SOME COVERING SPACES AND TYPES OF COMPACTNESS

ALI JARADAT aNnpD ADNAN AL-BSOUL

ABSTRACT. In this paper we shall study covering spaces such as fully normal spaces, absolutely count-
ably compact, minimal Hausdorff, R-space, realcompact, locally paracompact, w—compact, maximal
compact. Moreover, we give refinements of some theorems rasied in [1], also we shall give partial
solutions of some open problems raised in [2], and [3].

In 1996 M. L. Puertas suggested the following question: If every proper subspace (A, 74) of the
space (X, 7) has a property P, should the original space (X, 7) have the property P? Nowadays,
such kind of topological properties are known as properly hereditary properties. More precisely,
a topological property is called a properly hereditary property if every proper subspace has the
property, then the whole space has the property. Moreover, if every proper closed (open, F,, Gs,
etc.) subspace has the property, then the whole space has the property, we call such a property
properly closed (open, F,, Gs, etc.) hereditary.

F. Arenas in [3] studied Puertas’s problem and proved that topological properties like separation
azioms (To, T1, Ts, T3), separability, countability axioms, and metrizability are properly hereditary
properties. At the end of his paper Arenas [3] suggested some open problems. Some of these
problems were solved by Al-Bsoul in [1] and [2]. Also, in [1] and [2], Al-Bsoul proved that many
topological properties are properly hereditary properties. Moreover, Al-Bsoul suggested new open
problems concerning this concept.
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In this paper some open problems raised in [2] and [3] will be solved. Moreover, we proved
that the following topological properties are properly hereditary properties: fully normality, abso-
lutely countably compactness, locally paracompactness, minimal Hausdorff, realcompactness, maz-
imal compactness, R-space and w-space. Also, we managed to improve some results in [1].

1. SoME TYPES OF COMPACTNESS

Arenas [3] proved that compactness, local compactness are properly hereditary properties. In this
section we shall study more types of compactness according to this property. For the next result
we need the following definition.

Definition 1 ([8]). A space X is called absolutely countably compact if for every open cover U
of X and every dense subspace D of X, there exists a finite subset F' C D such that St(F,U) = X.

Theorem 1. Being an absolutely countably compact is a properly hereditary property.

Proof. Suppose that every proper subspace of a space (X, 7) is absolutely countably compact.
Let A={A; :s € S} be an open cover of X and D be a dense subset of X. Evidently, if D = X
or D is degenerate, then X is absolutely countably compact. Thus, we may assume that D # X
and D is non-degenerate. Thus, we have two cases:

(i) X = DU {1} for some x; € X\D, then D is a dense subset of Z = X \ {1} and hence
D has a finite subset K such that St (K;,U) = Z where U ={A;s \ {z1} : s € S}. Now, if
x1 € St (K7, A) then it is done, but if 23 ¢ St (K;,.4), choose x2 € D such that {z1,x2}
is not open in X. Now, D \ {z2} is dense in the subspace X \ {z2}. So, D\ {x2} has
a finite subset Ko such that St (K, W) = X \ {z2} where W ={A; \ {z2} : s € S}. Take
K = K7 U K, then St (K, A) = X.

(if) X # DU {z} for any x € X. Let x3 and x4 be two distinct points in X \ D, then D is a
dense subset to both subspaces X \ {z35} and X \ {4}, so, D has a finite subset K3 such



that St (K35,C) = X \ {z3} where C = {4, \ {z3} : s € S}, and a finite subset K, such that
St (K4, £) = X\{x4} where £ ={A;\ {z4} : s € S}. Take E=K3UKy, then St (E, A)=X.
O

A subset A of a topological space X is called a zero-set if A = f~1(0) for a continuous function
f: X — I, the complement of A is called a cozero-set. Let A be a subset of X, 7-closure of A,
cl- A is the set of all points € X such that any cozero-set neighborhood of z intersects A. Now,
we define w-compact as follows:

Definition 2 ([5]). A topological space (X, 7) is called w-compact if any open cover {U,, : a €
A} of X contains a finite subfamily {U,,,U,,, ..., U, } such that X = cl;(Uy, UUy, U...UU,,).

