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MAXIMAL OPERATORS OF THE FEJER MEANS
OF THE TWO DIMENSIONAL CHARACTER SYSTEM
OF THE p-SERIES FIELD IN THE KACZMARZ
REARRANGEMENT

U. GOGINAVA

ABSTRACT. The main aim of this paper is to prove that the maximal operator o*
of the Fejér means of the two dimensional character system of the p-series field in
the Kaczmarz rearrangement is bounded from the Hardy space H, to the space Ly
for @ > 1/2, provided that the supremum in the maximal operator is taken over a
positive cone. We also prove that the maximal operator o of Fejér means of the two
dimensional character system of the p-series field in the Kaczmarz rearrangement is
not bounded from the Hardy space Hj /o to the space weak-Lq 5.

1. INTRODUCTION

The first result with respect to the a.e. convergence of the Walsh-Fejér means o, f
is due to Fine [1]. Later, Schipp [9] showed that the maximal operator o* f is of
weak type (1, 1), from which the a. e. convergence follows on standard argument.
Schipp result implies also the boundedness of ¢* : L, — L, (1 < a < o0) by
interpolation. This fails to hold for o = 1 but Fujii [2] proved that ¢* is bounded
from the dyadic Hardy space H; to the space L; (see also Simon [13]). Fujii’s
theorem was extened by Weisz [15]. Namely, he proved that the maximal operator
of the Fejér means of the one-dimensional Walsh-Fourier series is bounded from
the martingale Hardy space H, to the space L, for « > 1/2. Simon [11] gave a
counterexample, which shows that this boundedness does not hold for 0 < o < 1/2.
In the endpoint case o = 1/2 Weisz [17] proved that o* is bounded from the Hardy
space M5 (G2) to the space weak-L;/; (G2). The author [6] proved that o* is
not bounded from the Hardy space Hy 3 (G2) to the space Ly (G2).

If the Walsh system is taken in the Kaczmarz ordening, the analogous to the
statement of Schipp [9] is due to G&t [3]. Moreover he proved an (Hy, L;)-type
estimation. G&t result was extended to the Hardy space by Simon [12], who proved
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that o* is of type (He, Ly ) for o > 1/2. Weisz [17] showed that in endpoint case
a = 1/2 the maximal operator is of weak type (H1/2, Ll/g) .

G4t and Nagy [4] proved the a.e. convergence o, f — f (n — o) for an inte-
grable function f € Ly (G,), where o, f is the Fejér means of the function f with
respect to the character system in the Kaczmarz rearrangement. This result was
generalized by the author [7] and it is proved that the maximal operator o* of
the Fejér means of the one dimensional character system of the p-series field in
the Kaczmarz rearrangement is bounded from the Hardy space H;/5(G)) to the
space weak-Ly,5(G,). By interpolation it follows that o*is of type (Ha, Lq) for
a > 1/2. We also prove that the assumption « > 1/2 is essentiall, in particular,
it is proved that the maximal operator ¢* is not bounded from the Hardy space
Hy/5(G)p) to the space Ly 5 (Gp). By interpolation it follows that o* is not of type
(H,,weak-L,) for 0 < a < 1/2.

The aim of this paper is to prove that the maximal operator of Fejér means
of the two dimensional character system of the p-series field in the Kaczmarz
rearrangement is bounded from the Hardy space H, (G, xG,) to the space L, (G)p X
Gp) for a > 1/2 and is of weak type (1,1) provided that the supremum in the
maximal operator is taken over a positive cone. So we obtain that the Fejer means
of a function f € Li(G), x Gp) converge a.e. to the function in the question,
provided again that the limit is taken over a positive cone. We also proved that
the maximal operator o of Fejér means of the two dimensional character system
of the p-series field in the Kaczmarz rearrangement is not bounded from the Hardy
space Hy5(Gp, x Gp) to the space weak-Ly/5(G), x Gp,). Thus, in the question of
boundedness of the maximal operator o the case of two dimensional character
system of the p-series field in the Kaczmarz rearrangement differs from that one-
dimensional character system of the p-series field in the Kaczmarz rearrangement.
By Theorem 2 and interpolation it follows that o¢ is not bounded from H, (G, x
Gp) to the space weak-L, (G, xG)) for 0 < o < 1/2. In particular, from Theorem 2
we have that in Theorem 1 the assumption o > 1/2 is essential.

2. DEFINITIONS AND NOTATION

Let P denote the set of positive integers, N := P U {0}. Let 2 < p € N and
denote by Z, the pth cyclic group, that is, Z, can be represented by the set
{0,1,...,p — 1}, where the group operation is the mod p addition and every subset
is open. The Haar measure on Z,, is given in the way that

i () = % (ez).

