LIMITING BEHAVIOR AND ANALYTICITY OF TWO SPECIAL TYPES OF
INFEASIBLE WEIGHTED CENTRAL PATHS
IN SEMIDEFINITE PROGRAMMING

M. TRNOVSKA

ABSTRACT. The central path is the most important concept in the theory of interior point methods. It
is an analytic curve in the interior of the feasible set which tends to an optimal point at the boundary.
The analyticity properties of the paths are connected with the analysis of the superlinear convergence
of the interior point algorithms for semidefinite programming. In this paper we study the analyticity
of two special types of weighted central paths in semidefinite programming, under the condition of the
existence of the strictly complementary solution.

1. INTRODUCTION

Denote S™ the vector space of all n X n symmetric matrices. In this paper we consider the following
primal-dual pair SDP problems in the standard form

minimize XeC

(1) subject to AieX = b;, foralli=1,...,m,
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maximize bTy
(2) subject to Aly, +S = C,
=il
S = 0,

where the data consists of C € S, b € R™ and A® € S™ for all i = 1,...,m. The primal variable
is X € S™ and the dual variable consists of (S,y) € S™ x R™. We will denote S% and S%, the
sets of positive semidefinite and positive definite matrices, respectively. We will write X = 0 or
X = 0,if X € ST, or X € ST, respectively.

Given fixed W € S%,, Ab € R™ and AC € S", our aim is to study two types of weighted
central path, which are implicitly defined by the p > 0 following parameterized system of nonlinear
equations

(3) Al e X = b; + pAb;, i=1,...,mX>0,

(4) > Ay +8=C+puAC, S > 0,
=i

(5) P;(X,8) = VuW.

Here ®;(X,S), j € {1,2}, is a symmetrization map ®; : S7, x S, — S™ which symmetrizes the
product XS, defined by:

(6) ®1(X,8) = (X287 + §7X7)/2,
(7) ®y(X,8) := (UsTLx + LxTUg)/2,

where X2 and Lx denote the square root and the lower Cholesky factor of the positive definite
matrix X, respectively, and Sz and Ug denote the square root and the upper Cholesky factor of
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the positive definite matrix S, respectively. The existence of these paths was established in [13]
(see also [17, 18]). It was shown that these paths are well defined for weights W € M L where
3vV2

" 1
M%:{M€S++,3VM—I/IF<3\/§}

(|I-]l 7 is the Frobenius norm defined for A € R™*™ as ||A||r = \/tr(ATA)) and for a suitable choice

of parameters (Ab, AC). It can be shown that if the condition number k(W) < ;/‘/3:721'1, then

W € M%ﬁ (see [18, Lemma 3.3.1 and Proposition A.2.7(a)]). Therefore, under the mentioned
conditions, the system (3)—(5) has a unique solution p;(1) = (X(u),y(r), S(w)) for every p > 0.
If (W,Ab, AC) = (1,0,0), then both the paths defined in (3)—(5) are identical to the central
path associated with the problems (1), (2) (see [18, Lemma 3.4.3]). Properties of the central path,
including the limiting behavior and the analyticity, were studied in the works [4, 6, 7, 8, 9, 16].
In linear programming, the notion of the central path can be easily extended to the notion of the
weighted central path — by defining the weighted logarithmic barrier functions. This approach was
possible only for a special type of the weighted path in SDP, associated with so-called Cholesky type
symmetrization and positive diagonal weight, see [1]. A general approach was presented by authors
of [13], where various types of weighted central paths were defined implicitly as a solution of the
system consisting of (3), (4) and an equation of the form ®(X,S) = ¢(u)W. Besides the paths
studied in this paper, also paths associated with symmetrizations ® 4go (X, S) := (XS + SX)/2,
Dsr(X,8) :=X2SXz2, oy (X,S) := Lx SLx were discussed. The existence of these paths was
studied in the works [13, 14, 17]. The results concerning the limiting behavior and analyticity
were obtained under the assumption of the existence of the strictly complementary solution. (An
optimal solution (X, y,S) of the problems (1), (2) is called strictly complementary, if X + S > 0.)
The analyticity of the weighted paths at the boundary point was studied by several authors. In
the papers [12, 15] it was shown that the paths associated with the symmetrization ® 450 is an
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analytic function of p at 4 = 0. The authors of [11] proved that the weighted path associated with
the square-root-type symmetrization ®gg is analytic at u = 0 as a function of /u. Finally, in the
work [2] it was shown that the weighted path associated with the Cholesky-type symmetrization
®op and positive diagonal weight is an analytic function of  at g = 0. In the paper [10] (see also
[18]) the weighted path associated with Cholesky-type symmetrization and a suitable symmetric
positive definite weight was studied and it was proved that this path is analytic at ¢ = 0 as a
function of /. Moreover, it was shown that the weighted paths (associated with both — the
square-root-type and Cholesky-type symmetrization) are analytic functions of u (at the boundary
point) if and only if the weight matrix is block diagonal. The aim of this paper is to complete the
above results and to show that the weighted central paths associated with symmetrizations (6)
and (7) are analytic at = 0 as a function of /z.

