SOME GEOMETRIC PROPERTIES OF A GENERALIZED CESARO
SEQUENCE SPACE

V. A. KHAN

ABSTRACT. In this paper we define the generalized Cesaro sequence space Cesp(q) and exhibit some
geometrical properties of the space. The results herein proved are exhibit analogous to those by
Y. A. Cui [Southeast Asian Bull. Math. 24 (2000), 201-210] for the Cesaro sequence space Cesp.

1. INTRODUCTION

Let (X, ||.]|) be a real Banach space. By B(X) and S(X), we denote the closed unit ball and the
unit sphere of X, respectively. For any subset A of X, x4 represents a characteristics function of
A.

A norm ||.|| is called uniformly convex (UC) (cf. [2]) if, for each & > 0, there exists § > 0 such
that, for z,y € S(X), ||z — y|| > € implies

s i+ <1-5

A Banach space X is said to have the Banach-Saks property if every bounded sequence (z;,) in
X admits a subsequence {z,} such that the sequence {t;(z)} is convergent in norm in X (see [1]),
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where
1
tp(z) = %(21 + 20+ -0+ 21).

Every Banach space X with the Banach-Saks property is reflexive, but the converse is not true
(see [4, 5]). Kakutani [6] proved that any uniformly convex Banach space X has the Banach-Saks
property. Moreover, he also proved that if X is a reflexive Banach space and 6 € (0,2) such that
for every sequence (x,) in S(X) weakly convergent to zero, there exist ni,ns € N satisfying the
Banach-Saks property.

For a sequence (z,) C X, we define

A(wa) = lim inf{las+ ] 6,5 2 i # ).

In [6], the following new geometric constant connected with the packing constant (see [7]) and
with the Banach-Saks property was defined

C(X) = sup{A(zy,) : (z,) is a weakly null sequence in S(X)}.
Recall that a sequence (z,,) is said to be an e-separated sequence if, for some € > 0,
sep(zy) = inf{||x,, — 2| : n #m} > e.

A Banach space X is said to satisfy property (3) if and only if, for every € > 0, there exists § > 0
such that, for each element x € B(X) and each sequence (z,,) in B(X) with sep(z,) > €, there is
an index k such that

T+ T

| >1-4, for some k € N.




In this paper, we define the generalized Cesaro sequence space as follows: let p € [1,00) and ¢
be a bounded sequence of positive real numbers such that

Qn:qua (TLEN),
k=0

o n py\ 1/p
Cesy(a) = m=<w(z‘>)=||a:||=<2 (Qi |qia:<z'>|)) <00

n=1 i

If ¢; = 1 for all ¢ € N, then Ces,(q) is reduced to Ces, (cf. [3, 8, 9]).

Lemma 1.1. Let z,y € Cesy(q). Then for any e >0 and L >0, 3 6 > 0 such that

[z +yll? = llzlI”| <e
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Proof. For any fix e > 0 and L > 0, take 8 = 27PL~'c and § = 27P3P"'c. Then for any
z,y € Cesp(g) with ||z||” < L and ||y[|? < J, we have

o+l = 32 3 lasa(i) + a0
- = L < ANt o qiy(d) P
- Z O 4 (1= 8)qx(i) + B(gix(i) + —ﬂ )
<> ((1 - 5)% Z |l (i) + ,8% Z iz (i) + qiyﬂ(i) |)
<(1-5 i (i i Iw(z)l)p + ﬁi (— i gs(s) + 280 |)p
w=1 n i=1 n=1 Qn i=1 B
= i o i |giz(2)| p 4+ 2 i ii 12qi(i)| :
: n=1 Qn i=1 ' 2 p— | Qn i—1 ‘
oo 1 n 9 ; i p
+§Z_:1 (@Z;l qé/( )|>

< lelP +e/2+ 2/8)P71 ) (é > |Qiy(i)|>

i=1
< lell” +e.
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2. MAIN RESULTS.

Theorem 2.1. The space Ces,(q) satisfies the property (3).

Proof. Let Ces,(q) not have property (3). Then there exists ¢y > 0 such that, for any ¢ €

(0,e0/(1 + 21tP)), there is a sequence (z,,) C S(Ces,(q)) with sep(z,) > s(l,/p and an element
zo € S(Cesp(q)) such that

P
%T-i-xo >1-9 for any n € N.
Fix 6 € (0,e0/(1 + 2'*P)). We want to show that
0o n p
1 VAR
2.1.1 lim su — i (1 < .