The group operation on G, is the coordinate-wise addition, the normalized Haar
measure /. is the product measure. The topology on G, is the product topology,
a base for the neighborhoods of G, can be given in the following way:

IQ (l‘) = Gp,
In (I) = {y € Gp ‘Y= (:L'Oa"'axn—layn7yn+1a-~-)}7 (‘T € Gp7n € N)
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Let 0 = (0:¢ € N) € G, denote the null element of G, I, := I,, (0) (n € N),
I, :=G,\I,. Let

A:={I,(z) :x € Gy, n€ N}.

The elements of A are intervals of G,,. Set ¢; := (0,...,0,1,0,...) € G, whose
i-th coordinate is 1, the rest are zeros.
The norm (or quasinorm) of the space L, (G, X Gp) is defined by

1/«
o= { [ Ve da?) | 0<a<too).
GpXGp

Let I' (p) denote the character group of G,. We arrange the elements of I" (p)
as follows. For k € N and x € G, denote by r the k-th generalized Rademacher
function

o
ri () :=exp< ﬂ-;)xk> (i:==v-1, z€Gp, keN).

Let n € N. Then

oo
n:Zmpi7 where 0<n; <p (n;,i e N),
i=0

n is expressed in the number system with base p. Denote by
In| := max(j € N n; #0) ie, pl"l <n<phi+t

Now, we define the sequence of functions ¢ := (1, : n € N) by

o0

U (@) =[] Ok @)™ (x€ Gy neN).

k=0
We remark that T' (p) = {t,, : n € N} is a complete orthogonal system with respect
to the normalized Haar measure on G,,.
The character group I' (p) can be given in the Kaczmarz rearrangement as
follows: T' (p) = {xn : » € N}, where
|n|—1
Nn n
Xn () = T|n‘\ () H (Pjn|—1—x(2))"* (reGpneP),
k=0
Xo(z) =1 (zeG,).
Let the transformation 74 : G, — G, be defined as follows:
TA(:E) = (:EAfly LA-2y+-+y L0, LA, LA4L, -+ )

The transformation is measure-preservingand and 74 (74 (z)) = z. By the defini-
tion of 74 , we have

n|

Xn(2) = T (@)Yn—nyypn (Tn| (%)) (n €N, z € Gp).

The rectangular partial sums of the double Fourier series are defined as follows:
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M—-1N-— N
SMN fwr .’E f(Zaj)Xz (xl)Xj (xz)v

=0 4j=0

,_.
[ay

<.

where the number
Fai= [ 76T 6% () du e o)
G XG,
is said to be the (i, j)-th Fourier coefficient of the function f. Let
Inn (xl,xQ) =1, (xl) x Iy (xz) .
The o-algebra generated by the dyadic rectangles
{I (xl xZ) : (xl,xQ) € Gp x Gp}
will be denoted by F, ,, (n € N).

Denote by f = (f(" ™) n € N) martingale with respect to (Fj, ,,n € N) (for
details see, e. g. [14, 16|

The diagonal maximal function of a martingale f is defined by

f* = sup | £,

neN

In case f € L (G, x G,), diagonal maximal function can also be given by

1
f* (21, 2%) = sup ——————— f(uh,u?) dp (ut,u?)],
(#,2%) = sup ) (u!,w®) dp (u?, )
I n(xt,2?)
(ml,xQ) € Gp x Gp.
For 0 < p < oo the Hardy martingale space H,(G, x G,) consists of all mar-
tingales for which

1A, = 771, < oo

If f € L1 (G, x G,) then it is easy to show that the sequence (Spn pn (f) : 1 € N)
is a martingale. If f is a martingale, that is f = (f(™™) : n € N), then the Fourier
coefficients must be defined in a little bit different way:

Flii)= Jim [ 159 (@ a?) 5 () () i ' 0?).
GxG

The Fourier coefficients of f € Ly (Gp x G;,) are the same as the ones of the
martingale (Spn pn (f) : n € N) obtained from f.

For n,m € P and a martingale f the Fejér means of order (n,m) of the two-
dimensional character system of the p-series field in the Kaczmarz rearrangement
of the martingale f is given by

n—1m—1

Unm(f,x z? —ZZS” frat a?

