FOURIER COEFFICIENTS OF HILBERT CUSP FORMS ASSOCIATED
WITH MIXED HILBERT CUSP FORMS

MIN HO LEE

ABSTRACT. We express the Fourier coefficients of the Hilbert cusp form £F f associated with mixed
Hilbert cusp forms f and h in terms of the Fourier coefficients of a certain periodic function determined
by f and h. We also obtain an expression of each Fourier coefficient of £} f as an infinite series involving
the Fourier coefficients of f and h.

1. INTRODUCTION

Mixed automorphic forms are automorphic forms defined by using an automorphy factor associated
with an equivariant holomorphic map of Hermitian symmetric domains, and certain types of mixed
automorphic forms occur as holomorphic forms of the highest degree on a family of Abelian varieties
parametrized by a locally symmetric space (cf. [7]). When the Hermitian symmetric domains are
Cartesian products of the Poincaré upper half plane H, we obtain mixed Hilbert modular forms
which generalize the usual Hilbert modular forms (see [5]).

Let T be adiscrete subgroup of SL(2, R)™. Assume that there are a holomorphic map w: H™ — H™
and a homomorphism y : ' — SL(2,R)™ such that w is equivariant with respect to y. If
r = (ry,...,rn) € Z™ with r; > 0 for each i, we denote by J* : I’ x H" — C the automor-
phy factor defining Hilbert modular forms for I" of weight r. Then mixed Hilbert modular forms
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for T' of type (r,r’) are defined by using the automorphy factor J* - (J* o (y,w)). Hilbert cusp
forms and mixed Hilbert cusp forms are defined with an additional condition on the cusps.

Let Sk(I") and Sm (I, w, x) be the spaces of Hilbert cusp forms of weight k and mixed Hilbert
cusp forms of type (m,r), respectively, for I'. Given an element h € S (T, w, X), we consider the
associated linear map

2}1 5 Sk(I‘) — Sk+m,r(I‘,w, X)
defined by £4(g) = gh for all g € Sk(T'), and denoted by

,82 : Sk+m,r(]-—‘aw7 X) i Sk(F)

corresponding adjoint linear map with respect to the Petersson inner products. This map de-
termines a Hilbert cusp form £ f € Sk(I') associated with a mixed Hilbert cusp form f €
Sk+m,r(F7 W, X)

In this paper we express the Fourier coefficients of the Hilbert cusp form £7 f associated with
mixed Hilbert cusp forms f € Skym (I, w,x) and h € Spmr(T,w, x) in terms of the Fourier
coefficients of some periodic function determined by f and h. We also obtain an expression of each
Fourier coefficient of £ f as an infinite series involving the Fourier coefficients of f and h.

2. MIXED HILBERT MODULAR FORMS

We fix a positive integer n and let H™ be the Cartesian product of n copies of the Poincaré upper
half plane H. Then the usual operation of SL(2,R) on H by linear fractional transformations
induces an action of the n-fold product SL(2,R)™ of SL(2,R) on H". Let F be a totally real
number field with [F : Q] = n, so that there are n embeddings

(2.1) a—a?, F—R



for 1 < j < n. These embeddings induce the injective homomorphism

(2.2) v:SL(2,F) — SL(2,R)"

defined by

a b a®  pd a®™  pn)
(2:3) ¢ <c d) = ((ca) d(l)) 0005 (c(n) d(n)))
for all (2%) € SL(2, F). Throughout this paper we shall often identify an element v of SL(2, F)
with its image ¢(y) in SL(2,R)™ under the injection ¢ in (2.2). Given z = (21,...,2,) € H" and
v=(2%) € SL(2, F) with +(7) as in (2.3), we set

a(l)zl + b(l) a(n)zn _|_ b(n)
Yz = (C(l)zl —|—d(1) ge ey C(”)Zn + d(n)>

Then the map (v,z) — <z determines an action of SL(2,F) on H". For the same z € H",
v € SL(2, F), we set

n n
(2.4) J(y,2) = H C(J)Z +d J) H (J)Z +d(])
Jj=1 Jj=1
where 1 = (1,...,1) € Z™ and r = (11 rn) € Z". Then for each r € Z™ we see easily that the
map

(v,2) = J(v,2)" : SL(2, F) x H" — C
is an automorphy factor, meaning that it satisfies the cocycle condition
(2.5) Ty, &) = J (7,7 2) T (Y, 2)
for all z € H"™ and v,+" € SL(2, F).



