SOME FAMILIES OF p-VALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

M. K. AOUF

ABSTRACT. We introduce two subclasses T*(p,, j) and C(p,,j) O <a<p—j+1, 1<j<p,
p € N = {1,2,...}) of p-valent starlike and p-valent convex functions with negative coefficents. In
this paper we obtain coefficient inequalities, distortion theorems, extreme points and integral opera-
tors for functions belonging to the classes T™*(p, @, j) and C(p,a,j). We also determine the radii of
close-to-convexity and convexity for the functions belonging to the class T*(p, @, j). Also we obtain
several results for the modified Hadamard products of functions belonging to the classes T*(p, a, j)
and C(p, @, j).

1. INTRODUCTION

Let A(p) denote the class of functions of the form:

(1.1) fR)=22+ Y az® (peN={12..})

k=p+1
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which are analytic and p-valent in the unit disc U = {z : |z| < 1}. A function f(z) € A(p) is called
p-valent starlike of order @ (0 < o < p) if f(z) satisfies the conditions

2f (2)
(1.2) Re { 75 } >a (z€U)
and
[o (2@
(1.3) /Re { 5 }dG = 2pm (z€U).

0

We denote by S(p, @) the class of p-valent starlike functions of . Also a function f(z) € A(p) is
called p-valent convex of order o (0 < a < p) if f(#) satisfies the following conditions

zf"(2)
1.4 Re ¢ 14+ —; >« zeU
(14) { o } (z€0)
and
2 ')
zf (z
1.5 /Re 1+ — df = 2pm zeU).
(15) 0 { e } (=€ D)
We denote by K (p, «) the class of p-valent convex functions of order a. We note that
!
(1.6) f(z) € K(p, o) if and only if %}Z) € S(p,a) (0 <a<p).

The class S(p, @) was introduced by Patil and Thakare [3] and the class K (p, o) was introduced
by Owa [1].



For0<a<p—j+1,1<j<pandpé€ N, wesay f(z) € A(p) is in the class S(p, a, j) if it
satisfies the following inequality:
2f0)(2)

Alsofor0<a<p—j+1,1<j<pandpéec N, wesay f(z) € A(p) is in the class K(p,,j) if it
satisfies the following inequality:

(G+1)
(1.8) Re {1+z];T(Z()z)}>a (z€U).
It follows from (1.7) and (1.8) that:
)
(1.9) f(z) € K(p,, ) if and only if I% € S(p,a, j).

The classes S(p, @, j) and K (p, o, j) were studied by Srivastava et al. [6] (see also Nunokawa [2]).
We note that S(p, o, 1) = S(p, @) and K(p,,1) = K(p, a).
Let T'(p) denote the subclass of A(p) consisting of functions of the form:

(1.10) f(z)=2F - Z apz” (ax, > 0; p € N).
k=p+1

We denote by T*(p, «, ) and C(p,a, j) the classes obtained by taking intersections, respectively,
of the classes S(p, o, j) and K (p, e, j) with T'(p), that is

T (p, v, j) = S(p, v, 5) N T (p)
and
Cp,a,j) = K(p,o, j) N T(p).



‘We note that:

i) T*(p,a, 1) =T*(p,a) and  C(p,a,1) =C(p,a) (Owa [1]);
(ii) T*(1, e, 1) = T* (@) and C(1l,a,1) = C(«) (Silverman [5]).