1.1. Notation

Denote R,y the set of all positive real numbers, i.e. Riy = (0,00). The vector space of all
symmetric n X n matrices is denoted by S™. We will write A > 0, or A > 0 if A is positive
semidefinite or positive definite, respectively. The cone of all positive semidefinite (definite) ma-
trices is denoted by S% (S%, ). Similarly, we will denote L™ and U™ the vector spaces of all lower

ﬂ ﬂ ﬂ ﬂ apd upper tr%angular matrices. The cones of all matrices from L" with nonnegative (positiye)
diagonal entries are denoted L7 (L% ) and the cones of all matrices from U™ with nonnegative

Go back (positive) diagonal entries are denoted U} (U}, ). For given matrices A, B € RP*9, the standard
inner product is defined by A ¢ B = tr(A7B), where tr(.) denotes the trace of a matrix. The

Full Screen Frobenius norm of B € RP*? is defined as ||B||r = vB e B. The spectral norm on R™*™ is defined

as || Bz = max; {\;(BB”)}.
For a matrix function A : R,y — RP*? we will use the standard O-notation, that is, if
f:Ryy — Ry is a real function, we will write A(p) = O(f(p)) if it holds ||A(p)||lr < vf(r)
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for some a positive constant v and a small y > 0. Moreover, for matrix function A : Ry, — S”
we will write A(u) = O(f(u)) if there exists a constant o > 0 such that Al _ 11 > 0 and

f(w)
ol — % = 0. Similarly, for matrix function A : Ry — L™ we will write A(u) = O(f(n)) if
there exists a constant o > 0 such that % = éI € L} and ol — % € L and for matrix

function A : Ry — U™ we will write A(u) = O(f(n)) if there exists a constant o > 0 such that

ry A
%—éIEUZandaI—ﬁeUﬁ.

2. PRELIMINARIES

. Assumptions

In this paper we will consider the following assumptions:
Assumption (A1l): The matrices Ay,...,A,, are linearly independent.

Assumption (A2): The parameters Ab, AC are such that there exists Wy € M L and
3v2
o > 0 such that the system (3)—(5) is solvable for W = Wy and p = .

Assumption (A3): There exists a strictly complementary solution for (1), (2), that is a triple
(X*,y*,S*) which is feasible and satisfies X*S* = 0 and X* + S* > 0.

Both of the assumptions (A1) and (A2), together with the assumption of the existence of the
(not necessarily complementary) solution of the problems (1), (2) imply the welldefinedness of the
central path which is stated in the following theorem.



Theorem 2.1. Assume (A1), (A2) and that there exists a solution of the primal-dual pair (1),
(2). Then, for any p € (0, uo) and any WEM#i, there exists a unique solution (X (), y(w), S(w))

of the system (3)—(5). Moreover, the path p — (X(w),y(1),S(w)) is an analytic function for p > 0.