Otherwise, without loss of generality, we can assume that there exists a sequence (ji) such that
jx — o0 as k — oo and

P
- 1 O 211P§
(2.1.2) Z (Q— Z |qla:k(z)|> > for every k € N.

n=jr+1 =1

G
0 back Let § > 0 be a real number corresponding to € = § and L = 1 in Lemma 1. By absolute

continuity of the norm of xg, there exists a positive integer n; such that
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Choose k so large that ji > n;. By the Lemma 1 and (2.1.2), we have

1—6<§:<Qizn:
n=1 noy

¢k (i) + qixo(4)

'

2
= i=1
N1 S (i) +givo (i) ) ( 1 O |giza i) + qizo(i)
=3 (g3 [eepeml)y $° (-3 [a el
n=1 (Q" i=1 2 n=ni+1 @n i=1 2
1 ny 1 n p 1 ny 1 n p
<5 >, (Q—Z quxo(i)l) t3 > <—Z quxk(1)|>
n=1 ™ oi=1 n=1 ™ oi=1
i L\
+ Y (A EE )
n=ni+1 @n i=1 2
1 181 & P& 1 & ?
<5715 <@ > |Qz$k(z)|> ukr > (@Z |qz$k(l)|) +9
n=1 i=1 n=ni+1 i=1
1 1& (1 & P & 1 & ?
< — — - . y - - . y
< 2+2nzzjl (Qn;mk(m) 5 n§+l (Qn;mk(m) +34
<1-2+d6=1-0.

That is a contradiction. Hence (2.1.1) must hold. Since

<an Z|qu(i)|> < Z (i Z|qiwk(i)|> <1,

i=1 =1




we have |g;zx ()| < Qn, for k€ Nand i=1,2,...,n;. Hence there is a subsequence (z,) of (x,)
and a sequence (a, ) of real numbers such that

lim g;zx(i) = a, fori=1,2,...,n1
k—oo
Therefore,
ni n P
Z ( Z 4z (2) — qizm (i )|> < ¢ for n,m sufficiently large.
n=1 i=1
Consequently,

”zk - Zme

n

Qi > lgizn(6) — gizm (D))

=l

Zk: - Q'Lzm |>
lgizk (%) — qizm (@ I>

’L
P

— +2p< i QnZMle ) (i (QnZquzm >p>

n=ni+1 i=1 n=ni+1 i=1
<6+ 20715 < €0,

(Qn Z |qi2(4) QiZTn(i)l)

n=ni+1
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Theorem 2.2. C(Ces,(q)) = 2/7.
Proof. Let

in
K = sup{A(uy) : up = Z un(i)e; € S(Cesy(q)),
i=in_1+1
0=1p<11 <13 < ...,U,ni>0,.
Then C(Ces,(g)) > K. Moreover, for any ¢ > 0, there is a sequence (z,,) C S(Ces,(q)) with z,,-0
such that
A(zy) + € > C(Cesp(q)).

By the definition of A(z,,), there exists a subsequence (yy,) of (z,,) such that
(2.2.1) 9 + Y| 4+ 26 > C(Ces,(q))

for any n,m € N with m # n. Take v; = y;. Then, by the absolute continuity of the norm of yq,
there exists 71 € N such that

Z ’1)1(7:)67; <E.
i=i1+1
i1
Putting z; = Y v1(i)e;, we have
=l
o0
lea vl =l +vm = 3 wa@ell > s +ymll —c forany m>1.
i=ir+1

Hence by (2.2.1), we have
|21 + ym || + 3e > C(Cesp(q)) for any m > 1.



