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AN AMERICAN CONVERT CLOSE TO MATURITY

G. ALOBAIDI and R. MALLIER

Abstract. We use an asymptotic expansion to study the behavior of an American convertible bond
close to maturity, under the assumptions that the underlying stock price obeys a lognormal random

walk and the risk-free rate is given by either the Vasicek model or the Cox-Ingersoll-Ross model. Series
solutions are obtained for the location of the free boundary and the price of the bond in that limit.

1. Introduction

A convertible bond, or convert , is debt which can be converted into the equity of the issuing
corporation at certain times using a pre-determined exchange ratio [17], with the option to convert
solely at the discretion of the bond holder, who will do so only if it is beneficial. If and when
conversion occurs, new shares are issued by the corporation, with the existing shares diluted by
the creation of the new ones. For arbitrage reasons, a convertible bond cannot be worth less than
an otherwise identical non-convertible bond. To an issuer, convertible debt has the advantage of
lower interest cost than straight debt, but with the drawback that the issuer faces capital structure
uncertainty. In return for a reduced yield, an investor will receive a security with considerable
upside potential along with downside protection. There is a large global market for convertible
debt, with in excess of $400 billion in market value outstanding in 2000 [14], because of which the
pricing of these securities is an important problem.
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The behavior of a convertible bond can be classified into four regimes [14] according to the
conversion premium, which is the excess an investor would pay to acquire the stock by buying
the convertible and immediately converting rather than buying the stock itself. Most new issued
converts tend to be balanced converts, which respond to changes in both the underlying stock
price and the spot interest rate, with a correlation of about 55% to 80% with changes in the stock
price, with around a 25% conversion premium of about 25%. Once the price of the underlying has
risen, the convert tends to be an equity substitute convert , which responds much more to changes
in the stock price than to interest rate changes, with a conversion premium of less than 15%. If
the underlying stock price has declined so significantly that the conversion option is worth very
little, the convert is a busted convert whose value approaches that of an otherwise identical non-
convertible bond. Distressed converts are a sub-category of busted converts, where the stock price
has fallen so much that there is a significant chance of bankruptcy.

As with other derivatives, contingent claims analysis has been used to value convertibles, and
this approach dates back to [8, 9, 15]. Initially, the firm value was used as the underlying variable
[8], with the analysis extended later to include stochastic interest rates [9] and the value of the stock
rather than that of the firm [24]. Almost all of this earlier work led to a numerical rather than an
analytical solution of the underlying equations for the value of a convertible bond, typically using
binomial trees, while a later thread [21, 23] was analytical, using a Green’s function approach to
value securities whose value depended on both a stock price and interest rate. The present study
is entirely analytical, using asymptotic analysis.

In our analysis, we consider a convertible bond, whose value depends on both the price S of
the underlying stock, which is assumed to obey a lognormal random walk with constant volatility,
as in the Black-Scholes-Merton option pricing model [7, 26], and on the interest rate r, which
is assumed to follow a mean-reverting random walk given by either the Vasicek [39] or the Cox-
Ingersoll-Ross (CIR) [11, 12] model. From these models, we have stochastic differential equations
for both the stock price and the spot rate. By constructing a risk-free portfolio, it is possible to go
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from these stochastic differential equations to a partial differential equation (PDE) for the value
of the convert [40], and this PDE is the starting point for our analysis in the next section.

