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BEHAVIOR AT INFINITY OF CONVOLUTION
TYPE INTEGRALS

M. G. HAJIBAYOV

ABSTRACT. Behavior at infinity of convolution type integrals on abstract spaces is
studied.

1. INTRODUCTION

Let 0 < a < n. The operator

I f(z) = / & — 41" £ () dy
R?’L

is known as the classical Riesz potential. We refer to the monographs [1], [5],
[6] for various properties of the Riesz potentials. Their behavior at infinity was
investigated in [3], [4], [7].

It is easy to see that if f is non-negative and compactly supported, then I, f ()
has the order |z|*~™ at infinity. D. Siegel and E. Talvila [7] found necessary and
sufficient conditions on f for the validity of I, f (z) = O(Jz|*™") as |z| — oo even
when f is not compactly supported.

Theorem A. ([7]) If f > 0, then a necessary and sufficient condition for
I,f (z) to exist on R™ and be O(|x|*™") as |z| — oo is such that

/ & — % F () (L + )" dy

R™

is bounded on R™.

We generalize this fact for convolution type integrals on abstract spaces with
a monotone decreasing kernel satisfying the so-called “doubling” condition. The
limit at infinity of convolution type integrals, on normal homogeneous spaces,
which are generalizations of classic Riesz potentials is also studied.
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2. THE NECESSARY AND SUFFICIENT CONDITION

Definition 1. Let X be a set. A function p : X x X — [0,00) is called
quasi-metric if
Lopxy)=0s z=y;

2. p(x,y) = p(y,z);
3. there exists a constant ¢ > 1 such that for every z,y,z € X

p(z,y) <clp(z,2)+p(2y)).

If (X, p) is a set endowed with a quasi-metric, then the balls B(z,r) = {y € X :
p(z,y) <r}, where z € X and r > 0, satisfy the axioms of a complete system of
neighborhoods in X, and therefore induce a (separated) topology. With respect
to this topology, the balls B (z,r) need not be open.

We denote diam X =sup{p(z,y):z € X,y € X}.

Lemma 1. Let (X, p) be a set with a quasi-metric, diam X = co and m > c.
Then B (x,mp (0,2)) — X as p(0,z) — oo.

Proof. Assume the contrary. Suppose that there is an y € X such that for
all § > 0 there exists an z € X such that the inequality p(0,z) > § implies
p(z,y) > mp(0,2). Then by Definition 1 we have

mp (0,x) < p(z,y) < c(p(0,2) +p(0,y)).
Hence p (0,2) < mc_

p(0,y). Choosing § > ﬁp(O,y), we arrive at the

contradiction. Lemma 1 is proved. O

Let X be a set with a quasi-metric p and a nonnegative measure p and
diam X = oco. Consider the integral

(1) K, (x) = / K(p(z, 9))du(y)

where K : (0,00) — [0,00) is a monotone decreasing function and there exists a
constant C' > 1 such that K(r) < CK(2r) for r > 0.

Lemma 2. Let K,(z) = O(K(p(0,z))) as p(0,x) — oco. Then [ du(y) < co.
Proof. Let m > c. Then

K@= [ K = Kmpoa) [ du)
B(xz,mp(0,z)) B(xz,mp(0,z))

> C1K(p(0,2)) / dpu(y).
B(a,mp(0,2))

20 $))d,u(y) < 00. By Lemma 1, B(z, mp(0,z)) — X as p(0,2) — oc.

Then [, du(y) < co. Lemma 2 is proved. O

Hence |, B(
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Theorem 1. A necessary and sufficient condition for integral (1) to exist on
X and be O(K(p(0,2))), as p(0,x2) — oo, is that

(2) /K1—|—p0y du(y)

is bounded on X.

Proof. Let integral (1) exist on X and K, (z) = O(K(p(0,2))) as p(0,z) — oo.