For the proof see e.g. [13, 17, 18].
The Assumption (A1) ensures the one-to-one correspondence between the dual variables y and
S.
The Assumption (A2) is not restrictive — there always exist Ab, AC such that this assumption
is satisfied. We can choose W € M% and p9 > 0 and pick up (X°,¢%,8%) € ST, x R™ x S%
3v2

such that
Qj(XOa SO) = Vv Ho W 0,
where j € {1,2}. If we set

) 0_ p.
pb = Ao X Zb =1 m
v Ho
m i,,0 0 _
AszizlAyi—i-S C

v Ho '

then the triple (X°,¢%, S%) is a solution of the system (3)—(5).

The Assumption (A3) is restrictive, though it is necessary for our analysis of the limiting
behavior of the paths. It is also commonly used in the analysis of the superlinear convergence of the
interior-point algorithms. Moreover, the results of [3] indicate that without this assumption the
analytical properties of the central paths would be very difficult to describe. In linear programming,
as a special case of semidefinite programming, the existence of an optimal solution implies the
existence of a strictly complementary solution, but in general in SDP this is not necessarily true.



For readers convenience, we now provide an example of an (nonlinear) SDP problem satisfying
the assumptions (A1)—(A3).

Example 2.1. Let m = n = 3, X = (z;5),S = (s55) € 5%,y € R? be the unknown variables
and let the data be given as follows:

100 000 00 1
Ar=(010|,A=[000],A=|00 0],
00 0 00 1 100

-1 0 0 2

c=( 0 oo ],b=[0

0 0 0 0

Clearly, the data matrices A1, Ao, A3 are linearly independent.
The primal SDP problem is equivalent to

minimize —x1;
subject to 231 = X33 = 233 =0
T11 + Tog = 2
T11%22 — 1’%2 = 0.




It can be easily seen that the optimal solution of the problem is X*= . The dual

S O N
o o o
e o

SDP problem is equivalent to

maximize 2y;
subject to y; +s11 = —1
Y1+ S22 =y2+ 833 =y3+513=0
s12 = 823 =0
8“207 i:1,2,3
811833 — S35 >0

The optimal solution set of the problem is

0 0
y* = (_17 —a,O), S* = 0 1
0 0

Q O O

- {(y*,S*)

;aZO}.

For any a > 0 the tripple (X*,y*, S*) is a strictly complementary optimal solution of the primal-
dial pair of SDP problems.

Let Wy =L, po = 1. Then X° = S° = I satisfy the equality ®;(X°,S%) =1 for j = 1,2. Let
yY = (0,0,0). The parameters

2 0
Ab=(0,1,0), AC=[ 0 1
0 0

= O O

satisfy the Assumption (A2).
Let (X*,y*,S*) be a strictly complementary optimal solution. Since X*S* = 0, the matrices
X*,S* commute and therefore there exists an orthogonal matrix Q such that the matrices QX*Q7,



QS*QT are diagonal. Therefore, without loss of generality (applying an orthogonal transformation
on the data, if necessary), we may assume that

. (A 0 . (0 0
(o) s-(0 )

where A = diag(A], ..., Afp)) = 0, Ay =diag(Ajg ;-5 A7) = 0.

Let (X, §,S) be another (not necessarily strictly complementary) optimal solution of the primal-
dual pair (1), (2). From the complementarity property it follows that any optimal solution pair

(X,S) is in the form
U XB 0 2 0 0
X. = = N
(T 3) s=(osa)
where XB =~ 0, SN = 0.
In what follows, we will assume that any square symmetric matrix M € S™ has the partition

® M= (3 My )

and we will denote |B| x |B| the dimension of the square block Mp and |[N| x |N| the dimension
of the square block My .

. Asymptotic behavior

In the following we give results concerning the asymptotic behavior of the blocks Xp (), Xy (1),
Xn(1), Sp(p), Sv (i), Sy (1) of the matrix functions X (u), S(u), and also the asymptotic behavior
of the blocks of the functions [X(u)]z, [X(u)]2, Lx(,) and Ug(,) for 4 — 0. All the properties
hold for both paths studied in this paper.