American converts contain an embedded American-style option, and as with American equity
options this embedded option can be exercised at any time at or prior to maturity. As a con-
sequence, American converts are harder to price than their European counterparts, because the
possibility of early exercise leads to a free boundary separating the region where it is optimal to
hold from that where exercise is optimal. In theory, exercise should take place only on this free
boundary, known as the optimal exercise boundary. This sort of free boundary problem is com-
mon in diffusion problems such as melting and solidification problems and is referred to as a Stefan
problem, and a large number of studies have focused on the optimal exercise boundary for Amer-
ican equity options, and in particular on the behavior of this boundary close to expiry, including
[2, 3, 5, 10, 13, 16, 18, 20, 22, 25, 28, 38]. In our analysis, we will consider an American zero
coupon convert, which can be converted to one unit of stock at any time at or prior to maturity,
and which pays an amount P , the principal, at maturity if the option to convert is not exercised,
so that the pay-off on the free boundary is S and that at maturity is max (S, P ). To prevent
arbitrage, the value of the bond must be equal to the value of the stock on the free boundary. In
addition, we have the smooth pasting or high contact conditions [27] that the option’s delta (or
derivative of its value with respect to asset price ∂V/∂S) and rho (or derivative with respect to
interest rate ∂V/∂r) must both be continuous across the boundary. Since the stock is held on one
side of the boundary, this means that ∂V/∂S = 1 and ∂V/∂r = 0 at the boundary. The location
of the free boundary at maturity will be S = P , which motivates us to seek a free boundary of the
form S = Sf (r, t), where t is time.

In the present study, we will use a technique developed by Tao [29]–[37] for free boundary
problems arising in melting and solidification. Tao used a series expansion in time to find the
location of the moving surface of separation between two phases of a material, and in almost all
of the cases he studied, he found that the location of the interface was proportional to τ1/2, τ
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being the time since the two phases were first put in contact. Tao’s method has been applied to
American equity options in the past [2, 3, 13, 22], and in those studies, a change of variables
[13, 40] was use to transform the governing equations into the heat conduction equation studied
by Tao, along with a nonhomogeneous term. Because we are seeking a free boundary of the form
S = Sf (r, t), we are able to use the same transformation in this study as was used for American
equity options, with no transformation applied to r.

At this point, the condition on the delta merits further comment. At maturity, where it is
optimal to hold the bond ∂V/∂S = 0, yet on the free boundary we have ∂V/∂S = 1 prior to
maturity, so that there is a discontinuity in the delta. When similar discontinuities occur for
American equity options [3, 4, 5, 22], they appear to lead to logarithmic behavior of the free
boundary, which is therefore the behavior we expect here. Although this discontinuity is possible
in the financial setting, it does not seem to occur in physical Stefan problems, which perhaps
explains why Tao [29]–[37] never encountered logarithmic behavior.

The rest of our paper is as follows. We will present our analysis for American converts in Section
2, followed by a brief discussion of our results in Section 3.

2. Analysis

In this section we will discuss the value V (S, r, t) of a convertible bond. We shall assume that the
asset price S and spot interest rate r obey the stochastic differential equations,

dS = µSdt + σSdX1,

dr = u(r, t)dt + w(r, t)dX2,
(1)

where σ is the volatility of the stock price and µ is the drift, while dX1 and dX2 are both normally
distributed with zero mean and variance dt and may be correlated, with E [dX1dX2] = ρdt and
−1 ≤ ρ(r, S, t) ≤ 1. S obeys a lognormal random walk, as in the Black-Scholes-Merton option
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pricing model, [7, 26]. Constructing a risk-free portfolio leads to the following PDE for V [40],

∂V

∂t
+

σ2S2

2
∂2V

∂S2
+ ρσSw

∂2V

∂S∂r
+

w2

2
∂2V

∂r2

+ (r −D)S
∂V

∂S
+ (u− λw)

∂V

∂r
− rV = 0,

(2)

which for t ≤ T , where T is the time at which the bond matures. In the above, D is the constant
dividend yield of the stock, λ(r, S, t) is the market price of interest rate risk and u − λw is the
risk adjusted drift. Many of the popular one-factor interest rate models are special cases of the
general affine model for which u− λw = a(t)− b(t)r and w = (c(t)r − d(t))1/2 [40]. Two of these
special cases are the Vasicek model [39] and the Cox-Ingersoll-Ross (CIR) model [11, 12], with
u − λw = a − br for both models and w = c for the Vasicek model and w = cr1/2 for the CIR
model, where a, b and c are constants rather than functions of t. The Vasicek model allows interest
rates to become negative but is popular because it is extremely tractable.