Fix any z € X. To prove that [, %du@) < oo, take m > c such that
mp(0, z) > 1. Then

/K1—|—p0y B(O/l)K1+p0y))d H)
n K(p(z,9))

du(y
R+ p(0,5) )
B(0,mp(0,2))\B(0,1)

n K(p(z,y))

—————=—du(y
K(1+p(0,y)) )
X\B(0,mp(0,2))

=I11(2) + I2(z) + I5(2).
It is clear that

1
Li(z) < KM(O’D)B(O/D K(p(z,y))du(y) < occ.

If 1 < p(z,y) < mp(0, z), then
14 p(0,y) <1+¢(p(0,2) + p(z,y) <1+c(1+m)p(0,2) < dp(0,z),
where d = m + ¢(1 + m). Hence

1
L(z) < Rp0.) / K(p(z,y))du(y) < oo.

B(0,mp(0,2))\B(0,1)

Consider I3(z). If 1 < mp(0,z) < p(z,y), then there exists C; > 1 such that

K(p(zy) K(p(2,9)) < K(p(z,y))
K(1+p(0,y) — K1 +¢(p(0,2) 4+ p(z,9)) ~ K(L+c(1+ L) p(z,y))
K(p(z,y))

< <Ci
K+ e(l+ 1))
Then I3(z) < C1 [y du(y). By Lemma 2, we have I3(z) < co. Therefore

/K1+p0y du(y) < oo.

The necessary part of the theorem has been proved.
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Now let [ %du(y) < oo for any z € X. To prove that integral (1)

exists on X and is O(K(p(0,))) as p(0,z) — oo, take a € (0,¢~1). Then

K, (x) = / K(p(.y)du(y)  + / K(p(z, 9)dn(y)
X\B(z,ap(0,z)) B(x,ap(0,z))

It is clear that
K(p(0,y))
/du(y) < /mdﬂ(y) < 0.
X X

Then
K@) < Kep00) [ duly) < CaK(p(0,)),
X\B(z,ap(0,2))
Consider Jy(z). If p(x,y) < ap(0,x), then
1+ p(0,9) > ¢ p(0,2) — p(z,y) > (¢! — a)p(0, ).
Hence

Jo(z) < K((e — a)p(0,2)) /

B(z,ap(0,7))

K(p(z,y))

mdﬂ(y) = C3K(p(0,x)).

From the estimates of J;(x) and Ja(x) the proof of the sufficiency of the condition
follows. Theorem 1 is proved. O

3. LIMIT AT INFINITY

For Riesz potentials, Lemmas 3 and 4 were formulated in [2] and [4].

Lemma 3. Let X be a set with a quasi-metric p and a nonnegative Borel
measure p on X with suppu = X, diam X = oo and [ be a nonnegative p-locally
integrable function on X. Suppose that a function K : (0,00) — [0,00) satisfies
the following conditions:

(K1) K(t) is an almost decreasing function, i.e., there exists a constant D > 1
such that

K(s3) < DK(s1) for 0<s1 < sy <o0;
(K3) there exists a constant M > 1 such that K(r) < MK (2r) forr > 0;
(K3)
/ K(p(x, y))du(y) < oo.

B(z,1)
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Then for the existence of

(3) Uscf(z) = / K(p(z. ) f(4)du(y)
X

p-almost everywhere on X, it is necessary and sufficient that one of the following
equivalent conditions is fulfilled:

1. there exists o € X such that

K(p(zo0,y)) f(y)du(y) < oo;
X\B(z0,1)

2. for arbitrary x € X

K(p(z,y)) f(y)du(y) < oo;
X\B(z,1)

(4) / K(1+ p(0,9)f(5)dpu(y) < 0.
X

Proof. First we show that from condition 1. it follows that integral (3) is finite
p-a.e. on X. For this purpose we write

/ Use £ (2)dp(z) = / du(a) / K(p(, 1)) £ (v)duy)
)

B(zo,1) B(zo,1) B(zg,14c¢
s [ [ K@)
B(zo,1) X\B(zo,14c¢)
:J1+J2.

