRACT. We provide an existence and uniqueness theorem for the Dirichlet prob-
lem

div Hz (y, Va(y)) = V2 F(y, z(y)).
The assumption that both H and F' are invex with respect to the second variable

is imposed and the direct variational method is applied. The application is also
shown.

1. INTRODUCTION

We show a generalization of results presented in [2] to the case of partial differential
equations of real-valued functions. We assume that both functions H and F are
invex [1], instead of one being convex and the other one invex. Thus our uniqueness
result applies to much more nonlinear problems since the class of invex functions
is broader than the class of convex ones.

Let Q be a bounded, convex subset of R™ with regular boundary §€2. We shall
consider the existence of solutions to the Dirichlet problem

where H: Q@ x R" — R and F': Q x R — R. We seek for solutions to (1.1) on
Wy?(Q) = {z: Q> R: z€LP(Q), Va € LP(Q), x50 =0},
normed by
1
lzllwee = (2]} + [ Vallp)” .

The Sobolev inequality for W™P(Q) [3] states that for fixed 1 < p < ¢, k < m,
f € W™P(Q) there exists a constant C, independent of 2 and f such that

SL. if kp <n, then || fllwm-ra < C|fllwms, forp<g< 2,

S2. if kp = n, then || fllwm-r.a« < C| fllwm», forp<gq < +oo.
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If k=m =1, g =p, then WO = LP. In this case the above inequalities are
equivalent to the inequality

(1.2) Ifllp < Clfllwre,  for p <n.

We assume that

(A1) H is a Caratheodory function, i.e. it is measurable with respect to the first
variable and continuous in the second one. It is also Gateaux differentiable
in the second variable. There exist constants ¢; > 0, functions d; € L*(2),
t=1,...,4 such that for all w € R™ and almost all y € Q

(1.3) collw|[? + da(y) < H(y, w) < crf|wl]]” + di(y),
(1.4) callw|[” + da(y) < [ Hz(y, w)|lwrr < csllw]]” + d3(y).

(A2) Fisa Caratheodory function, Gateaux differentiable in the second variable.
There exist a constant a < ¢ (C77 — 1) and functions b,_; € L*(Q), j =
1,...,p such that

p
(1.5) Fly,x) > —alll’ = by () llP~,
j=1

for all x € R and almost all y € Q, where C is the best Sobolev constant
in inequality (1.2) [3]. Moreover, for any r > 0 there exists a function
gr € L1(Q) such that for all z € R, ||z|| <r and y € Q a.e.

(1.6) F(y,x) < g:(y),
(1.7) 1= (y, 2)[lwie < gr(y).

(A3) Either H is invex with respect to the second variable for a.e. y and F is
strictly invex with respect to the second variable for a.e. y or H is strictly
invex in the second variable for a.e. y and F' is invex with respect to the
second variable for a.e. y.

(A4) liminf, . H(y,w,) > H(y,w) for every sequence w, — @ weakly in
wWir(Q).

Let us recall that f defined on R™ is said to be (strictly) invex if there exists an
operator n: R® x R®™ — R” such that for all y;,y2 € R™ the following inequality
holds

F) = fly2) =0y y2)" - VI(y2),

(with the strict inequality above). It is well known that every stationary point of
(strictly) invex functional f minimizes it on R™ (uniquely) [1].
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2. EXISTENCE AND UNIQUENESS

We shall prove that (1.1) is a Euler-Lagrange equation for some Géateaux differen-
tiable, coercive and weakly lower semicontinuous functional J. Therefore as in [6],
the existence of solutions (1.1) will be guaranteed. Put J: Wy*(Q) — R,

(2.1) J(x) = /Q [H (4. Va(y)) + Fly,2())] dy.

Lemma 2.1. The functional J is Gateaux differentiable and has at each x €
Wy (Q) and in each direction h € WH(Q) the Gateaus variation

1(ash) = [ [H.(0. V2()Vhio) + (o 2(0)h(o)]dy.
Proof. Let h € Wh°°(Q). By assumptions (A1) and (A2) we obtain

e = - ([ V2l +=VA() + Fly.2(0) + hlw)]dyie—g
= /Q[Hz(% Va(y)+eh(y))Vh(y) + Fa(y, 2(y) +eh(y))h(y) | dyj-=o

- /g [0 Vi 0) V(3) + P 2(n)h(w)] s

It is clear that the function h — [, [H.(y, Va(y))Vh(y) + F.(y, z(y))h(y)]dy is
linear. Applying the Holder inequality, (1.4) and (1.7) we obtain its continuity. O

By the above Lemma it follows that (1.1) is Euler-Lagrange equation for the
functional J given by (2.1).

Lemma 2.2. The functional J is coercive on Wy (Q).