Theorem 2. w-compactness is a properly closed hereditary property.

Proof. Let U ={U, : « € A} be an open cover of the topological space (X, 7) and Y = X \ Uy,
for some ag € A, so {U, NY : « € A} is an open cover of Y and hence it has a finite subfamily
{Ua, NY, Uy, NY, ..., Uy, NY} such that

Y =l (Uay, NY)U (Uay NY)U...U (Ua, NY))

where 7’ is the topology on Y.
Hence, {Uny, Uays Uy, ---5 Ua, }t is the required subfamily of U. O

Recall that a compact space X is maximal compact iff every compact subset is closed. The
maximal compactness is not a properly open (closed) hereditary property. To see this, consider
the following examples:

Example 1. Let X = R and topologize X as 7 = {R,¢,{0}}. Then, every proper open
subspace of X is maximal compact, but X is not maximal compact.
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Example 2. Every proper closed subspace of the topological space (R, 7.or.) is maximal com-
pact, but (R, 7eor.) is not maximal compact.

In the next result, we shall show that maximal compactness is a properly hereditary property
for Card(X) > 3. The condition Card(X) > 3 is necessary as we shall see in the next example.

Example 3. Let X = {1,2} and 7 = {X, ¢, {1}}. Then every proper subspace of X is maximal
compact, but X itself is not maximal compact.

Theorem 3. If every proper subspace of a topological space X is mazimal compact with
Card(X) > 3, then X is finite and has the discrete topology.

Proof. Suppose that every proper subspace of a topological space X is maximal compact. Let
xz1 € X, and let x5 € X \ {z1}. So, the subspace X \ {1, x5} is a compact subset of X \ {z2}, hence
it is closed in X \ {z2}, let z5 € X \ {z1, 22}, then the subspace X \ {1, 23} is a compact subset of
X\ {z3}, thus it is closed in X \ {3} and hence (X \ X \ {z1,z2} )N (X\X \{zn, 23] ) = {a1}.
Therefore, {x1} is open. O

2. COVERING SPACES

Let us study some types of covering properties that are properly hereditary properties. Recall that
a topological space (X, 7) is called a T% -space iff every singleton in X is either open or closed.

Definition 3 ([4]). A topological space (X, 7) is called fully normal iff every open cover of X
has an open star refinement.

Lemma 1 ([8]). A barycentric refinement of a barycentric refinement of a cover U is a star
refinement of U.
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Theorem 4. If every proper subspace of (X, 1) is fully normal Ty -space, then (X,7) is fully
normal.

Proof. If X has the discrete topology, then it is fully normal. Assume that 7 is not the discrete
topology. Let A = {A; : s € S} be any open cover of X and let ;1 € X be such that {x;} is closed
in X.

Let Y = X\ {21}, s0 {As; \ {z1} : s € S} is an open cover of Y, hence it has an open barycentric
refinement, say, B = {B; :t € T'}. Let 23 € X be such that {z2} is closed in X, if there is no such
T9, we are done.

Let Z = X \{z2}, so {As \ {z2} : s € S} is an open cover of Z, hence it has an open barycentric
refinement D = {D, : « € A}. Now, for all z € X \ {z1,x2}, there exist B;, € B and D,, € D
such that z belongs to both By, and D, . Also, there exist By, € B, and D,, € D that contain
T2, 21, respectively. Let F' = B, UD,, ,so F = {Bth’ D%l} is an open cover of F', hence it
has an open barycentric refinement, say G, and St (z1,G) N St (z2,G) = ¢.

It is easy to see that the family

C={B:, N Dy, :x € X\ {x1,22}} U{St(z1,G), St (z2,G)}

is an open barycentric refinement of A.
Now, since C is an open cover of X, so it has an open barycentric refinement W. Therefore, W
is an open star refinement of A. O

Oéml

Now, [2, Theorem 3.1] becomes an easy consequence.
Corollary 1. If every proper subspace of (X, 7) is paracompact, then (X, T) is paracompact.