Consider Jy. If y € B(xo, 1+ ¢) and z € B(xo,1), then
{y: plxo,y) <14+ct C{y:p0,y) <c(l+c+ p(0,z0))};
{0+ plag,a) < 1} C {z: ple,y) < o2+ )}

By Fubini’s theorem, we have

5= / F(y)duy) / K(p(e, ) du(z)
B(zo,1)

B(zo,1+c) zo,

< [ e [ Ee)due) <.
B(0,e(1+c+p(0,0))) Bly.c(2+¢)
Consider Jy. If z € B(xg,1) and y € X \ B(xo,1 + ¢), then
-1
_ c
plz,y) > 7 p(ao,y) =12 7 plwo.y).
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It is clear that there exists a positive integer n such that {— > 27". Then from
(K1) and (K3) we have

Jy < DM" / dpu(z) / K (pla0, 1)) £ ()du(y)
B(zo,1) X\B(zo,14c¢)

= DM"u(B(z0,1)) / K(p(wo,y)) f(y)du(y).
X\B(x0,1+c)

From condition 1. it follows that Jo <oo. Therefore integral (3) is finite a.e. on G.
Now we show that condition 1. implies condition 2. If p(x,y) > 1, then

p(xo,y) < clp(x,y) + p(x, x0)) < (14 p(x, z0))p(z,y).
Let n, be a positive integer such that ¢(1 + p(z, zp)) < 2"=. Then
K(p(z,y)) < DK(27" p(x0,y)) < DM"™* K(p(x0,y))
and

/ K(pla, ) f(4)duly) < DE(1 / F(y)dply

X\B(z,1) ,1

+ / K(p(e, 9)) £ (0)duy)
(X\B(z0,1))N(X\B(z,1))

< DK(1 /f Ydpu(y

)1

L DM / K (p(wo, 1)) f(y)duly).
X\B(zo,1)

Hence condition 1. implies condition 2. Let us show that conditions 1. and 3. are
equivalent. Since p(zo,y) < ¢(1 + p(0,20))(1 + p(0,y)), we have

K(1+p(0,y)) < MiK(p(x0,y))-

Then
/K(1+p(0>y))f(y)du( ) < DK(1 / f(y)du(y
X B(zo,1)
s [ RO 0.0 W)
X\B(zo,1)
< DK(1) / F(w)du(y)
B(zo,1)

+ M, / K(p(xo,y)) f(y)du(y)
X\B(z0,1)
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so that condition 1. involves condition 3.
If p(x0,y) > 1, then

L+ p(0,9) < p(o, y)(1 + c(p(0, z0) + 1)).

Hence

K@ummﬁ@mmwgﬂb/Ku+mme@mmw
X\B(z0,1) X

Therefore condition 1. follows from 3. The proof is completed. O

Definition 2. Let 5 > 0. A space (X, p,u)g is a set X with a quasi-metric
p and a nonnegative Borel measure y on X with supppu = X, diam X = oo such
that

Cc P < w(B(z,r)) < CrP
for all > 0 and all x € X, where the constant C' > 1 does not depend on z and r.

Lemma 4. Let K : (0,00) — [0,00) be a continuous function satisfying condi-

tions (K1), (K2) and
(K4) there exist a constant F' >0 and 0 < 0 < 3 such that

K(p(x,y))du(y) < Fr? for any r > 0.
B(z,r)

Let f be a nonnegative p-locally integrable function on X satisfying the condition

/ﬂwwummmw<m,

where p = g and the following conditions are fulfilled

(w1) w is a positive, monotone increasing function on the interval (0,00);
o0

(ws) /w(r)_ﬁrfldr < 005
1
(ws) there exists a constant A > 0 such that

w(2r) < Aw(r) for any r > 0.

Then there exists a positive constant L such that

K(p(z,y))f(y)du(y)

{veX:f(y)2a}

=
8
|

<ol [ rwreGeia | | fee e
{yeX:|f(y)|za} a

for any a > 0, where % + i =1.
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Proof. For j =1,2,... define
X;={yeX:27'a< fly) < 2a}.
Let r; = M(Xj)%. Then
Cu(X;) < u(B(0,75)) < Cpu(X;).