If we specialize to either Vasicek or CIR, both of which are mean-reverting models, and also
assume that the correlation ρ is constant, (2) becomes

∂V

∂t
+

σ2S2

2
∂2V

∂S2
+ ρσcrµS

∂2V

∂S∂r
+

c2r2µ

2
∂2V

∂r2

+ (r −D) S
∂V

∂S
+ (a− br)

∂V

∂r
− rV = 0,

(3)

with µ = 0 for Vasicek and 1/2 for CIR. We will suppose the pay-off at maturity t = T is
V (S, r, T ) = max (S, P ), while at the free boundary S = Sf (r, t) we have V (S, r, t) = S. We
shall proceed along the same lines as [2, 3, 13, 22] and make the change of variables V (S, r, t) =
S+Pv (x, r, τ), S = P ex and t = T−2τ/σ2, where Pv is the conversion premium, which transforms
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(3) into

σ2

2
∂v

∂τ
=

σ2

2
∂2v

∂x2
+ ρσcrµ ∂2v

∂x∂r
+

c2r2µ

2
∂2v

∂r2

+
(

r −D − σ2

2

)
∂v

∂x
+ (a− br)

∂v

∂r
− rV −Dex

(4)

with v(x, r, 0) = max (0, 1− ex) at maturity while at the free boundary x = xf (r, τ) we have
v = ∂v/∂x = ∂v/∂r = 0. The bond should be held where x < xf (r, τ) and converted where
x > xf (r, τ).

At maturity the free boundary starts at S = P or equivalently x = 0. In the analysis that
follows, strictly speaking the equation (4) is valid only for those parameter values where it is
advantageous to hold the bond, so that at maturity, we can only impose the initial condition on
x < 0, and the initial condition becomes v → 1− ex as τ → 0.

To tackle the equation (4) and associated boundary and initial conditions, we shall follow Tao
and seek a series solution. While Tao expanded in powers of τ1/2, in the current problem, the
discontinuity in the delta mentioned above means that we must include logs as well as powers of
τ1/2 in the expansion, and this seems to be the rule when there is a discontinuity in the delta at
the free boundary [3, 4, 5, 22]. The series for v(x, r, τ) is therefore

v (x, r, τ) = τ1/2V
(0)
1 (ξ, r) +

∞∑
n=2

∞∑
m=0

τn/2 (− ln τ)−m
V (m)

n (ξ, r) ,(5)

which is the same form as for the American put with D < r considered in [22], with ξ = xτ−1/2/2
a similarity variable. The minus sign is included in (− ln τ) because ln τ is negative for 0 < τ < 1.
It is worth noting that logarithms first enter in this series with the τ1 terms rather than the leading
τ1/2 term. We assume that the free boundary is located at x = xf (r, τ) which we also write as a
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series,

xf (r, τ) ∼
∞∑

n=1

∞∑
m=0

x(m)
n (r) τn/2(− ln τ)1−n/2−m,(6)

with x
(0)
1 (r) =

√
2. The leading order scaling of xf (τ) ∼ x

(0)
1 (−τ ln τ)1/2, which is the same as

for the American options, is chosen because we need |xf (r, τ)| � O
(
τ1/2

)
, and more specifically

exp
[
−x2

f

4τ

]
∼ O

(
τ1/2

)
. The presence of logs in the series (6) for xf (r, τ) necessitates the presence

of logs in the series (5) for v (x, r, τ).
With this expansion, it follows that on the free boundary we have

e−ξ2
= exp

[
−

x2
f

4τ

]
∼ τ1/2 ex

(2)
1 /

√
2
[
1 +O

(
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,
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[

xf

2
√

τ

]
∼
(

2τ

−π ln τ

)1/2

ex
(2)
1 /

√
2
[
1 +O

(
ln−1 τ

)]
,

(7)

where erfc is the complementary error function. and we have used the result [1] that as ζ → ∞,

erfc(ζ) ∼ e−ζ2

ζ
√

π

[
1 +

∑∞
m=1

(2m−1)!!
(−2ζ2)m

]
.