Definition 4 ([5]). A cover A of a space X is called a k-network for X, if for any open set U in
X and any compact subset K of U, there exists a finite subfamily B of A such that K CUB C U.



Definition 5 ([5]). A regular space X is called R-space if it has a o-locally finite k-network.
Theorem 5. N-space is a properly hereditary property.

Proof. Suppose that every proper subspace of a space X is an N-space. Let A be an open cover
of X. If X has the indiscrete topology, then X is an R-space.

If X does not have the indiscrete topology, then there exist two nonempty disjoint open subsets
Uand V of X. Let Y = X\ U, Z = X\ V, so there exist two o-locally finite k-networks
C =U32,Cy—1and D = U?‘;l'ng of Y and Z, respectively.

It is not hard to see that B = U2, B, is a o-locally finite k-network of X where

5 Cn if n is odd
" D, if n is even
O

Definition 6 ([7]). A topological space (X, 7) is called locally paracompact iff for every z € X
there exists an open neighborhood U, of x such that U, is paracompact.

Theorem 6. If every proper subspace of a topological space X is locally paracompact, then X
is locally paracompact.

Proof. If X is finite, then X is paracompact. So, we may assume that X is infinite. Let 1 € X
and let x5 be such that z; # z5. So, there exists an open neighborhood V;, of z; in the subspace

—Y .
Y = X \ {z2} such that V,,  is paracompact, we have two cases:

. . —X —X —X
(I) Vi, isopenin X. If o ¢ V,,,, then V,,~ is paracompact. So, we assume that zo € V,,
hence we have two subcases to be considered:



V_le # X, let x3 € X \V_GCIX7 so z1 has an open neighborhood U,, in the subspace
Z = X \ {x3} such that U_xlz is paracompact, so V;, N Uy, is an open neighborhood of
z1 in X. Now, let U = {U, : @ € A} be an open cover of the subspace mX, o)
for all v € A there exists an open set F, in U_le such that U, = F,N mX. Thus,
the family {F, : a € A}U {U_zlz \mx} is an open cover of the subspace U_MZ
and hence it has a locally finite open refinement, say {V5 : v € I'}. Now, the family

{V7 N (Ve N UwIX) 1y € 1"} is a locally finite open refinement of U.

%
Ve, = X. We have two cases:

(a) If V;, = X \ {22}, then X is paracompact.
(b) Vi, # X\{z2}. If there exists 4 € X\ (V,,U{z2}) such that x; has a neighborhood,

say Uy,, in X \ {z4} with U_MX\{M} is paracompact and U_ZIX\{M‘} # X\ {x4}, so

Vi, NUs,, is open in X and ¥V, N Uy, # X. Let p € X\ Vo, N Uy, ", then 21 has a

neighborhood, say Fy,, in X \{p} with F_MX\{p}

in case (L.1), (V4 NU,) N FMX is paracompact. Otherwise, X \ {z4} is paracompact
and since X \ {x2} is paracompact, then {z} is closed for all z € X \ {x2,z4}. Let
{z5,26} C X \ {z1,22,24} and let A= {A;:s€ S} be an open cover of X, then
{A; \ {z5} : s € S} (respectively, {4, \ {zs} : s € S}) is an open cover of X \ {z5} (
respectively, X \ {z¢}) and hence it has a locally finite open refinement, say {J; : [ € L}
( respectively, {Ij, : k € K}). Hence the family

is paracompact. So, by a similar way as

{Ji, NI, :x € X\ {zs,26}} U {le67Ikz5}

is a locally finite open refinement of A.



