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ABOUT THE BIVARIATE OPERATORS
OF KANTOROVICH TYPE
O. T. POP aND M. D. FARCAS

ABSTRACT. The aim of this paper is to study the convergence and approximation
properties of the bivariate operators and GBS operators of Kantorovich type.

1. INTRODUCTION

Let N be the set of positive integers and Nog = NU{0}. For m € N, let us consider
the operator K, : L1([0,1]) — C([0,1]) defined for any function f € L1([0,1]) by

(11) (Knf) (@) = (m+1) S pri(a) / P ()£ (1),
k=0 .

for any z € [0, 1], where p,, () are the fundamental polynomials of Bernstein,
defined as follows

(1) po(e) = (1 )t =0

for any x € [0,1] and any k € {0,1,...,m}. These operators were introduced in
1930 by L. V. Kantorovich in [9].

The purpose of this paper is to give a representation for the bivariate operators
and GBS operators of Kantorovich type, to establish a convergence theorem for
these operators. We also give an approximation theorem for these operators in
terms of the first modulus of smoothness and of the mixed modulus of smoothness
for bivariate functions.

In Section 2 we construct the bivariate operators of Kantorovich type. The
method was inspired by the construction of Bernstein bivariate operators (see
[10] or [13]). So, let the sets Ay = {(x,y) € R x Rlz,y > 0,z +y < 1} and
F(A2) = {f|f : Ay — R}. For m € N, the operator By, : F(Az) — F(As)
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defined for any function f € F(As) by
ko j
(1.3) (B f)(z,y) = mek]xy < >

k,j=0
ktj<m

for any (z,y) € Ag is named the Bernstein bivariate operator, where

m! . .

(1.4) Pk, (T,y) = mxky](l —x—y)"
for any k,j > 0, k +j < m and any (x,y) € As. We also recall some properties
for Bernstein bivariate operators.

In Section 3 we prove some identities and inequalities verified by the (KCp,)m>1
operators.

In Section 4 we use Theorem 4.1 (a Shisha-Mond type theorem) for estimating
the rate of convergence of the (KC,,)m>1 operators in term of the wiotar modulus.

In Section 5 of our paper we give approximation theorems for B-continuous and
B-differentiable functions by GBS operators, using the wpixeq modulus.

2. THE CONSTRUCT OF THE BIVARIATE OPERATORS OF KANTOROVICH TYPE

For m € N, let the operator /C,,, : L1([0,1] x [0,1]) — C([0,1] x [0, 1]) be defined
for any function f € L1([0,1] x [0, 1]) by

k41 j+1
m+1 m-+1

21)  (Knf)(z,y) = (m+1)° Y pmes(,y) F(s,t)dsdt
K’l; < ?"r m]i 1 m{F 1

for any (z,y) € Ag. The operators defined above are called the bivariate operators
of Kantorovich type. Clearly, the bivariate operators of Kantorovich type are linear
and positive.

Let the functions e;; : Ay — R, e;(z,y) = 2%y’ for any (z,y) € Ay, where
1,7 € Np.

Lemma 2.1 ([11]). The operators (Bp,)m>1 verify for any (x,y) € Aqy the
following equalities:

(2~2) (BmeOO) ( y) =1,
(23) (Bmel()) (‘Ta y) =, (Bm601)(:177 y) =Y,
(2.4 (Bl = 2?) () = 22,
(2. (Buls ) (e) = 0,

2 3(m—=2) 54 m-—

(Bun(- = 2)*(+ = 9)*) (w,9) = = - (z%y + xy?)
(2.6) 7 ? ) °
+ Ty,



and

(2.8)
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(B (- —a)'(x = 9)?) (z,9)
5(3m? — 26 24 6(3m? — 26 24
_ (3m rm“‘ )x4y2+ (3m rm"’ )x3y2
m° m°
6(m? —Tm+6 3m? — 41m + 42
_ ( — )xgy_ — w2y?
3m? —26m +24 , 3m? —1Tm +14
L " SR
m—-2 5 m-1
— 5Ty + = Ty
m

(Bm ( - x)Q(* - y)4) (x,y)

5(m? — 26m + 24 6(3m? — 26m + 24
LB o2 62 20
m m

6(m? —Tm +6 3m? — 41m + 42
6 & ) 2y — - 22y?
m m
3m? — 26m + 24 3m? —1Tm + 14
T zy + - .5 zy?
m m
m—2 5 m—1
B 7Y + mb Ty
for any m € N, where” -7 and ” x” stand for the first and the second variables.