The results stated in this section can be proved using the standard techniques (see e.g. [12, 11,
15]), therefore they are omitted. For details see [18].

Proposition 2.1. For p € (0, uo) sufficiently small it holds
X(p)=0Q1), y(u) =0(1), S(p)=0().
Proposition 2.2. The weighted paths posses the following asymptotic behavior:

_( e@) o) _( ew Oo(yn)
©) X(“)‘(ow o) ) S(“)_<0(ﬁ) o(1) )
Denote
(10) Y(p) = [X(w)?,  Z(p) = [S(p)?

the square roots of the matrices X(u) and S(u), which exist and are uniquely defined. Obviously
Xp(n) = Y1) + Yv ()Y (1),
) = Z() + Zv (1) Zi; (),
) =Ye()Yv(e) + Yv () Yn(n),
Sv(p) = Zp()Zv ()] + Zv (1) Zn (1),
)
)

The asymptotic behavior of the square roots is stated in the following proposition.
Proposition 2.3. It holds

o) o C] o
(12) YW:(O(%) e%) Z(’“‘)Z(O% é@)
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Denote L(u) := Lx(,) € L7, the lower Cholesky factor of the matrices X(u) and U(u) :=
Usg(, € UL, the upper Cholesky factor of the matrices S(u) (which exist and are uniquely
determined). It holds

X(p) = LWL (1),  S(u) =U()UT (),
where we denote LT (u) := (L(p))T and UT(u) := (U(pu))T. Assume that any lower triangular
matrix L and upper triangular matrix U is partitioned in the following way:

v=(1f n ) o=(% u))
Then the associated blocks satisfy the following equalities:
X () = Lp()LE (1),
(1) = Up(n)Ug (1) + Uv (1)U (),
(13) (1) = LB(M)LVT(M)»
Sy (1) = Uy (1) Un (1),
(1)
(

= L ()L (1) + L (1)L (),

The asymptotic behavior of the Cholesky factors is stated in the following proposition.
Proposition 2.4. It holds

. _(em o
Liw) = Ex) = (owm e(m) ’

01 - (O %D

(14)



Let p := \/p. In the following we introduce the normalized matrices )~((p), §(p), ?(p), Z(p),
L(p), U(p) which will be useful in the further analysis.

s Xs(p?)  Xv(p?)/p
- X(p) = ( XL (p?)/p Xn(p?)/p? )
S5 (p*)/p? Sv(p2)/p>
ST(p*)/p  Sn(p?)

(

0= ( Yihl, Yaih )
(
(

(16)
s Zs(p*)/p Zv(p*)/p
20) = 22 (%) /p zm&))
~ ([ Lg(p? 0
Lip) = WWWIMﬂm)
(17)

Note that from the statements in Proposition 2.2, Proposition 2.3 and Proposition 2.4 it follows
that the normalized matrices satisfy:

X(p) = S(p) = Y(p) = Z(p) = L(p) = U(p) = O(1),

moreover, the diagonal blocks of all normalized matrices exhibit the following behavior:

Xz5(p) =Sp(p) = Y&(p) = Z(p)s = Lr(p) = U(p)s = O(1),




Xn(p) =Sn(p) = Yn(p) = Zn(p) = Ln(p) = Un(p) = O(1).
Define y(p) = y(r) = O(1) (see Proposition 2.1). From the asymptotic behavior stated above it

follows that for any sequence {pj} — 0, the matrix sequences X(p), S(px) and the vector 7(py)
are bounded, hence there exists a convergent subsequence and we may assume that the limit

(18) Jim (X (o), 7(ox). S(px)) = (X7, 87)

exists (though the limit point is not necessary unique). Moreover, from Proposition 2.2 it follows

that the matrices X5, X%, S, Sy are positive definite.
3. ANALYTICITY OF THE PATHS AT THE BOUNDARY POINT

The aim of this section is to prove the main result of this paper which is stated in the following
theorem

Theorem 3.1. The weighted paths (X(u),y(n),S(w)) associated with symmetrization maps
defined in (6), (7) are analytic functions of /i for all p > 0.