In our analysis, we substitute the assumed form for v(x, τ) (5) in the PDE (4) and group powers
of τ1/2 and − ln τ . We find the following equations for the leading order terms at each power of
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τ1/2 in this expansion,

LnV (0)
n =


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It is straightforward to write the solutions to the equations (8) which satisfy the initial condition
that v(x, 0) = max(1− ex, 0) for x ≤ 0,

V
(0)
1 = − 2ξ +

[
e−ξ2

√
π

+ ξ erfc (−ξ)

]
C

(0)
1 (r),

V
(0)
2 = − 2ξ2 − 2r

σ2
+

[
2ξ e−ξ2

√
π

+
(
1 + 2ξ2

)
erfc (−ξ)

]
C

(0)
2 (r)

+
[(

1 +
2 (D − r)

σ2

)
C

(0)
1 (r)− 2ρcrµ

σ
C

(0)′
1 (r)

][
ξ e−ξ2

√
π

+ ξ2 erfc (−ξ)

]
.(9)

In (9), V
(0)
1 is the same for both the Vasicek and CIR models, but V

(0)
2 differs for the two models,

because of the rµ factor in the C
(0)′
1 (r) term. We would mention that since we can only impose the

initial condition on x < 0, the limit τ → 0 means that ξ → −∞. To impose the initial condition
that v → 1−ex as τ → 0, we require that τn/2V

(0)
n → −xn/n!, and we first set e−ξ2

= erfc(−ξ) = 0,
and then replace ξ by xτ−1/2/2 and finally take the limit τ → 0.

Next, we impose the the conditions at the free boundary on (9). To do this, we replace x by (6),
the series for xf (r, τ), using the expressions (7) for e−ξ2

and erfc(ξ) at the free boundary. This
tells us that C

(0)
1 = 1 and C

(0)
2 = r−D

σ2 , so that (9) becomes

V
(0)
1 =

e−ξ2

√
π
− ξ erfc (ξ) ,

V
(0)
2 =

ξ e−ξ2

√
π

+
(

D − r

σ2
− ξ2

)
erfc (ξ)− 2D

σ2
.

(10)



JJ J I II

Go back

Full Screen

Close

Quit

Since C
(0)′
1 (r) = 0, V

(0)
2 is now the same for both models. However, if we perform the same

procedure at the next order, we find that V
(0)
3 differs for the two models,

V
(0)
3 =

[
ρcrµ

σ3
+

(r −D)2

σ4
− r + D

σ2
+

2ξ2

3
− 1

12

]
e−ξ2

√
π

+
[
2Dξ

σ2
− 2ξ3

3

]
erfc (ξ)− 4Dξ

σ2
.

(11)

In (10), we have the leading order terms at each power of τ1/2 and we can comment further on
the discontinuity in ∂v/∂x. From (10), at leading order, ∂v/∂x ∼ −x+1

2 erfc
(

x
2τ1/2

)
+ O

(
τ1/2

)
,

which enables us to see the discontinuity: when τ = 0, erfc
(

x
2τ1/2

)
= 2 for x < 0, while on the

free boundary xf (τ), erfc
(

x
2τ1/2

)
∼
√

2τ
−π ln τ ex

(2)
1 /

√
2. The complementary error function provides

immediate smoothing of this discontinuity, as τ increases from zero.
For the next terms in the expansion, at τn/2/ (− ln τ), we have the following equations,

LnV (1)
n =


0 n = 1

MnV
(1)
n−1 n = 2

MnV
(1)
n−1 +NnV

(1)
n−2 n ≥ 3

,(12)

where Ln, Mn and Nn are as above. It should be noted that these equations (12) do not involve
the leading order terms V

(0)
n . The solution at the first order for both models is

V
(1)
2 = C

(1)
2

[
2ξ e−ξ2

√
π

+
(
1 + 2ξ2

)
erfc(−ξ)

]
.(13)
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With our expression for the free boundary (6), at leading order the conditions on the free boundary
applied to (10,13) tell us that C

(1)
2 (r) = D

σ2 and x
(1)
1 (r) = −

√
2 ln

[
4
√

πD
σ2

]
for both models. The

analysis at the next order is rather involved, but tells us that x
(0)
2 (r) = −1 − 2(r−D)