Proof. By the assumptions (A1)—(A2), inequalities (1.3), (1.5) and (1.2) we
have

J(@) > e /Q IVa(y)Pdy + /Q da(y)dy — a /Q ||zupdy—j; /Q by () [z]P~7dy

- {62 (C%P B 1) a} /Q”x||pdy+/ﬂd2(y)dyi/ﬂbp—j(yﬂxﬂpjdy
= {02 (C}p - 1) — a} =5 +/Qd2(y)dy ji/ﬂbp_j(y)”x'pjdy'

Passing ||z||, — oo we obtain the assertion of the lemma. O
Lemma 2.3. The functional J is weakly lower semicontinuous on Wy'* ().

Proof. We shall prove the weak lower semicontinuity of the functionals

Ji(z) = QH(y,Vx(y))dy and  Jz(7) = QF(y,w(y))dy-
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Let (x,,) be weakly convergent in Wol’p(ﬂ) to a certain Z. By the Fatou Lemma
and (A4) we have that for almost all y € Q2

lim inf / H(y, Van(y))dy > / liminf H (y, Va (y))dy > / H(y, Va(y))dy.

To prove weak lower semicontinuity of Jo we observe that Rellich-Kondrashov
Theorem [3] provides strong convergence of a sequence (z,) to T on every open
and bounded subset of LP(€2). It implies that (x,) is bounded and there exists
a subsequence, still denoted by (z,,), such that nlgr;oxn(y) = Z(y) for y € Q a.e.

Hence by continuity of F' in the second variable (see [4]), (1.6) and Lebesgue
Dominated Convergence Theorem [3] we obtain

1inrgi£f/QF(y,xn(y))dy:lgbnlgf/QF(y,xn(y))dy:/QF(y,f(y))dy.

Finally, we get
liminfJ(x,) = liminfJy (z,) + lim Jo(z,) > J1(Z) + J2(Z) = J(Z).

n—oo n—oo n—oo

O

Lemma 2.4. Let f: RxR — R and g: R x R® — R. Assume that both
fly,z(y)) and g(y, 2(y)) are invex in the second variable. If f and/or g is strictly
invex with respect to the second variable, then J = [, [f(y,x(y)) + g(y, z(y)] dy is
strictly inver.

Proof. Let
Ji(z) = /Q fa(y)dy and Jy(z) = /Q oy, 2())dy.

Assume that f is invex and g is strictly invex. We have the following inequalities,
for all z,7 € R and z,z € R™

Ji(x) — Ji(3) > /Q n(2,7) - Vo fy, 7)dy,

o(2) — Ta(2) > /Q p(2,2)T - V.g(y, 2)dy,

for some 77: R x R — R and p: R™ x R™ — R”. It follows that

Ji(@) + J2(2) = (J1(Z) + J2(2)) > /9[77(% ) - Vo f(y, @)+ p(z,2)" - Vagly, 2)] dy

— [{(a.). ple ) (V2 f (0.2). V900 ),
where (-, -) denotes the scalar product in R x R™. The remaining two cases follow

in the same manner. 0
Now we formulate the main result of the paper.

Theorem 2.5 (Existence). Assume (A1), (A2) and (A4). Then there exists
a solution to (1.1).
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Proof. Since the functional J is weakly lower semicontinuous and coercive on
WyP(€) it follows by [6, Proposition 1.2] that every Z for which J'(Z) = 0 mini-
mizes J on Wy (Q) and satisfies (1.1). O

Theorem 2.6 (Uniqueness). Assume (A1)—(A4) Then there exists a unique
solution to (1.1).

Proof. The existence is given by Theorem 2.5. Uniqueness follows by Lemma 2.4.
O

3. APPLICATION
Let 1 < r < |2|. Consider the following two-dimensional Dirichlet problem on
Wh2(Q)
(3.1) (14 2rsin ||Vz||?) Az + 47 cos | Vo ||* (22 2uu + 2224,)
' =2z +sinz + xcosz, x50 =0,

where Q = {y = (u,v) € R?: ||y|| < 1}. Here
1
H(y,z) = §|z|2 —rcos|z|*> and F(y,z) = 2% + xsin(z).

Both H(y,z) and F(y,z) are not convex with respect to z and x, respectively.
They are actually strictly invex since each of them has only one stationary point
which is the global minimizer [7].
We see that the set
{zeR*: H(y,z) < a}

is convex for any y € Q and o > —r. Indeed, H is a radial function with respect to

the second variable. Moreover, f(u) = %|u|? — rcos |u|? is even and its derivative
is positive on the positive half-line and negative for v < 0. Thus f is strictly
increasing for u > 0, strictly decreasing for v < 0 and f(0) = —r. We conclude

that {z € R?: H(y, 2) < a} is convex in R?.
Assumptions (A1)—(A4) are clearly satisfied. The unique solution to (3.1) is
thus guaranteed by Theorem 2.6.
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