We now consider a discrete subgroup I' € SL(2, F) of SL(2,R)". Let x : I' — SL(2,F) be a
homomorphism and let w : H™ — H™ be a holomorphic map that is equivariant with respect to x,
such that,

w(yz) = x(7)w(2)
for all v € T and z € H™. We assume that the image x(T') of T under x is also a discrete subgroup
of SL(2,R)™ and the inverse image of the set of parabolic elements of x(I') coincides with the set
of parabolic elements of I', so there is a correspondence between parabolic elements of I' and those
of x(T'). Let k = (k1,...,k,) and m = (my,...,m,) be elements of Z™ with k;, m; > 0 for each
ie{l,...,n}. IfyeI' C SL(2,F) and z € H", we set
TSR (1, 2) = I (7, 2)< T (x(7), w(2))™,

where J(-,-) is as in (2.4). Using the cocycle condition in (2.5), we see that the resulting map
Julf;;(“ : ' x H™ — C is an automorphy factor satisfying the relation

TSR 2) = IS5 (' 2) - ISR, 2)
for all 7,4 € T and z € H".
Let s be a cusp of I and o an element of SL(2, F) C SL(2,R)™ such that o(c0) = s. If we set
I° =0 'To C SL(2,R),

then oo is a cusp of I'?. We extend the homomorphism x : I' — SL(2,F) to a map x : IV —
SL(2,F) where
I"'=TU{a€SL(2,F)|a(x)=s, sacusp of I'}

We consider a holomorphic function f : H"™ — C satisfying

f(yz) = T2 (v, 2) f(2)



for all v € ' and z € H™ and define the function f | o : H" — C by
(f l0)(2) =I5 (0,2) " f(oz)
for all z € H™. Then, we have
(f | 0)(v2) = TS (v, 2)(f | 0)(2)
for all v € I'? and z € H™. We set
(2.6) A=AT?)={ e F|({?)eT}

which we identify with a subgroup of R" via the natural embedding F' — R"™ in (2.1) so that A is
a lattice in R™. Let A* be the corresponding dual lattice given by

A ={£ € F|Tr(EN) € Zfor all X € A},

where Tr(é\) = 2?21 &A;. Using the fact that co is a cusp of I'” and noting that x carries
parabolic elements to parabolic elements, we see that the function f | o has a Fourier expansion
at oo of the form

(2.7) (f1o)(z) = Y Acexp(2miTr(éz)).
genx
This series is the Fourier expansion of f at the cusp s and the coefficients A¢ are the Fourier

coeflicients of f at s.

Definition 2.1. Let I' € SL(2,F) be a discrete subgroup SL(2,R)"™ with cusp s and let
f:H™ — C be a holomorphic function satisfying

F(vz) = J5¥ (7, 2) f(2)
for all z € H™ and vy € T
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(i) The function f is regular at s if the Fourier coefficients of f at s satisfy the condition that
& > 0 whenever A¢ # 0.

(ii) The function f wanishes at s if the Fourier coefficients of f at s satisfy the condition that
& > 0 whenever A¢ # 0.

Definition 2.2. Let I', x and w be as above and assume that the quotient space I'\H"™ U
{cusps} is compact. A mized Hilbert modular form of type (k,m) associated with T', xy and w is a
holomorphic function f : H™ — C satisfying the following conditions

(i) £(v2) = JEm(3,2)f(2) for all y € T.

(ii) f is regular at the cusps of T'.

The holomorphic function f is a mized Hilbert cusp form of the same type if (ii) is replaced with
the following condition:

(i1)" f vanishes at the cusps of T'.

Remark 2.3. Mixed Hilbert modular forms of certain types occur naturally as holomorphic
forms on a family of Abelian varieties parametrized by a Hilbert modular variety (see [5]). A special
case of such a family and their connections with Hilbert modular forms were also investigated by
Kifer and Skornyakov in [3].