. Feasibility conditions

The first step in proving Theorem 3.1 is the transformation the feasibility conditions to an equiv-
alent system with a special property which is stated in the following theorem.

Theorem 3.2. There exists a map
U: 8" xR"xS"xR— S"xR™,
such that for any p > 0, it holds



if and only if (X(w),y(w), S(w), p) satisfies the feasibility conditions (3), (4), that is
Al e X(p) =b; +pulb;, i=1,....,m,

m

> Alyi(p) +8S(u) = C + pAC.

i=1
Moreover, the condition

DY (X", 5", 8%, 0)[AX, Ay, AS] =0,
where (i*, v, §*) is the limit point from (18), D\I/()N(*, 7, S*, 0) is the (partial) Fréchet derivative
of the map ¥ with respect to variables (X,y,S) at the point (X*,y*,S*,0), implies AX o AS = 0.

The proof of the above theorem, including the construction of the map ¥ can be found in all

details in Section 3.2 and Section 3.3 of [10] or in Section 4.2.1 and Section 4.2.2 of [18], therefore

it is omitted. A different approach transformation of the feasibility conditions was used in [11] or
[15].

. Nonsingularity of Fréchet derivatives

Consider the symmetrization map ®;(X,S) = (X2S2 +X2S2)/2. In this case, the last condition
in the system (3)-(5) is of the form

(X382 + X28%)/2 = \/iW
and can be equivalently rewritten as

YZ+ZY =2,/uW,
Y2 =X,
72 =S.



Let Ug 5 be the vector space of all upper block triangular matrices with symmetric diagonal blocks
of dimensions |B| x |B| and |[N| x |[N|. Let L be the linear map'

Mg My 0 0
. n nXn 5
L:Upy R ’ L([ 0 MN}) [M% 0]’

Ty [ YB(PP) Yv(p?)/p = v Ze(W)/p Zv(p®)/p
o= (%7 Sl ) o= (7 ).

Lemma 3.1. For any p = \/p > 0, the systems
Y (W)Z(p) + Z(p)Y (1) = 2¢/uW
Y (1) = X(p)
Z(p)* = S(p).

Define

and
[y (p) + pL(Uy (0)][Uz(p) + pL(Uz(p))]

+[Uz(p) + pL(Uz(p)]"[Uy (p) + pL(Uy (p))]T = 2W
[y (p) + pL(Uy (p))]"[Uz(p) + pL(U z(p))] = X(p)

[Uz(p) + pL(Uz(p))][Uy (p) + pL(Uy (p))]" = S(p)
are equivalent.

Proof. Follows from simple computation. O

IThe idea of defining this map was used by Lu and Monteiro in [11].



From the asymptotic behavior stated in Section 2.2 it follows that the sequence

(X(px), Uy (pr), 8(pr), S(or), Uz(pr))

is bounded for any {pr} — 0, hence there exists a convergent subsequence and we may assume
that the following limit

Jim (X(pr), Uy (o), 5(or), S(pr), Uz (px)) = (X7, U3, 57,87, U%)
exists. Define the map F! as follows
ﬁl(iaﬁY,ﬂ, g,ﬁZ,P)
U(X,7,8,p) ~ - ~ ~ ~
Uy +pL(Uy) (UZ~+PL(UZD+§UZ~ pL(Uz))" (Uy +pL(Uy))" —2W

( +
(Uy + pL(Uy))" (Uz + pL(Uz)) - X
(Uz + pL(Uz))(Uy + pL(Uy))" -8

From Theorem 3.2 and Lemma 3.1 it follows that for any p = /i > 0 the system F'=0is
equivalent to the system (3)—(5) in the sense that