σ2 for both
models. We now know the behavior of the free boundary in the limit τ → 0,

xf (τ) ∼
√
−2τ ln τ

(
1 +

ln
(
4
√

πD/σ2
)

ln τ
+O

(
ln−2 τ

))
+O (τ) ,

Sf (t) ∼ P exp

[
σ

√
−(T − t) ln

[
σ2(T − t)

2

]

×

(
1 +

ln
(
4
√

πD/σ2
)

ln[σ2(T − t)/2]
+O

(
ln−2

[
σ2(T − t)

2

]))
(14)

+ O (T − t)] .

Our analysis of the convert is now complete. It should be noted that x11(r)→∞ as D → 0+, and
also that the forcing term −D ex in (4) vanishes in the same limit. Because of this, just as with
American equity call options, an American zero coupon convert should never be exercised early if
the underlying stock does not pay dividends.

3. Discussion

In the previous section, we used an asymptotic expansion of the governing PDE to study the
behavior of a zero coupon American convert close to maturity, whose value depended on both the
price S of the underlying stock, which was assumed assuming to obey a lognormal random walk
with constant volatility, as in the Black-Scholes-Merton option pricing model [7, 26], and on the



JJ J I II

Go back

Full Screen

Close

Quit

interest rate r, which was assumed to follow a mean-reverting random walk given by either the
Vasicek [39] or the Cox-Ingersoll-Ross (CIR) [11, 12] model. The primary rationale for using
these models are that they are popular models and also highly tractable. The Vasicek model has
the undesirable property that interest rates can go negative, while the CIR model does not allow
interest rates to change sign.

The principal results of this paper are two sets of expressions: an expression (14) for the location
of the free boundary close to maturity, along with expressions (5,10,11,13) for the value of the bond
in that limit. To the order shown, the free boundary was the same for both models considered,
but this will not be true at subsequent orders. It is interesting to note that, provided D, the
dividend yield of the stock, is positive, the location of the free boundary close to maturity is
of the form xf (r, τ) ∼

√
τ(− ln τ), which is the same form as that for the American put with

D < r and the American call with D > r [3, 5, 22, 28]. This differs from the xf (τ) ∼ x1
√

τ
behavior for the American put with D > r and the American call with D < r which was also the
behavior encountered most often by Tao [29]-[37], who pioneered the method used here, in his
studies of Stefan problems arising in melting and solidification. Although Tao encountered several
behaviors other than the

√
τ behavior, he did not come across the

√
τ(− ln τ) behavior found both

here and with American options for the parameter ranges mentioned above. We suspect that this
logarithmic behavior is caused by the discontinuity in ∂V/∂S which we discussed earlier, and since
this discontinuity is unphysical, Tao did not encounter it. When D = 0, the American convert
should never be converted prior to maturity.

In our analysis, we considered a fairly simple convert, an American zero coupon convert, which
can be converted to one unit of stock at any time at or prior to maturity, and which pays an
amount P , the principal, at maturity if the option to convert is not exercised, so that the pay-off
on the free boundary is S and that at maturity is max (S, P ). This convert has only one free
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boundary, on which the bond is exchanged for equity, and the addition of embedded call or put
options which are found in some converts [6, 17] would lead to additional free boundaries.

As we mentioned above, our analysis used an asymptotic expansion of the governing PDE. An
alternative approach might be to use the PDE and associated boundary and initial conditions to
construct an integral equation formulation of the problem, thereby decoupling the location of the
free boundary from the pricing of the convert. This approach has proven popular for American
equity options [10, 16, 18, 25, 20, 28, 38]. One integral equation formulation which might be
applied is of course the free boundary Green’s function method [19], using the Green’s function we
presented in [21, 23] for a convert under the Vasicek model, although the corresponding Green’s
function for CIR model remains elusive. However, the resulting integral equations would involve a
triple integral over x, r and τ rather than the double integrals found in [10, 16, 18, 25, 38] when
this approach was applied to American equity options, and this might make asymptotic analysis
of the integral equations problematic, although attempting this approach would likely still be a
worthwhile endeavor.