(IT) V, is not open in X. If there exists xgp € X \ {x1} such that z; has a neighborhood in

X \ {zo}, say W,,, such that WMX\{xD} is paracompact and it is open in X, then we have
Case (I). Otherwise, for all z € X \ {z1}, we have {x} is not closed and hence X \ {z} is
not paracompact. Now, let y € X \ {21}, so ; has an open neighborhood in X \ {y}, say
B,,, such that B_le\{y} is paracompact, let z € X \ (B_xlX\{y} U {y}), so z; has an open
neighborhood in X \ {z}, say D,,, such that D_xlX\{Z} is paracompact. Thus D,, N (By, U
X X
{y}) is open in X and D,, N (B,, U{y}) # X. Let g€ X \ Dy, N (By, U{y})
has a neighborhood, say H,,, in X \ {q} with H_mlx\{q}

%
similar way as in Case (I.1), (D, N (By, U{y})) N H,, is paracompact.

, then x,

which is paracompact. So, by a

O

3. MORE TOPOLOGICAL PROPERTIES

In this section, we shall study the topological properties: minimal Hausdorff, realcompact, ex-
tremely disconnected and improve a result about d-normal spaces. Recall that a Hausdorff space
X is called minimal Hausdorff if every one-to-one continuous map of X to a Hausdorff space Y is
a homeomorphism.
Co back Theorem 7. Being a minimal Hausdorff is a properly hereditary property.

O Daci

Proof. Suppose that every proper subspace of X is minimal Hausdorff. Since every proper
vt Srzan subspace of X is Hausdorff, then X is a Hausdorff space. Let f be a one to one continuous
map of X to a Hausdorff space Y and let 1 € X. So, g : X \ {z1} — Y \ {f(z1)} is one to
one and continuous where ¢ = f on X \ {z1} and hence g is a homeomorphism. Now, since

f(X) = f({mHU fX\{zn}) = F{z ) Ug(X \{21}) = f({z:HUY \ {f(z1)} = Y, so [ is onto.
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Quit




Let U be a proper open subset of X. If z; ¢ U, then f(U) = g(U), and since g is a homeo-
morphism, we have g(U) open in Y \ {f(z1)}, so it is open in Y. If 1 € U, let 3 € X \ U, so
h: X \{x2} = Y\ {f(z2)} is one-to-one and continuous where h = f on X \ {z5} and hence h is
a homeomorphism that implies f(U) = h(U) is open in Y \ h({z2}) and so in Y. O

To study the next result we need the following definition.

Definition 7 ([4]). A Tychonoff space X is called realcompact if there is no Tychonoff space
Y which satisfies the following conditions:

(1) There exists a homeomorphism embedding  : X — Y such that »(X) # Cl(r(X)) and
Cl(r(X)) =Y.

(2) For every continuous real valued function f : X — R, there exists a continuous function
g:Y — R such that gor = f.

Theorem 8. If every proper subspace of a disconnected space X is realcompact, then so is X.

Proof. Since X is a disconnected space, so there exist two nonempty disjoint open subsets of
X, say U and V, such that UUV = X. Let F be a closed subset of X and z; ¢ F, so 1 belongs
toU or V, say U.

If UNF = ¢, then the function h : X — I where

1 ifxeV
h(z) =
0 ifeeU



If UNF # ¢, then there exists a continuous function hy : U — I such that hy(z1) = 0,
hy(U N F) =1 and hence the function h : X — I where

1 ifteeV
h(z) =
hy(x) iteeU

is continuous with h(z1) = 0 and h(F) = 1. Thus, X is Tychonoff.

Now, suppose that there exists a Tychonoff space Y satisfying conditions (1) and (2) in Def-
inition 7, so there exists a homeomorphic embedding r : X — Y such that »(X) # r(X )Y =Y
and hence r(U) # r(U)Y or r(V) # r(V)Y7 say r(U) # r(U)Y7 let W = r(U)Y7 so the function

r|y: U — W is a homeomorphic embedding such that r(U) # T(U)W =W.
Now, let h : U — R be a continuous real valued function, thus the function

{ h(z) ifzeU

fle) = 0 ifeeV

is a continuous real valued function from X to R, so there exists a continuous function g : ¥ —
R such that gor = f, so g |w: W — R is continuous and (¢ |w) o (r |v) = h, which is a
contradiction. O

In the next result we managed to improve [1, Theorem 3.5] by removing the condition 7;. For
this we need the following definition

Definition 8 ([8]). A topological space X is called a d-normal space if whenever A and B
are disjoint closed subsets of X, there exist two disjoint Gs-sets H and K such that A C H and
BCK.