In this paper we obtain coefficient inequalities, distortion theorems, extreme points and integral
operators for functions belonging to the classes T*(p, «, j) and C(p,a,j). We also determine the
radii of close-to-convexity and convexity for the functions belonging to the class T*(p, «, j). Also
we obtain several results for the modified Hadamard products of functions belonging to the classes
T*(p) OZ,j) and C(pa Oé,j)-

2. COEFFICIENT ESTIMATES

Theorem 1. Let the function f(z) be defined by (1.10). Then f(z) € T*(p,, j) if and only if

5(k7j — 1)

@1 T =1,

k—j+l—-a)ar < (p—j+1-—a),
k=p+1

where

(22 o(pg) = L = { B0 mat D 2D



Proof. Assume that the inequality (2.1) holds true. Then we obtain

) I(k —
, Makzk—p
2f@)(2) ol - k=pr1 (K —j+1)!
FoD) ~ Pt = DI !
=i+ S (k—j+ 1)
(2.3) > kl(k-p)
k=p+1 (k _ J =+ 1)'
p! o k!
CEFESY RNy s K
Ep=gl=a

apzk—p

ag

IN

This shows that the values of ;(JLE)((ZZ)) lie in a circle which is centered at w = (p— j+1) and whose
radius is p — j + 1 — «. Hence f(z) satisfies the condition (1.7).
Conversely, assume that the function f(z) defined by (1.10) is in the class T*(p, a, 7). Then we

have

p! i k! an kP
. G 7 Y
zfU)(2) (P—3)  wipgr (k—3)!
apzk—p

-7+ 1) S (k—j+1)

for0<a<p—j+1,1<j<p, p€N and z € U. Choose values of z on the real axis so that

G)
fé% is real. Upon clearing the denominator in (2.4) and letting z — 1~ through real values,
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we can see that

p! = k! p! = k!
R o o
p=5)t S (k=3)! p—j+ ! S (k—=j+1)!
Thus we have the required inequality (2.1). O

Corollary 1. Let the function f(z) defined by (1.10) be in the class T*(p,, j). Then we have

é(p,j—Dp—j+1-a)
(26) W == =)

The result is sharp for the function f(z) given by
y_ pi-Dp-j+l-a) ,

(k>p+1;peN).

(2.7) f(z) = Sk j—D)k—j+t1—a) (k=p+1; peN).
Theorem 2. Let the function f(z) be defined by (1.10). Then f(z) € C(p,a, j) if and only if
o~ Okg) :
(28) kzz,,H T ) kIt dasp-i+l-a).

Proof. Since f(z) € C(p,a,j) if and only if zpf_(?_i(_zl) € T* (p,«,j), we have the theorem by
k

replacing aj with (p—:g%) ar (k>p+1)in Theorem 1. O
Corollary 2. .Let the function f(z) defined by (1.10) be in the class C(p,«,j). Then we have
5(p,j)lp—j+1-0)

2.9 <
29 S Sk )k 1)

(k>p+1; peN).



The result is sharp for the function f(z) given by

(2.10) f(z) =27 — gg;igi:?ii:zgzk (k>p+1; peN).

3. EXTREME POINTS

From Theorem 1 and Theorem 2, we see that both T*(p,«,j) and C(p,a,j) are closed under
convex linear combinations, which enables us to determine the extreme points for these classes.

Theorem 3. Let
(3.1) fo(z) = 2P

and
_ o Spi—Dp-j+1l-0a)
(3-2) fi(2) = 2% = 5(k,j—1)(k—j+1—a)Zk

Then f(z) € T*(p,, j) if and only if it can be expressed in the form

(k>p+1; peN).

(33) £(2) =Y Mefal(2),
k=p

where A, > 0 (k> p) and > Ay = 1.
k=p

Proof. Suppose that

e s S Mpi-D—jtl-a),
(3.4) f(z)—kzzp/\kfk(z)—z k:Xp;-l 5(k,j—1)(k—j+1—a)/\kz .




Then it follows that

i O(kj =Dk —j+1-0a) dpj—Dp-j+l-0),
S(pj—Dp—j+1-a) 8k,j-1)k—-j+1-a)

k
(3.5)

Therefore, by Theorem 1, f(z) € T*(p, a, j)-

Conversely, assume that the function f(z) defined by (1.10) belongs to the class T™(p, @, j).
Then
5(pj—Dp—j+1-a)
. <
o = 5D+ 1= a)

(k>p+1; €N).