Lemma 2.2 ([11]). The operators (Bp,)m>1 verify for any (x,y) € Aqy the
following inequalities:

(2.9)

(2.10)
(2.11)
(2.12)

(2.13)

(B (- = 2)?)(z,y) <
(B (x —9)*)(z,y) <
(Bu(- = 2)*(x = 9)*) (z,y) <
(Bun(- = 2)*(x = 9)*) (z,y) <
(B (- —2)*(x = 9)*) (z,y) <

3. SOME RELATIONS VERIFY

for any m € N|

>~ >~
-5~

for any m e N, m > 2,

=~
B

3

o3

— for anym e N, m > 8.
m

BY THE (K,,)m>1 OPERATORS

Lemma 3.1. The operators (KCp,)m>1 verify for any (x,y) € Ay the following

equalities

(3.1)

(3.2)

(Kineoo)(z,y) =1,

2mx + 1
(Kme)(z,y) = m,

2my + 1

(’Cm€01)($a y) = m7



(3.5)

(3.6)

O. T. POP axD M. D. FARCAS

3m—1Dz(l—z)+1
3(m + 1)2 ’

(K (- = 2)*)(z,y) =

3m—1Dy(1—y)+1
3(m+1)2 ’

(K (x —9)*)(z,y) =

O(m + 1) (- — )2( — )*)(z,9)
= 9(3m? — 20m + 1)2*y* + 9(—m? + 10m — 1)(2%y + zy?)
+9(m? — 6m + Vay + 3(—m + 1)(2? + ¢?)
+3(m—1)(z+y) +1,

15(m +1)°(Kn (- — 2)* (+ — 9)*)(2,9)

= 15(—15m® 4 295m? — 409m + 1)2*y?
+15(3m? — 87m? 4 149m — 1)’y
+ (18m® — 382m? + 558m — 2)2°y?
+15(—6m> + 142m? — 234m + 2)z3y
+ 15(—3m?3 + 122m? — 233m + 2)z%y?
+15(3m? — 60m? 4 115m — 2)a?y
+ 15(—=m® — 2m? 4+ 28m — 1)xy? + (5m? — 14m + 1)y
+5(3m? — 20m + 1)z + 5(—6m? + 40m + 2)2°
+5(3m? — 25m + 2)x? + 3(—m + 1)y?
+5(@4m—1)z+3(m—1)y+1,

15(m + D% (Kpn (- — 2)*(+ — )" (2. y)

= 15(—15m® 4 295m? — 409m + 1)2y*
+15(3m® — 87m? + 149m — 1)xy*
+ (18m?® — 382m? + 558m — 2)2?y?
+ 15(—=6m® + 142m? — 234m + 2)zy®
+ 15(—3m3 +122m? — 233m + 2)x?y?
+15(3m® — 60m? + 115m — 2)xy?
+15(—m® — 2m? 4 28m — 1)z?y
+ (5m? — 14m + 1)zy + 5(3m? — 20m + 1)y*
+ 5(—6m? + 40m + 2)y> + 5(3m? — 25m + 2)y?
+3(=m + 1)z +5(4m — 1)y + 3(m — 1)z + 1.
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Proof. In the following consideration we take the relations from Lemma 2.1 into

account. We have
k+1 j+1
m+1 m+1
(Kmeoo) (@) = (m+1)> Y pij(@,y) dsdt
klj»;<?n ’11 7n{‘I»1
1
m + 1 Z Pm, k,g 1 - (BmeOO)(xvy) = 17
52 (m+1)2
ktj<m
(Kmeio)(z,y) = m+1 Z Dk, (2, Y) / / sdsdt
klir5<?n m+1 =T
2k + 1
=(m+1)? Pmkj (T,Y)
kZJ:D J (m+ 1)3
k+i<m
1
= — 2k + D)pm.x.i(x,
2(m + 1) k,z,:o @+ Dpm.i(25)
Ktj<m
1 2mx + 1
Bm y = 57 A
( 600)((E y) 2(m+ 1)

= W(BmGIO)(wvy) + m
) = 2z(Kmeo)(x,y) + 22 (Kmeoo) (2, )

(o (- = 2)*) (2, y) = (Kmezo) (2, y
~_3(m—-1z(l—x)+1
B 3(m +1)2 ’
because e
(Kmezo)(@,y) = (m+1)* Y pukj(,y) s”dsdt
kiJJS’?’L m,j—l m{f»l
3k2 3k +3k+1 + 1
— 1)2 -
ktj<m
1 2
> (8K + 3k + Dpmj(,)

3(m+1)? =

m? B m
= W(BmGQO)(SCay) + W(Bmelo)(gj7y)
1
+ W(Bmeoo)(x,y)
C3m—1z(l—x)+1
B 3(m +1)2

The other relations from the lemma can be obtained analogously.
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Lemma 3.2. The operators (KCp,)m>1 verify for any (x,y) € Ag the following
estimations

(33) (Kl = )(w9) < —,
(39) (Kol = 2)(0,9) < ——.
(3.10) (Kl =22 = 0))(@9) €
for any m € N,

(3.11) (ol = 23 = 9))0) € i
(3.12) (Kon(- — 220 — ) (@) < ﬁ

for any m € N, m > 14.