Hence
/ Ko< [ Koepiw+ [ K
B(xz,rj) Xi\B(=,r;)
/ K(p(e, y)dp(y) + DK (r;) / ()
B(z,r;) X\B(z,r;)
< / K (p(z,9))du(y) + DCK () u(B(z, 7))
B(xz,rj)
< (1+ D) / K(p(z,y))du(y) < Myr?,
B(z,rj)

where M; = (1 + D?C)F. Therefore

K(p(z,y)) f(y)du(y)

{yeX:|f(y)|>a}

]1X

= Z/K z,y) fy)dp(y) < Z / p(z,y))du(y)
=
<M122Jar _lezzﬂ Law(29a)7 (u(X;))7w(29a)"»

< 2M, A% Z 2 aw (27 a) 7 (u(X;)) rw(2la)
j=1

o0

< 2M A¥ (277 Ya)Pw(27 " a) (X ;)

M
[

< 2MAv / F)Pw(f(y)duly)

Lemma 4 is proved. U
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Lemma 5. Let (X, p) be a set with a quasi-metric, diam X = oo and m < ¢~ 1.
Then

X\ B(z,mp(0,z)) = X, as p(0,2) — co.
Proof. Assume the contrary. Suppose that there is a y € X such that for all

d > 0 there exists an 2 € X such that p(0,z) > § yields p(z,y) < mp(0,z). Then
by Definition 1 we have

p(0,z) < c(p(x,y) + p(0,y)) < c(mp(0,z) + p(0,y)).

Hence

p(0,z) < p(0,y),

c
1—mec

which is impossible under the choice § > 1 p(0,y). Lemma 5 is proved. [

—mc
The following theorem generalizes the corresponding theorem in [4].

Theorem 2. Let the assumptions of Lemma 4 and condition (4) be fulfilled
and let also K and w satisfy the conditions

(Ks) Jim K(r) =0
(wyg) w(r?) < Ayw(r), forr € (1,00). Then
W (p(0,2) ) Uk f@) = 0 a5 p(0,2) = oo,
%) 1-p
where w*(r) = /w(t)_v%ltfldt

Proof. Let m < ¢~!. For z € X \ {0}, we write

Uk f(z) = / K(p(x,9))f(y)dy + / K(p(z,y))f(y)dy
X\X (2,mp(0,2)) B(z,mp(0,2))
= Ji(x) + Ja(z).
If y € X \ B(z,mp(0,2)), then
p(0,2) + p(0,y) < p(0,2) + c(p(0, ) + p(z,y))
< ((c+1)m t + 1)p(x,y).

Then one has by (Ks),
1

m(ﬂ(oa z) +p(0,9))) f(y)dy

Ti(x) < / K(
X\B(x,mp(0,2))

e / K (p(0,z) + p(0,1)) f(»)dy.
X

By conditions (4), (K5) and Lebesgue’s dominated convergence theorem,

Ji(z) — 0, as p(0,2) — oc.



84 M. G. HAJIBAYOV

Consider Ja(x). Let [ > o. It is clear that

Jo(z) = / K(p(z,9))f (4)dy

{ysp(z,y)<mp(0,z),f(y)<p(0,z) "t}

" / K (plw,9)) F(y)dy
{y;o(z,y)<mp(0,z),f(y)>p(0,2) "'}
= ng(ﬂﬁ) + JQQ(I).

By (K4), we have
Ja@) < o0 [ Koty

B(z,mp(0,7))

< Fm°p(0,z)° " — 0, as p(0,2) — oco.

By Lemma 4 and the assumptions of the theorem,

3 =

Jaa(z) < L / F ()P () duy) / w(t)” 7Tt
B(z,p(0,z)) (0,2)~¢

=

<L / F@Pu(F@)dul) | w(0(0,2)7).
B(z,p(0,z))

Using Lemma 5, we have
w* (p(0, 7)) Jaa() — 0, as (0, ) — oc.
So that
w*(p(0,2)1)»Uge f(x) = 0, as p(0,2) — oo.

Theorem 2 is proved.

O

Remark. Typical examples of functions w satisfying conditions (w1 )-(w4), one

may take
w(r) = [log(2+ 7)), [log(2+7)]" " [log(2 +log(2 + 1))’ , ...

where § > p—1> 0.
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