3. HILBERT CUSP FORMS ASSOCIATED WITH MIXED HILBERT CUSP FORMS

Let I' € SL(2,R)"”, x : T' — SL(2,R)™ and w : H™ — H" be as in Section 2. Let Sm (', w, x) for
m,r € Z" with nonnegative components be the space mixed of Hilbert cusp forms of type (m,r)
for T associated with w and x in the sense of Definition 2.2. Note that a mixed Hilbert cusp form
of type (m,0) with 0 = (0,...,0) € Z™ is simply a usual Hilbert cusp form of weight m. We
denote by Sk(T") the space of Hilbert cusp forms of weight k for T



We fix an element h € S r(T',w, X). Then for each g € Sk(T'), we see that the product gh is an
element of Skim r(I',w, x). Thus we obtain the linear map

Ly Sk(F) - Sk+m,r(]-—‘>w’ X)
defined by
Ln(g) = gh

for all g € Sk(I'). As it is well-known, the complex vector space Sk(T') is equipped with the
Petersson inner product given by

(3.1) (g1, g2) = / 01()72(2) (Em 2)5dp(2)
T\H"
for all g1, g2 € Sk(T"), where
(m2)* = (y1,...v) =[], dulz) = [ y;?da;dy;
=1 =1

for k = (k1,...,k,) and z = x + iy € H"™ with z = (1,...,2,), ¥y = (Y1, -.,Yn) € R”. We can
also define the Petersson inner product on Skymr(I',w, x) by

(3:2) (fr, fa) = / f1(2) fa(2) (Im 2) ™ (Im w(2)) " dpa(2)
r\H"

for all f1, fo € Sktm,r(T',w, x). We denote by

(3.3) £5  Sktmr (T w, x) — Sk(T)

the adjoint linear map of £;, with respect to the Petersson inner products in (3.1) and (3.2), so
that

(3.4) (€.f,9) = ([, £ng)



for all f € Sktmr(IT',w, x) and g € Sk(T).

Let o be the ring of integers in the totally real number field F with [F' : Q] = n considered in
Section 2 and let n be a nonzero ideal of 0. Then the principal congruence subgroup of level n is
the subgroup of SL(2,0) given by

I'(n) ={ye SL(2,0) [y=1 (modn)},
which is regarded as a discrete subgroup of SL(2,R)™ as usual. We set
n* = {r e F|Tr(rn) C o},

and consider a totally positive element v of n*. Then the v-th Poincaré series of weight k with
respect to I' is given by

(3.5) Py, (2) = Z J(7,2) ®exp(2miTr(v(72)))
YEL G\

where J(v,2) is as in (2.4) and T'w is the subgroup of T' consisting of the elements of the form
(§1) (see [2, Section 1.13]).

We consider an element ¢ € Sk(I') and write its Fourier expansion at co considered in (2.7) in
the form

$(2) = D Ac(¢) exp(2miTr(E2))
I
for all z € H"™. Then we have
n
r'(k; —1)
p— . n . —J

(3.6) (&, Pc,v) = Au(9) - vol(R™/A) ]1;[1 @)1
where T is the Gamma-function and A is as in (2.6) (cf. [2]). In particular, the Fourier expansion
of the image £} f of an element f € Skim (I, w, x) under the map £; in (3.3) associated with



h € Sm (T, w, x) can be written in the form

(3.7) £h1(2) = D Ae(Lhf) exp(2mi Tr(€2)).
EEA*

For the same f and h we also set

(3.8) O (2) = f(2)h(z)(Im 2)™ (Imw(2))"
for all z € H™.

Lemma 3.1. If f € Skpmr (T w,x) and h € Sm (T, w, x), the Fourier coefficient A¢ (L5 f) of
£ f € Sk(T) in (3.7) for & € A* is given by

L
(3.9) A = o 11 ey /. o T P (2 ),

where ®737(2) is as in (3.8) and Pig(2) is the Poincaré series in (3.5).

Proof. Using (3.2), (3.4), (3.6) and (3.8), we see that

Ac(2hs) -vol®™/A) - T (l;ff—);”
j=1
= (&5 [, Pee) = (f, LnPce) = {f, hPxe))
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4. FOURIER COEFFICIENTS

Let the mixed Hilbert cusp forms h € Smr(T,w,X), [ € Skimr(I',w,x) and the associated
functions £} f, @?};Lr be as in Section 3. In this section we express the Fourier coefficients of £} f

in terms of those of @;n;lr. We also obtain an expression of each Fourier coeflicient of £ f as an
infinite series involving the Fourier coefficient of f and h.