Setting

(3.7) A = ‘;Ef);j;g’;:jjijgak (k>p+1; peN)

and

(3.8) Ap=1— " A,

k=p+1
Go back
we see that f(z) can be expressed in the form (3.3). This completes the proof of Theorem 3. O
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(k>p+1;peN).
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Similarly, we have

Theorem 4. Let
(3.9) fp(z) =27
and

(3.10) f(e) == 2P+ 1= 0)

6k, j)(k—j+1—a)
Then f(z) € C(p,a,j) if and only if it can be expressed in the form

(k>p+1; peN).

(3.11) F(2) = Meful2),
k=p

where A\, > 0(k > p) and Y A\ = 1.
k=p

Corollary 4. The extreme points of the class C(p,, ) are the functionsf,(z) = 2P and

L dmip—i+l-a) |
&) =2 s e riay?  (kZptL peN)

P 4. DISTORTION THEOREMS

Theorem 5. Let the function f(z) defined by (1.10) be in the class T*(p,«,j). Then, for
|z =r <1,
Close (p—i+1-a)p—j+2)
4.1 rP — -
“ p—j+2-0a)lp+1)
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and

(p—j+tl-a)p—j+2 (pP—j+1-a)p-j+2) ,
(P—j+2-q) (P-j+2-q)

The equalities in (4.1) and (4.2) are attained for the function f(z) given by

P—j+1-a)p-j+2)

(4.2) prPt -

bt < | ()] < pri = +

4.3 z) =2P — - z==r).
(4.3) f(2) (p—j+2-a)(p+1) ( )
Proof. Since f(z) € T*(p,, j), in view of Theorem 1, are have
5(p+1,35—1)(p—11+2—a) S < Y g(k’j,_i)(k—j‘f‘l—a)ak
(7 —1) e vy 005 = 1)

which evidently yields

S acoitl-ab-i+?)

44 S it +])

k=p+1
Consequently, for |z| = < 1, we obtain

P—j+1-a)p-j+2) 1
p—j+2-0a)(p+1)

If(2)] <rP Pt Y ap <P 4
k=p+1
and
(p—j+1—a)(p—j+2)rp+1
p—j+2-a)(p+1)

)

(o)
If(@) =P =P N a =P -
k=p+1




which prove the assertion (4.1) of Theorem 5.
Also from Theorem 1, it follows that

. pP—j+1-a)lp—j+2)
(4.5) > kag < 2o :

k=p+1

Consequently, for |z| =7 < 1, we have

o0 o0
‘f,(z)‘ <prP 4 Z kapr® =t < prP=! 4¢P Z kay

k=p+1 k=p+1
<ty Wit -i+2) ,
(P—j+2-a)
and
(o) o0
’f (2)‘ >prP7t— 3 kapr* T = prP T =P N kay
k=p+1 k=p+1
>pre7t— (p—j+1‘—a)(p—j+2)rp,
- (P=j+2-aq)
which prove the assertion (4.2) of Theorem 5. O
Go back Finally, it is easy to see that the bounds in (4.1) and (4.2) are attained for the function f(2)
given already by (4.3).
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The result is sharp, with the extremal function f(z) given by (4.3).
Theorem 6. Let the function f(z) defined by (1.10) be in the class C(p,«,j). Then, for
|z| =r <1,

(p=j+tl-o)p-j+1) (p-jt+l-e)lp—i+1) pn

1
W ey L SIS s e
and
(4.8) P?“p_l—(p_j+1_a)(p_j+1)r”é‘f,(z)‘Sprp—1-|—(p_j"'l_a)(l’—j-l-l)rp.

p—j+2-a) pP—j+2-a)

The results are sharp.