Theorem 9. If every proper subspace of X is d-normal, then X is d-normal provided that
Card(X) # 3.

Proof. Tt is clear that X is §-normal whenever Card(X) < 2. For Card(X) > 4, let A and B be
two disjoint nonempty closed subsets of X. If X = AU B, the proof is completed. So, we assume
that X # AU B. Let 1 € X \ (AU B), so there exist two disjoint Gs-sets H; = N, H} and
K;=n, Kl inY = X\ {z;} such that A C H; and B C K;, where H} and K} are open in Y for
all i € N. Hence, there exist open sets U}! and V;! in X such that H} = U} NY and K} =V,'!nY
for all i € N. Thus, U! = N2,U} and V! = N2, V! are Gs-sets in X. Now, if Ul NV = ¢, the
proof is completed. If U N V! # ¢, then U' N V! = {x;}, we have two cases:

(a)

There exists 22 € X \ (AU B U {z1}). So, there exist two disjoint Gs—sets Hy = N, H?
and Ky = N3, K? in Z = X \ {wa} such that A C Hy and B C K», where H? and K?
are open in Z for all i € N. Hence, there exist open sets U? and V2 in X such that H? =
U?NZ and K2 = V2N Z for all i € N. Thus, U? = N2, U2 and V2 = N2, V;? are Gs-sets
in X. Then U = N2, U; and V = N2, V; are two disjoint Gs-sets in X such that A C U
and B CV, where U; = U} NU? and V; = V! N V2.
X = AUBU{x;}. So Card(A) or Card(B) is not equal to 1, say Card(4) #1. Ifz € A
there exist two disjoint Gs-subsets H, = N2, HF and K, = N2, KF in W, = X \ {z} such
that A\ {z} C H, and B C K,, where H? and K7 are open in W, for all i € N. Hence,
there exist open sets U and V;* in X such that H? = U N W, and K = V;* N W, for all
i € N. Thus, U* = N2, UF and V* = N2, V;* are Gs-sets in X. If there exists x3 € A such
that zy € U”, then N2, (V;** NV;') and U are two disjoint Gs-sets of X such that A C U*
and B C N2, (V™ NV;!). Otherwise, there exist U * and U} such that z; ¢ {U* UU"}
for some {z4,z5} € A and {ig, i1} C N and hence V! and N2, (U} N {UZ* U U }) are two
disjoint Gs—sets of X such that A € N2 (U} N {UZ* U U }) and B C V.

O



The following example shows that Theorem 9 is not true if the cardinality of X is 3.

Example 4. Let X = {z, y, 2z} be topologized as follows:
T ={¢,{z},{=z,y},{=z, 2}, X},

so every proper subspace of X is d-normal, but X is not d-normal.
We improve [1, Theorem 3.8] for any space with cardinality greater than 3 as follows.

Theorem 10. If every proper subspace of a topological space X is an extremely disconnected
space, then X is extremely disconnected provided that Card(X) > 4.

Proof. Let U be a nonempty proper open set in X, we have two cases:

(I) If Card(X \ U) = 1, then U " is either U or X.
(II) If Card(X \ U) # 1, so let 1, x2 be two distinct points in X \ U and let ¥ = X \ {z1},
Z = X \ {z2}. So, T = V1 ( respectively, T’ = V3) is open in Y (respectively, Z), then

U = V1UVs. Now, it is easy to prove that V3 UV5 is open in X. Therefore, X is extremely
disconnected.

O
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