Lemma 4.1. The function ®7" in (3.8) satisfies the relation
(4.1) @}r};:'(q/z) = J(v, z)kQ}I};Lr(z)

for all z€ H™ and v € T.
Proof. Since f € Skim (I, w, X), b € Sm (T, w, x), given z € H™ and v € I', we see that

O (v2) = f(v2)h(y2)(Imyz)™ (Im X (v)w(z))"
= J(7, )" I (x (1), w(2))" f(2) I (7, )™ T (x(7), w(2))"h(2)
X [J (7, 2)| 72 (Im 2)™]J (x(7), w(2)) |~ (Im w(2))*
(7, 2)%F(2)h(2) (Im 2)™ (Im w(2))"
(1, 2) @ (),

which proves the lemma. O

J
J

By Lemma 4.1 the function ;" satisfies

ST (z+2) =J((§2),2)*®sn(2) = 4 u(2)



for all z € H™ and A € A, where A is as in (2.6). Thus ®%;" has a Fourier expansion of the form

(42) VFI(2) = Y ATit(y) exp(@riT(E)).
EEA*

Theorem 4.2. Setting f € Skym (L, w, X), the §-th Fourier coefficient of the Hilbert cusp form
L5 f in the expansion (3.7) is given by

* e (47T€j)kj_1 m,r k—2
(4.3) Ae(Erf) = H Ty —1) Jan A7 e (y) exp(—2m Tr(§y))y™ “dy,

j=1
where AT} (y) is as in (4.2).
Proof. Using (3.5) and the relation
du(z) = Im2)"2(1/2)"dz A dZ
with 2 = (2,...,2) € Z", the integral on the right hand side of (3.9) can be written as
[ o7 @R im =) auz)
(14) = ¥ [ on@en-amimemm)

YEL L\
x J(v,2) *(Im 2)*~2(1 /2)"dz A dz,



where F is a fundamental domain of I'. Given v € I'; if we use the new variable w = u +iv = 7z,
the integral on the right-hand side of (4.4) is equal to

/ . @}I,I;f(v—lw) exp(—2miTr(¢(W)) T (7, v w) %

x (Imy~tw) = 2(1/2)"d(y~ 'w) A d(y~Tw).
However, by using the cocycle condition (2.5), we have

J(v, 7 w)* = J(y L w) kK,

(4.5)

(Im )2 = ()| 2 ()
= J (v~ w) I w) KR (Imw) 2,
(i/2)"d(y" w) Ad(y~w) = (i/2)" I (v w) 2dw A J(y71 w) " 2dw
= J(v L w)2I(y L, w) " 2du A do;

Hence (4.5) can be written in the form

/f Tyt w) TR (v w) exp(—2m i Tr(¢(w))) (Im w) < dps(w)

= [ o expl-2ni TrE(@)) mw) duto),

where we used (4.1). By taking the summation of this over v € T',,\I', we see that the integral on
the left-hand side of (4.4) is equal to

(46) [ ) exp(—2m i Te(2) (1m 2 (),



where F is the subset of H" given by

(4.7) F= |

YEL o\

From (4.7) we see that F is a fundamental domain of T's, and therefore we have

n
F =R} x [0, ] =R} X H[O,/\O,jL
j=1
where Ao ; € Ry is the generator of the j-th component of the lattice A in R” for each j € {1,...,n}.
Thus, using this and (4.2), the integral (4.6) can now be written as

Z / / AT (y) exp(2mi Tr(va))
®? J[0,70]

vEA*
x @ (2) exp(—2m i Tr(é(z — iy))y*2dzdy

= Z /[0)\ ]exp(27riTr((V—§)x))dx

(4.8) vEA*

2 /R AT (y) exp(—2m Tr(Ey))y™~2dy

n
4=

= vol(R'/A) [ AT () expl 2w Te(E))y 2y,

Thus we obtain (4.3) by replacing the integral on the right-hand side of (3.9) with (4.8); hence the
proof of the theorem is complete. O




We now assume that the Fourier expansions of the mixed automorphic forms f € Ski4m »(T', w, X)
and h € Sy (I, w, x) can be written in the forms

(4.9) f(z) =Y Beexp(2miTr(£2)),
EeA~

(4.10) h(z) =) Cyexp(2miTr(nz)).
neN*

Since x carries parabolic elements to parabolic elements, we have
Imw(z+ A) = Imw(z)

for all A € A. Thus (Imw(z))" has a Fourier expansion as a function of € Re z of the form

(4.11) (Imw(z))" = Z W, (y) exp(2miTr(vz))
vEA*

for some functions W, (y) of y = Im z.