FY(X(p), Oy (p). 7(p).5(p), Uz(p). p) = 0.
Moreover,
FY(X*, Uy, 7%, 5%,U%,0) = 0.
The Fréchgic c}verivatijfe~of the map F! at the point (i*,ﬁ;,ﬂ*,g*,ﬁ*z,O) with respect to the
variables (X, Uy, 7, S, Uyg) is the linear map



DFY(X*,U%,7*,8%,U%,0)[AX, AUy, A7, AS, AU]

DU(X*,7*,8%,0)[AX, A, AS] ~ ~
ATy Ty + U AU + (ATZ)T(03)7 + (T5)T(ATy)T
(AUy)"U3 + (U3)" AUy — AX
AUZ(Uy)T + UL(AUZ)T — AS

Our goal now is to prove that
DFY(X*, Uy, 7*,S*, Uy, 0)[AX, AUy, A7, AS, AU]

is a nonsingular linear map. Fot this aim we state several auxiliary lemmas. First, denote

Uy, ={MeUpy; Mp = 0,My >~ 0}.
Lemma 3.2.

a) If MeU?},, then M~ eU?, .
b) If M eU?, and H € ULy are such that MH + H'M” =W for some W € S™, then

M| < Wie
V2

Proof. a) The statement follows from properties of block matrices and positive definiteness.
b) It holds

tI’(MHMH) = tI‘(MBHBMBHB) + tI‘(MNHNMNHN)
= tr(MEZH;MpHpM32) + tr(M3HyMyHyM32) > 0.



Therefore
[W|2% = (MH+ H"MT) ¢ (MH + HTMT)

= 2tr(MHH"MT) 4 2tr(MHMH) > 2|MH|%.

The next two lemmas contain simple, but usefull properties of matrix norms.
Lemma 3.3. If A € S™ and B € R"*", then ||AB|r < ||Al2||B|r-

Lemma 3.4 (Lemma 8 of [13]). Let B € R"*™ be a matriz with real eigenvalues and let
B € (0,25). Then if [BEE= —1||p < 8, then

(2) |B-TIl|lr < v26;
(b) [B~Hl2 <

1
1-v26"

Proof. The following lemma is proved using similar techniques to those used in the proof of
Proposition 4 of [13]. (See also Lemma 3.2.3 and Lemma 3.2.4 of [18].)

Lemma 3.5. Let U,V € U}, be given matrices and v € (0, 3%/5) If there exists > 0 such

that ||[(UV + VTUT) /2 — ul||p < yp, then for AU, AV € URy and AX,AS € S™ the following
implication holds
AUV + UAV 4+ AVIUT + VI AUT

AUTU+UTAU = AX
AVVT + VAVT = AS
AXeAS = 0

= AU=AV=AX=AS=0.



Assume that

(19) AUV + UAV + AVTUT + VT AUT =0,
(20) AUTU +UTAU = AX,
(21) AVVT 1 vAVT = AS,
(22) AX e AS =0.

Obviously, the equations (20), (21) are equivalent to
U TAUT + AUU = U TAXU Y, AVIVTLviav=viasv T,

From Lemma 3.2 it follows that

T —1
(23) [U-TAUT | = [AUU | < IO AU
V2
—1 —
(24) IAVIVT|p = [V-iav], < V2V lir,
V2
Define

AX :=VIAXU™!, AS:=VI1ASUT.
It can be easily seen that the condition (22) implies AX @ AS = 0 and hence
(25) IAX + AS|E = [AX]F + [ AS]/%
From (20), (21) it follows, that the matrices AX, AS can be also expressed as
AX =VIUTAUU + VIAUT,  AS = AVIUT + VIAVVIUT.