Since y, (i) — 0 for i = 1,2, -, there exists ny € N with ny > n; such that

i1
Z Yn ('L)ez
=l

Define va = yp,. Then there is i3 > 43 such that

<e whenever n > ns.

o0
Z va(i)e;|| < e.
i=ia+1
i2
Taking zo = Y. wa(i)e;, we obtain
=11 +1
(e’s) 11 [e’s)
lzr + zoll = llys — Y vi(i)ei +yn, — D v2(i)ei— > va(i)e;
i=i1+1 i=1 i=ia+1

2 [ly1 + yno |l — 3.
Hence and by (2.2.1), we immediately obtain
|21 + 22| + 5 > C(Cesp(q)).

q q N k—1 k-1
Suppose that increasing sequences (i;);Z;, (n;);Z; of natural numbers and a sequence (2;);=; of

elements of Ces,(g) are already defined and

|2r, + 2m || + 6 > C(Cesp(q)) for m,n € {1,2,...,k—1}, m#n.




Since y, (i) — 0 for i =1,2,---, there exists a natural number ny > nj_; such that

Tk—1

Z Yn(i)ei
i=1

provided n > ng. Put v = y,,, . Then there is 75, > ix_1 such that

<e

oo
Z vi(i)e; || < e.
i=ip+1
ik
Defining z, = >  wi(i)e;, we obtain
1=tk —1+1
ij—1 oo ik—1 oo
2 + 26l = ||ym; — D vi()es — > vj(d)ei + yny — D vili)es — > vx(i)es
i=1 it i=1 k1
> |Yn; + Yn, |l — 4 forj=1,2,...,k—1.
Hence, by (2.2.1), we obtain
lzj + z|| + 6 > C(Cesy(q)) for j=1,2,--- k—1.
Using the induction principle, we can find a sequence (z,,) satisfying the following conditions:
(1) zn = >, wn(i)e;, where 0 =1ip < iy <ig <...;
1=ip_1+1

(2) l|zn + zm| + 6 > C(Cesp(q)) for m,n,e N, m #n;
(3) lznll <1 for n=1,2,..;



(4) 2,20 as n — oo.
Define u,, = 2, /||zy|| for each n € N. Then every u,, € S(Ces,(¢)) and
#n_ |, Fm
Izall  lzml
for any m,n € N, m # n. By the arbitrariness of e, we have C'(Ces,(q)) = K.
Let € > 0 be given. Take n. € N such that

> (&) <

k=ipn, +1

+

ot + 2| = \ > [l2n + 2] = C(Cesy(a))  6¢

where

Z"E

a= > lgun. ().

i=in5—1+1
Hence for any m > n., we have
im—l

k p ) k p
1 . .
||uns =F um”p = Z (Q_ Z |Qiuns (l)l) + Z ( (a + Z |qium(l)|)
i=in, 141 kim1 | i=1

Trp—il k p oo k P
> ) (é;lqmng(i)l)Jr > (é(ZIqium(iN)

<Q||—\

k

i=tn,—1+1 k=im_1+1 i=1
[e%S) 1 k p [eS) a P [eS) 1 k p
- > (Fmm)-3 ()¢ X (500 mmo)
i=in,—1+1 <Qk i=1 b, \ @k heinmat1 \9OF o

>1—cF1—2—¢,




ie. A(up) > (2—¢)) > (2—¢)V/r.
On the other hand, for € mentioned above, by Lemma 1.1, there exists 6 > 0 such that
llz +yll” = ll=l’] <e
whenever ||z||P <1 and ||y||” < ¢. Take ns € N such that

o ing
Z (Q_ P <4, and a= Z |qitins (1))
k=ing+1 & i=ing—1+1

Hence for any m > ns, we have

s + wmll®

T 1

m— k p o) 5 p
- ¥ (émum(m) oy (Qi<a+2|q@-um<i>|))
i:in5_1+1 =1 =1

k=im_1+1 \ ¥F
0o 1 k P [e%S) 1 k p
< = D |aiun, (i)|> + (-(a + qu'um(i)l))
i=in52_1+1 (Qk ; k=i§1+l Qr ;
[e%S) 1 k P
= [l DIP+ > (@(a +y |Qium(i)|)>
K=t 141 i=1
0o 1 k p
- Z (Q_ Z |Qzum(l)|) + [Juml?
kl=im_14+1 \ ¥F i=1

<2+e¢,




ie. A((un)) < (24¢)V/P.
Since ¢ was arbitrary, we obtain C(Ces,(q)) = 2/. O

Corollary 2.1. The space Ces,(q)) satisfies the Banach-Saks property .
Proof. The proof follows immediately from the above Theorem 1 of [3] and Theorem 2.2. O
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