Proof. The proof of Theorem 6 is obtained by using the same technique as in the proof of
Theorem 5 with the aid of Theorem 2. Further we can show that the bounds of Theorem 6 are
sharp for the function f(z) defined by

P—j+l-a)p—j+1)

(4.9) L P ey P B

O
Corollary 6. Let the function f(z) defined by (1.10) be in the class C(p,«,j). Then the unit

disc U is mapped onto a domain that contains the disc

p—j+2-a)p+)-(p-j+1-a)p—j+1)
(P—j+2-a)p+1) '

The result is sharp, with the extremal function f(z) given by (4.9).

(4.10) |w| <



5. INTEGRAL OPERATORS

Theorem 7. Let the function f(z) defined by (1.10) be in the class T*(p, ., j), and let ¢ be a
real number such that ¢ > —p. Then the function F(z) defined by

z

(5.1) Fz)=2 / =1 (t)dt

0

also belongs to the class T*(p, , j).

Proof. From the representation of F'(z), it follows that

(5.2) F(z)=2P — io: by 2~

k=p+1

by, = ctp a
e \er k)R

where

Therefore
i": O(k,j —D(k—j+1-a),
3(p,j — 1) g
k=p+1 ’
i": Sk, j—1)(k—j+1-a) (c—i—p)a
= s k
e (p,j — 1) ctk
2 ki —D)(k—j+1-a) .
< : ap < (p—Jj+1—a),
> =D k< (p—j )




since f(z) € T*(p, @, j). Hence, by Theorem 1, f(z) € T*(p, @, j). ]

Corollary 7. Under the same conditions as Theorem 7, a similar proof shows that the function
F(z) defined by (5.1) is in the class C(p, o, ), whenever f(z) is in the class C(p,a, j).

6. RADII OF CLOSE-TO-CONVEXITY AND CONVEXITY
FOR THE CLASS T*(p, «, j)

Theorem 8. Let the function f(z) defined by (1.10) be in the class T*(p,a, j), then f(z) is
p-valently close-to-convex of order ¢ (0 < ¢ < p) in |z| < r1, where

1
_Jk D) (k—j+1-a) (p—(b)}m
6.1 = inf k> 1).
o0 gt (5 Fered
The result is sharp, with the extremal function f(z) given by (2.7).

Proof. We must show that

zP

f—(_zl)—p‘ < p— ¢ for |z| < 1. We have

’

oo .
< Z kag|z|"".

k=p+1

’

L8 —p| <p-oit

(6.2) i (p%d)) ax 2" < 1.

k=p+1

Thus




Hence, by Theorem 1, (6.2) will be true if
(52 ) e < S =Dt b1 o)

p—¢ T i -D-jt+l-a)
or if
Sk, j—1)(k—j+1-a) o\ 7
J=Dk-j+1-a) (p— -
6.3 z| < : : k>p+1).
o IS e (D)) G2
The theorem follows easily from (6.3). O

Theorem 9. Let the function f(z) defined by (1.10) be in the class T*(p,«,j) then f(z) is
p-valently convez of order ¢ (0 < ¢ < p) in |z| < ro, where

_ i —DE—jt1-a) (plp—8) |77
co  new{Rie Ty (Reog)) ke

The result is sharp, with the extremal function f(z) given by (2.7).

Proof. 1t is sufficient to show that

zf"(2)
‘l—i- ) —p’ﬁp—q& for |z| < 7.

‘We have

S k(k — plax 2"
2f"(2) —p‘ < ke

e p= 5 kald*”
k=p+1

‘1-1—
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Thus |1+ zjf,,ég) —p|<p—¢if

o~ k(k—9) k—p
(6.5) AP P <1
k:zp;rl pp—9)"

Hence, by Theorem 1, (6.5) will be true if
k(k - ¢) |Z|k—P < 6(k’] - 1)(k —J T L= Ol)

p(p—¢) ~ip,i-Dp—-j+1-0a)
or if
Skj—V(k—j+1—a) (plp—¢)\ "
(6.6) 2] < {5(p,j—1)(p—j+1_a) : (k(k—¢)>} (k> p+1).

The theorem follows easily from (6.6).