=0 7=0
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For the martingale f, the restricted maximal operator of the Fejér means is
defined by

oy f (z',2%) = sup  |onm(fiat, 2?), A> 0.
p~r<n/m<pA

The Dirichlet kernels and Fejér kernels are defined as follows
n—1
DY (x):=> (), KJ(x):=>Y_ D](x),
=0 '
where 7 is either ¢ or y.
The p"th Dirichlet kernels have a closed form:

p" if xz eI,

where x € G,.
0 if z¢l,, b

3. FORMULATION OF MAIN RESULTS

Theorem 1. Let a > 1/2. Then the mazimal operator o3 is bounded from the
Hardy space Hy(Gp % Gp) to the space Lo(Gp < Gp). Especialy, if f € L1(Gpx G)p)
then

. c
plox >y) < " 11l -
Corollary 1. If f € L1(G, x Gp), then
onmf (z',2%) = f (2!, 2?) a. e.
as min (n,m) — oo and p~* < n/m < p* (A >0).

Theorem 2. The maximal operator oy is not bounded from the Hardy space
Hy9(Gp x Gyp) to the space weak-Ly/2(Gp x Gp).

4. AUXILIARY PROPOSITIONS

We shall need the following lemmas

Lemma 1 (Gét, Nagy [4]). Let A € N andn := nap?+na_1p?~1+---+ngp’.
Then

A—-1p—1 ‘ ' A—-1 _ p—11-1 .
K () =14 3 S @) p K (ry (@) + S 9/ D% () 3 ()
j=0 i=1 j=0 =1 i=0

na—1

+pt Y b (@) Kl (ra (2) + 750 () (n—nap®) KL 4 (74 (2))
=1

na—1 na—1j—1

+ (n—nap?) Z rYy () D;f’A (z) + +p? Z Zr% () DZA (7).

i=0 j=1 i=0
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Lemma 2 (G4t, Nagy [4]). Let A, le N, A>1 andxz € I; \ I;11. Then
0, if ©—xe ¢ g,
KY, (z) = l
2 (@) S if x—mxe; €14
1—r(2)

Lemma 3 ([7]). Let n < p"*, A > N and v € Iy (v0,...,Tm—1,Tm # 0,
0,...,0,2; #£0,0,...,0) m=-1,0,...,01—1, 1 =0,...,N. Then

W cp?
INn
where
IN(x07"'a'1:m—1azm#ana"'aoazl7&0507"')0)
:=1In5(0,...,0,2; #0,0,...,0) for m=-1,
and
IN(an-"7xm—1ax7rL#O7Oa"'70axl#ana"'ao)
=1y (zo,. . Tm—1,Tm #0,0,...,0), for 1= N.
Lemma 4 ([5]). Let Ac N and ny := p** +p*2=2 + ...+ p> +p°. Then
na-1|Kn, (2)] > ep® 2

for:c € IQA(O,...,0,$2k7é0,0,...,0,$257é0,$25+1,...71'2,4_1), k:071,...,A73,
s—hk+2k+3,..  A—1.

Lemma 5. Let x € Iy and n > pN. Then
[ 18 @ = olano
In

N -1
1
<eid D ) LI (@0, —1,8m#0,0,...,0,3170,0,...,0) ()

=0 m=—1
ANy |
.
+pTN >y 1711N(0,...,o,acz;éo,o,...,o,,xj,.A.m,l) (z)
j=1 1=0

Proof. From Lemma 1 we write
A
nlKx @) < ed 1+ >0 [KY (7 (2)
§=0

(2)
+ f: P ‘D;@. (;v)‘ + (n— nap?) ‘ KY 4 (7a (@)
=0
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Using Lemma 3 we obtain

% / (n - nApA) ‘K;fﬁnAPA (1a (x — t))’ du(t)

In
-1

N
1
(3) <c {Z Z Wlbv(zo,...,mm_l,mmyé0,0,...,O,zﬁé0,0,...,O) (35)} :

=0 m=—1

Let z € In (z0,.. ., Tm—1,Tm # 0,0,...,0,2; #0,0,...,0) for some m = —1,...,
..., 01=1,1=0,...,N. ThenusingLemmaQKg}j (rj(x—1t)) #0 (j > N) implies

teIj(o,...70,xN7...,(L‘j71)7 m=—1.
Consequently, we can write

; cpl i
/p] ’Kg} (15 (x —t)|dp(t) < ij l]-IN(O ..... 0,21£0,0,...,0) ()
(4) Iv
cp?

F1IN(O""’O’I#O’O’""O) ().

Let j < N. Then using Lemma 2 K;fj (15 ( —t)) # 0 implies
z€In(0,...,0,2; #0,0,...,0,2;,...,2n-1),l = —1,0,...,57 — L.