Proof. We use the relations z,y > 0, x+y <1, z(l—z) < 1/4, y(1—y) < 1/4,
2y < 1/4 and the results from Lemma 3.1 and we obtain

3(m + 1)* (K (- — 2))(2,y) = 3(m — Dz(1 —2) +1 < 3(m +1),
for m € N, from where the relation (3.8) results. Further, we can write
9(m + 1)* (Ko (- — 2)*(x — )*)(x,y)
= 92y(3zy + 1 — 2 — y)m? 4 92y (—20zy + 102 + 10y — 6)m
+3(m—1)(z(1—2)+y(l —y)+1<9(m+1)2

for any m € N, where we used the inequality —20xy + 10x + 10y — 6 < 4, for any
(z,y) € Ag, from where the relation (3.10) results. Finally, we have analogously

15(m + D) (Kin (- = 2)*(+ = 1)) (2, 9) < 15(m + 1)°,
where we can take any m € N, m > 14, from where the relation (3.11) results. O

4. APPROXIMATION AND CONVERGENCE THEOREMS FOR THE BIVARIATE
OPERATORS OF KANTOROVICH TYPE

Let X,Y C R be given intervals and the set B(X xY) = {f : X x Y — R|f
bounded on X x Y'}. For f € B(X,Y), let the function wiotar(f; -, *) : [0,00) X
[0,00) — R, defined for any (d1,d2) € [0,00) x [0,00) by

Wtotal(f;61762) = sup{|f(x,y) - f(x/7y/)| : (z7y)a (xlvy,) € X X Y7
|z —a'| < 0n |y —y'[ <02}

(4.1)

is called the first order modulus of smoothness of the function f or the total
modulus of continuity of the function f.
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Theorem 4.1 ([15]). Let L : C(X xY) — B(X xY) be a linear positive
operator. For any f € C(X xY), any (z,y) € X XY and any 01,02 > 0, the
following inequality

[(Lf)(@,y) = f(@,y)] < [(Leoo)(x,y) — | f (2, )| + [(Leoo)(x,y)
(42) + 67"V (Leoo)(, y)(L(- — 2)?)(z,y) + 65 '/ (Leoo) (z, y) (L(x — y)?) (2, y)

+87 185 1 (Leoo) (2, y) (L(- — 2)) (2, y)(L(x — y)?)(, y)} wWiotal (f; 01, 02)

holds.

For some further information on this measure of smoothness see, for example,
[5], [15] or [16].

Theorem 4.2. Let the function f € C([0,1]x[0,1]). Then, for any (x,y) € Ag,
any m € N, m > 4, we have

(K f)(@29) — f29)
4.3
(43) < (1 + 517711“) (1 + W) rorat(f5 61, 62)

for any 61,69 > 0 and

1 1
4.4 K f)(@,y) — f(2,y)] < dwiotal | f; ; -
Proof. We apply Theorem 4.1 and Lemma 3.2. For (4.4), we choose d; = 02 =
wiTl in (4.3). O
Corollary 4.1. If f € C([0,1] x [0,1]), then
(45) Tim (Ko ) (2.9) = [(2.)

uniformly on As.

Proof. Tt results from (4.4). O

5. APPROXIMATION AND CONVERGENCE THEOREMS FOR GBS OPERATORS
OF KANTOROVICH TYPE

In the following consideration, let X and Y be compact real intervals. A function
f: X xY — Ris called a B-continuous (Bogel-continuous) function in (xg,y¢) €
X xYif

lim Af ((Z‘,y), (20, Y0)) = 0.

(z,y)—(0,y0)

Here Af ((2,y), (z0,40)) = f(,y) — f(x0,y) — f(2,40) + f(x0,40) denotes a so-
called mixed difference of f.
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A function f : X xY — R is called a B-differentiable (Bogel-differentiable)
function in (zg,y0) € X x Y if it exists and if the limit is finite:

Af((x’y)v (1‘07y0))
(@y)—(zow0) (T —20)(y —Yo)

The limit is named the B-differential of f in the point (xg,yo) and is noted by
DBf(fEO» yo)~

The definition of B-continuity and B-differentiability were introduced by K. B6-
gel in the papers [6] and [7].

The function f: X xY — R is B-bounded on X x Y if there exists K > 0 such
that

IAf ((2,9), (s, 1)) < K
for any (z,y), (s,t) € X X Y.