7. MODIFIED HADAMARD PRODUCTS
Let the functions f,(z) (v =1,2) be defined by

(71) fv(z) =2P - Z a'k,'uzk (ak,v Z 0; v = 172)'
k=p+1

Then the modified Hadamard product (or convolution) of f;(z) and f2(z) is defined by

(7.2) (f1* f2)(z) = 2P — Z ap10k 22",

k=p+1



Theorem 10. Let the functions f,(z) (v = 1,2) defined by (7.1) be in the class T*(p, , j).
Then (f1 % f2)(2) € T*(p,7,4), where
vy=@-j+1)
(7.3) B (P—j+1-0a)(-j+2)
P-j+t2-a)@+1)—(p-j+1-0a)P@-j+2)

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silveman [4], we need to find the
largest v such that

— (ki —D(k—j+1-7)
(7.4) Z - . agakz2 < 1.
ko P =D —j+1-7)
Since
2 6k, j—1D)(k—j+1—a)
(7.5) > . . apy <1
p o 0 i =D —j+1-a)
and
X Sk, j—1)(k—j+1—
(7.6) D At (Gt Rk L) PP S

p S i =D —j+1-a)

by the Cauchy-Schwarz inequality, we have

2 Sk, —D(k—j+1—a)
7.7 : J e
o k=2p;-1 5(p,1—1)(p_]+1_a)m




Thus it is sufficient to show that

(k—j+1—17) (k—j+1-—0a)

. —_— < £ k> 1
(7.8) p—j T 1) k12 S T T = ) VOR1Gk2 (k>p+1),
that is

(k—j+l1-a)p—j+1—7)
7.9 / 5 < .
(79 B R ) [V R )
Note that

dpj—Dp—-j+1-a)
(7.10) Vg 1052 < 5k h—jt1—a) (k>p+1).

Consequently, we need only to prove that
6(p,j —)p—j+1—-a)

(k—j+1-a)lp—j+1-17)

(7.11) Shj—D(k—j+1-a) - k—j+1l-Np—j+i-a)
(k>p+1)
or, equivalently, that
y<(p-j+1)
B 8(p,j —D(p—j+1-a)’(k—p)
6k, j—Dk—j+1-a)-d(pj-1p—j+1-0a)?
(7.12) (k>p+1).

Since
D(k)=(p-j+1)
(7.13) _ 6(p,j —1)(p—j+1—a)*(k—p)
6(kyj—1)(k—j+1-a)2—0(p,j—1)(p—j+1—a)?




is an increasing function of k (k > p + 1), letting k = p + 1 in (7.13) we obtain
Y<Dp+1)=@(p—-j+1)
(7.14) B p—j+1-a)P@p—j+2)
P—j+2-a)Plp+1)—(p-Jj+1-0a)(p—j+2)
which completes the proof Theorem 10. ]

Finally, by taking the functions

o Goitl-0E=it?) 0 .,
(7.15) fo(2) =2 Sy + (v=1,2; peN)

we can see that the result is sharp.

Corollary 8. Let the functions f,(z) (v =1,2) be the same as in Theorem 10, we have

(7.16) h(z) = 2P — Z VaE1ar22"

k=p+1
belongs to the class T*(p,a, 7).
The result follows from the inequality (7.7). It is sharp for the same functions as in Theorem 10.

Corollary 9. Let the functions f,(z)(v = 1,2) defined by (7.1) be in the class C(p,,j). Then
(f1* f2)(2) € C(p, A, J) where

A=(p—-j+1)
(7.17) B p—j+l-a)P@p—j+1)
(p—j+2-a)p+1)-(p-j+1-a)2p-j+1)




The result is sharp for the functions

(P=j+1-a)p=G+1) p
(p—j+2-a)p+1)

(7.18) fu(z) = 2P — (vr=1,2 peN).

Using arguments similar to those in the proof of Theorem 10, we obtain the following result.