1. Abramowitz M. and Stegun I. A. (Editors), Handbook of Mathematical Functions, Applied Mathematics Series
No. 55, US Government Printing Office, Washington DC 1964.

2. Alobaidi G. and Mallier R., Asymptotic analysis of American call options, Int. J. Math. Math. Sci. 27 (2001),
177–188.

3. , On the optimal exercise boundary for an American put option, Int. J. Appl. Math. 1 (2001), 39–45.

4. , Installment options close to expiry, J. Appl. Math. Stoch. Anal. 2006 (2006), article ID 60824 .
5. Barles G., Burdeau J., Romano M. and Samsoen N., Critical stock price near expiration, Math. Finance 5

(1995), 77–95.
6. Bhattacharya M., Convertible securities and their valuation, 1127–1171, in Handbook of Fixed Income Securities

(ed. F. J. Fabozzi), 6th edition, McGraw-Hill, New York 2001.



JJ J I II

Go back

Full Screen

Close

Quit

7. Black F. and Scholes M., The pricing of options and corporate liabilities, J. Political Economy 81 (1973),

637–659.
8. Brennan M. J. and Schwartz E. S., Convertible bonds: valuation and optimal strategies for call and conversion,

J. Finance 32 (1977), 1699–1715.
9. , Analyzing convertible bonds, J. Fin. Quant. Anal. 15 (1980), 907–929.

10. Carr P., Jarrow R. and Myneni R., Alternative characterizations of the American put option, Math. Fin. 2
(1992), 87–106.

11. Cox J. C., Ingersoll J. E. and Ross S. A., An intertemporal general equilibrium model of asset prices, Econo-
metrica 53 (1985), 363–384.

12. , A theory of the term structure of interest rates, Econometrica 53, (1985) 385–407.
13. Dewynne J. N., Howison S. D., Rupf I. and Wilmott P., Some mathematical results in the pricing of American

options, Eur. J. of Appl. Math. 4 (1993), 381–398.
14. Dialynas C.P., Durn S. and Ritchie J.C., Convertible securities and their investment characteristics, 1103-1126,

in Handbook of Fixed Income Securities (ed. F. J.Fabozzi), 6th edition, McGraw-Hill, New York 2001.
15. Ingersoll J. E., A contingent claim valuation of convertible securities, J. Financial Economics 4 (1977), 289–322.
16. Jacka S. D., Optimal stopping and the American put, Math. Fin. 1 (1991), 1–14.
17. Jorion P., Financial Risk Manager Handbook 2001-2002, Wiley, New York 2001.
18. Kim I. J., The analytic valuation of American options, Rev. Financial Studies 3 (1990), 547–552.
19. Kolodner I. I., Free boundary problems for the heat conduction equation with applications to problems of change

of phase, Communications in Pure and Applied Math. 9 (1956), 1–31.
20. Mallier R. and Alobaidi G., Laplace transforms and American options, Appl. Math. Fin. 7 (2000), 241–256.
21. , Pricing equity-linked debt using the Vasicek model, Acta Mathematica Universitatis Comenianae 71

(2002), 209–218.

22. , The American put option close to expiry, Acta Mathematica Universitatis Comenianae 73 (2004),
161–174.

23. Mallier R. and Deakin A. S., A Green’s function for a convertible bond using the Vasicek model, J. of Applied
Mathematics 2 (2002), 219–232.

24. McConnell J. J. and Schwartz E. S., LYON Taming, J. Finance 41 (1986), 561–576.
25. McKean H. P. Jr, Appendix: A free boundary problem for the heat equation arising from a problem in mathe-

matical economics, Industrial Management Review 6 (1965), 32–29.
26. Merton R. C., The theory of rational option pricing, J. Econ. and Management Science 4 (1973), 141–183.



JJ J I II

Go back

Full Screen

Close

Quit

27. Samuelson P. A., Rational theory of warrant pricing, Industrial Management Review 6 (1965), 13–31.
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