Theorem 4.3. Assume that the Fourier expansions of f € Skpmr(I'sw, X) and h€ Sm (T, w, X)
are as in (4.9) and (4.10), respectively. Then the a-th Fourier coefficient of the Hilbert cusp form
»fin (3.7) is given by

Aaeif) = [T
aVTh LTk, —1)(dm)m

Jj=1

(4.12)

Ba+n—ucn / Nym+k—2
Y o [, W@ exp(— et
+

n,v




where t = (t1,...,t,) with t; = (4n(aj +mn; —v;/2))~'t; for 1 < j <n and |t| denotes the sum of
the components of t € RY}.

Proof. Using (4.9), (4.10) and (4.11), the function in (3.8) @}’?;f can be written in the form

O (2) =y™ Y BeCyW, (y) exp(2mi Te((€ + v — n)z)) x exp(—27 Tr((£ + n)y))
&y

=™ Y Baty-vCOy W (y) exp(=27 Tr((a + 27 — v)y)) x exp(2mi Tr(ax)),

a,n,v

where we have introduced a new index a« = £ + v — 7 so that £ = a + 7 — v. By comparing this
with the Fourier expansion of ®7;"(2) in (4.2), we obtain

AT (1) = Y™ Baty—vCnWa(y) exp(—27 Tr((e + 27 — v)y))

"771’

for each o € A*. Substituting this into (4.3), we have

o (dmag)kit _
Aenh) =11 T —1) P Bk iy
g=1 3 n,v
x| Wi (y)y™ % exp(—2m Tr((2a + 21 — v)y))dy,
(4.13) RY
n n
(dmay)ki—1 — / ks —2
B | i o N W) [+
=i F(kj_l) %,; e Y1,--:Yn >0 ’ j=1 !

x exp(—2m(2c; + 2n; — v;)y;)dy;.



For 1 < j < n, using the new variable t; = (47 (o + n; — vj/2))y;, we see that

k-2
W, (y)y; 7™ " exp(—2m(2a; + 2n; — v;)y;)dy;
y; >0

= — W, (y*)t; 7" exp(—t;)dy;,
(4 (aj + 17 — v;/2)) " thi 1 L0 w( )J (—t;)dy;

where y* is y = (y1,...,Yn) with y; replaced with (47 (a; +mn; —vj/2))'t;. Substituting this into
(4.13), we obtain (4.12); hence the proof of the theorem is complete. O

Example 4.4. We consider the result of the previous theorem in the special case for r = 0.
Then the functions f, h, and £} f in Theorem 4.3 are simply usual Hilbert modular forms of
weights k + m, m, and k, respectively. In this case we can consider an analog of the Dirichlet
series of Rankin type L? (s) defined by

AeyB
LS s) = Etn2n
f7h( TI;* (é‘ A n)s

for £ € A* and s € C". When r = 0, we may set Wo(y) =1 and W, (y) = 0 for v # 0 in the series
on the right hand side of (4.11); hence (4.12) can be written as

G

Al = Lo, =Ty

Jj=1
BotnCy / +k—2
x 3 Zentu [ ymke2 g pg))dr,
Tk—1
5. (atmm R?



However, we see that

n

/ t™R=2 oxp(—|t])dt = H L(m; +k; —1).
R j=1

Thus the Fourier coefficient of £} f in (4.12) can be written in the form

n

m; i —1)(aj)ks—t
An(@1f) = ([T SO )06 k- 1)

j=1
for each o € A*.

Remark 4.5. The method used in the proof of Theorem 4.3 was developed by Kohnen [4].
Results similar to those described in this section were obtained in [8] for modular forms of one
variable and in [6] for Hilbert modular forms. The case of Siegel modular forms was considered in
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