Theorem 11. Let the function f1(z) defined by (7.1) be in the class T*(p, t, j) and the function
fa(2)defined by (7.1) be in the class T*(p,T,7), then (f1 * f2)(z) € T*(p, ¢, j), where

¢=(p—j+1)
(p—j+1-a)(p—j+1-T)(p —j+2)
(p—j+2—a)(p—j +2-7)p+1)—(p—j+1 - )(p—j+1-7)(p—j+2)

(7.19)
The result is the best possible for the functions

P=j+1-a)p=j+2) ,n

(7.20) fi(z) = 2P — P—it2-a)ptl) (peN)
and
(7.21) fo(z) = 2P — (p_j+1_7_)(p_j+2)zp+1 (p € N).

(p—j+2-7)p+1)



Corollary 10. Let the function fi(z) defined by (7.1) be in the class C(p,, j) and the func-
tion fa(z) defined by (7.1) be in the class C(p,T,J), then (f1* f2)(z) € C(p,0,7), where

0=p—-Jj+1)
(p—j+l-a)p—j+1-7)(p—j+1)
(p—j+2—a)(p—j+2-7)(p+1)—(p—j+1-a)(p—j+1-7)(p—j+1)

(7.22)
The result is sharp for the functions
—j+1- —j+1
(7.23) filz) =28 = (p(p iJJrJr 2 ié)o(zz)o(p j‘—il-) e
and
(724) fz(Z):Zp— (p_]+1_7)(p_.]+1)zp+1 (pGN).

P—j+2-7)p+1)
Theorem 12. Let the functions f,(z) (v = 1,2) defined by (7.1) be in the class T*(p,, j)-
Then the function

oo

(7.25) h(z) = 2 — Z (af1 +ai2)z"
k=p+1
belongs to the class T*(p, v, j), where
p=@p-j+1)
(7.26) 2p—j+1-a)(p—j+2)

(- t2-aPe+) -2 -j+1-aPp-j+2)
The result is sharp for the functions f,(z) (v = 1,2) defined by (7.15).




Proof. By virtue of Theorem 1, we obtain

2 T8k, —D(k—j+1—0a)]® ,
z:[“%j—D@—j+1—aJ O,

k=p+1

(7.27) - . . 2
S[Z 52;,]_1)k_]+1_a)ak,u] <1 (V=1a2)'

(
W S Dp—j+1-a)

It follows from (7.27) for v = 1 and v = 2 that

1[5k, j—D)k—j+1—a)]?
) 235{%@?—&&—;+1—$](dJ+a%)SL

k=p+1
Therefore, we need to find the largest ¢ such that

§(k,j —D(k—j+1-9)

dpi—Dp—j+1-9)
E[th—nw—j+l—®
“2épi-D-j+l-aqa)

(7.29)

]2 (k>p+1)

that is,

p<(p—j+1)
26(p,j —1)(k—j+1—a)?(k—p)
SOk, —D(k—j+1—a)2—26(p,j—1)(p—j+1- ) (k=>p+1).

(7.30)
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Since
(k)= (p—j+1)

25(p,j —1)(p—j+1—a)?(k—p)
0k, j—1)(k—j+1-a)2—20(p,j— )(p—j+1—a)?
is an increasing function of k (k > p+ 1), we readily have
e<Up+1)=(p—j+1)

2p—j+1-a)?’(P-j+2)
(p—j+2-a)3(p+1)-2p—j+1-a)2p-j+2)
and Theorem 12 follows at once. O

Corollary 11. Let the functions f,(z) (v = 1,2) defined by (7.1) be in the class C(p, , j). Then
the function h(z) defined by (7.25) belongs to the class C(p,&,j), where

E=@-Jj+1)
(7.31) B 2p—j+1—a)2(p—j+1)
(P—i+2-a)(p+1)-20p—j+1-a)Pp-j+1)
The result is sharp for the functions f,(z)(v = 1,2) defined by (7.18).
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