Hence we have

/v

-1
cp’ .
K;,pj (5 (x —1)|dp(t) < Iy ZPJ l11N(0,...,0,zl¢o,o,...,o,zj,...,mN_l) (x)

i 1=0
25 J—1
cp —
(5) =V D P (00000, 0w 1) (T) -
1=0
From (1) we can write
A c N-1
v [|pp@-nlao <5 Y v D) @)
@ -
c N-—1
< N pQJ]'IN(Oa“'va‘Tja“wafl) (gj) .
p =0

Combining (2)—(6) we complete the proof of Lemma 5. O
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5. PROOFS OF MAIN RESULTS

Proof of Theorem 1. In order to prove Theorem 1 it is enough to show that (see
Simon [11], Theorem 1)

[

/ sup /|KX z—t)|du(t) | du(z) <cap™, for1/2 < a <1

n>2N

Applylng the inequality

0o @ oo
<Zak> SZ@Z‘ (ag >0, 0<a<1),
k=0 k=0

from Lemma 5 we can write
(e}

/ sup/IKXw—tldu( (1)

n>2N
In
N -1 1
<caqd Y W/11N(wo,...,acm71,xm;éo,o,...,o,xz;éo,o,...,O) () dpe ()
=0 m=—1 G

N Jj—1
1 . 1
+ p2°‘N E :pzja § :pl“ /]'IN(OA»‘~701Il760a0»~~70151j1~-7mN—1) (x) du (.%‘)
j=1 1=0

Ly y i S
-N
< Ca N ( 0 2 o (S
lOmf—lpam pp" = = P
The proof of Theorem 1 is complete. O

Proof of Theorem 2. Let A € P and
fA (xl,xQ) = (Dp2A+1 (xl) - Dp'zA (.131)) (Dp2A+1 (x2) - Dp2A+1 (xQ)) .

It is simple to calculate

fd}(.k) 17 if i7k:p2A7"'7p2A+1_1’
i, k)=
A 0, otherwise.
and
(¥ (a1) = Dyoa (o)) (DY (22) = Dyas (22))
if 4,j=p**+1,...,p*At -1,
’.‘b. N 1 2 = fA x1,$2 )
(7) SF; (fa;at, 2?) ( ) £ > At
0,
otherwise.
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Since

fjfx (xlaxZ) = Sug |Sp",p" (fA;$17$2)| = ‘fA (xlaxQ) )
ne
from (1) we get
(8) 1£allir, = £l = [ Dyeally = p*4C1.
Since
Dy, e (2) = Dou (2) = 124 (2) Dy (124 (2)) k=1,2,...,p°4,
from (7) we obtain
o fa (ml,xz)
= Sup ‘O-n,an (xlzxz)‘ > ‘UnA,nAfA (Il,Z‘Z)’
neN
na—1lnag—1

1 1.2
:(nA)2 Z ZSffij(x,ac)

i=0 ;=0

na—1 na—1

= | X X (DME) Dy (e >><D3—<<m2>—Dpu<w2>>‘

_p2A+1] p2A+1

na-1—1na_1—-1

= ( . 2 z_: 2_: (DzXerzA (z') - Dp“(xl)) (D;‘+p2A(x2) — DP2A(.’E2)>‘

na)
1 S ¥ 2
= e roa (z') 124 ( g 2 D (24 ( Dj (124 (= ))‘

M o [ (o @) [K L (ea (2)]
Denote
Jy57 (z) :==Ioa (20, @1, . .., T24—25—2,T24—2s—1 = 1,0,..., 224 2m—1 = 1,0,...,0)
and let

(a!,22) € Jkl ki +1 () x J;cz,k?ﬂ (?)

where

A 1

= Zlos. Al —
2| [ ] -
A

2

1 1
]+{810gpA]+l l:071,...7[810gpA].
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Then from Lemma 4 and (9) we obtain

s p4kll+4kl2 p2A+logp \/Zf4lp2A+logp VA+4l
*
O'OfA(x,Z‘)ZC Py, > v, > cA.

On the other hand,

u{(ml,x ) € GpxGp: |U(>)<*fA (xl,:c2)| > CA}
(5 log, VA] p—1 — p—1 p—1
2oy S S S S s )

=1 ac(1)=0 x;A—Zkll 2_0963_0 sz 2k1 2 =0
[§ log, VA] pRA=2H] 2 A2k
>c —_—
— p4A
=1
[$ log, V/A] 1
=c i1 onz
; TS
(4 log, V/A]
1
=c Z A-+log {L/Z—Ql A+log %—&-QZ
=1 p P p P
log, A
> Cgip
p2A+logp\/Z
log,, A

=c—.
JApA

Then from (8) we obtain

cA(p{(z',2%) € Gy x Gyt |0y fa (z!,2?)| > cA})2

1 falle,,,
cA logiA > clog? A 4
- ep — 0.
Z S SiApag cogp — 00 as 00
Theorem 2 is proved. O

We remark that in the case p = 2 Theorem 2 is due to Goginava and Nagy [8].
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