We shall use the function sets B(X x Y) with the usual sup-norm || - ||,
By(X xY) ={f: X xY — R|f B-bounded on X x Y}, Co(X xY) = {f :
X xY — R|f B-continuous on X x Y} and Dy(X xY) = {f : X x Y — R|f
B-differentiable on X x Y}.

Let f € Bp(X x Y). The function wmixed([;-,*) : [0,00) x [0,00) — R, defined
by

(5-1) wmixed(f301,02) = sup {|Af((2,), (s,8))] : [& — ] < 00, [y — 1] < d2}

for any (1, d2) € [0,00) x [0, 00) is called the mixed modulus of smoothness.

For related topics, see [1], [2], [3] and [4].

Let L : Cp(X xY) — B(X xY) be a linear positive operator. The operator
UL : Cp(X xY) — B(X xY) defined for any function f € Cp(X x Y), any
(x,y) € X xY by

(5'2> (ULf)(x’y) = (L(f(vy) + f($7*) - f(7 *))) (i&y)

is called a GBS operator (“Generalized Boolean Sum” operator) associated with
the operator L.

Let the functions e;; : X x Y — R, e;j(x,y) = 2'y’ for any (z,y) € X x Y,
where i, j € Ny.

Theorem 5.1 ([3]). Let L : Cbp(X xY) — B(X xY) be a linear positive
operator and UL : Cp(X X Y) — B(X xY) the associated GBS operator. Then
forany f € Co(X xY), any (x,y) € (X xY) and any 61,02 > 0, we have

[f(@,y) = (ULF) (@, y)| < [f(z,y)][1 = (Leoo) (2, )]

(5:3) + [ (Leoo) (@, 9) + 07 V(LG = 2)2) (2,) + 65"/ (L(x = )?) (,y)

+ 67105V (L(- = 2)2(x — 9)2) (2,Y) | Wmixed (3 61, 52).

In the following consideration, we need the following theorem for estimating the
rate of the convergence of the B-differentiable functions.
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Theorem 5.2 ([12]). Let L : Cp(X xY) — B(X X Y) be a linear positive
operator and UL : Cp(X xY) — B(X xY) the associated GBS operator. Then
for any f € Dy(X xY) with Dpf € B(X xY), any (z,y) € X XY and any
01,02 > 0, we have

< |f (2, y)|[1—(Leoo) (@, y)|[+3 D5 flloc V(L(- — 2)2(x = y)?) (2, y)

(5:4) + [VILC = 2)2(x = 9)?) (@, 9) + 07 V(L( = 2)2(x = y)?)(2,9)
+ 0 V(LG = 22 (x = y)h)(z,y)

+671 65 (L —2)2(x — y)?) (x,y)] Wmixed (DB f; 01, 02).

If m e Nand f € Cp([0,1] x [0, 1]), then the GBS operator associated with the
K., operator is defined by

2 g
UKmf)(@,y) =(m+1)* Y pp;(@,9) - [f(sw)
5.5) kj=0 w Y w
Kt j<m
+ f(z,t) — f(s,t)]ds dt for any (z,y) € As.

Theorem 5.3. Let the function f € Cy([0,1]%x[0,1]). Then for any (x,y) € Ag,
any m € N, m > 4, we have

(56) <<1+1> (1+1)w- (f:61,52)
>~ 51 mat 1 52 mrl mixed\J» 91, 02

for any 61,62 > 0 and

G.7) AL (@,y) = [z, y)] < 4omixed (f ; \/ml—ﬂ W%)

Proof. For the first inequality, we apply Theorem 5.1 and Lemma 3.2. The

inequality (5.7) is obtained from (5.6) by choosing §; = ds = ni+1' O

Corollary 5.1. If f € Cy([0,1] x [0,1]), then
(5.8) lim (UK, f)(z,y) = f(z,y) uniformly on Asg.
Proof. Tt results from (5.7). O

Theorem 5.4. Let the function f € Dyp(]0,1] x [0,1]) with Dpf € B([0,1] x
[0,1]). Then for any (z,y) € Aa, any m € N, m > 14, we have

(UK )(o0) = F0)] < —— 1D e

1 1 1
5.9 + 1+ 1+7 mixe D 7535
(5.9) m+1< O1 m—|—1)< o m—|—1>w a(Dpf;01,02)
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for any 61,69 > 0 and

(5.

10.
11.
12.

13.

14.
15.

16.

0.

3
(UK ) (2,y) = f(z,y)] < mllDBfHooJr

4 1 1
10 4+ ———Wmixed | PBS; .
) g 1mie Ve R
Proof. 1t results from Theorem 5.2 and Lemma 3.2. O
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