Therefore
AX + AS =VTUTAUU ! + VT AUT 4 AVTUT 4 VviavvVTUT
=viuTaAuu-4viavviuT-AUU'U)V-U(VV HAV
= (VIU?T - uI)AUU! + AUU (pI - UV)
+ (I - UV)VIAV + VIAV(VIUT — u1)
and, by using (25), we obtain
(1AX|3 + [ AS]7)2
=||(VIUT — uI)AUU! + AUU ! (uI - UV)
+ (I = UV)VIAV + VIIAV(VIUT — ul)||p
<2||pl = UV||[p(JAUU g + [VIAV | R)
< 2V2u(|AUU Y |p + [V AV )
<2yp(|[UTAXU g + [VTIASV T p)
< 2yul|VTIU T (|UTTAXV || + [UASV | )
2

2’7 = — 1
< —__(|]AX]||%Z + |AS||%)?,

= \/57(” I + 1AS]7)
where the inequalities follow from properties of matrix norms, Lemma 3.4a), (23), (24), Lemma 3.3

and Lemma 3.4b). Since v € (0,3%/5), we have 1727\/5—7 < 1 which together with (26) imply

(IU~TAXV||F + [UASV | )



(IAX % + |AS||%)2 = 0 and therefore also AX = AS = 0. This fact, (23) and (24) give
AU = AV =0. O

Proposition 3.1. Dﬁl(f(*, ~§,, T g*, ~}, 0) is a nonsingular linear map.

Proof. Assume DF'(X*, U, 5%, 8%, Uy, 0)[AX, AUy, A, AS, AUZ] = 0. Theorem 3.2 gives

AX e AS = 0. Tt holds U Uy + (U%)7(U3)T = 2W and from the asymptotic behavior it follows

that ﬁ;‘/, ﬁ*Z €U}, . Since W € M = the assumptions of Lemma 3.5 are satisfied. Therefore
3v2
AX = AUy = AS = AUy = 0. Assumption (Al) yields Ay = 0. O

Analogously, we can prove a similar result for the symmetrization map ®5(X,S) = (USTLX +
Lx”Ug)/2. In this case, the last condition in the system (3)—(5)

(Us'Lx + Lx"Us)/2 = /uW
can be equivalently rewritten as
UTL + LU = 2/uW,
LLT =X,
uU” = 8.
The following lemma can be proved by simple computation.
Lemma 3.6. For any p = /i1 > 0, the systems
U(u)"L(p) + L(p)"U(p) = 2(/uW
L(p)L(1)" =X ()
U()U(p)" =S(p).



and
(27) L(p)L(p

are equivalent.

From the asymptotic behavior stated in Subsection 2.2 it follows that, for any sequence {p,} —

0 the sequence (X(pr),L(pr),¥(pr),S(px), U(px)) is bounded, hence there exists a convergent
subsequence and we may assume that the limit

klglc}o(i(pk)’ f‘(pk)) g(pk)a g(pk)v ﬁ(pk)) = (i*, f‘*) v, g*a ﬁ*)
exists. By inserting p = pi in the system (27) and taking the limit {px} — 0, we obtain

(28) _ _ _ _
L*(L*)T _ X*, U*(U*)T — S*.

Define the map F? as follows

UL +L7U - 2W
LL” - X,
UU” -8

ﬁz(ia f%g;g,fjap) =



From Theorem 3.2 and Lemma 3.6 it follows that, for any p = \/u > 0, the system F?2 =0is
equivalent with the system (3)—(5) in the sense that

F2(X(p),L(p), 5(p). S(p), U(p), p) = 0,
and moreover,
F2(X*,L*,7*,S*,U*,0) = 0.

The Fréchet derivative of the map F? at the point (i*,i*,ﬂ*,g*,ﬁ*,ﬂ) with respect to the
variables (X, L, 9, S, U) is the linear map

DF*(X*,L* j*,8*,U*,0)[AX, AL, Aj, AS, AU]
DU(X*,§*,8%,0)[AX, Af, AS]
(AU)TL* 4 (U7 AL + (AL)TU* + (L) TAU
AL(L)T + L*(AL)T — AX
AU((UHT +U*(AU)T - AS

The nonsingularity result follows from the next lemma. For the proof see also Proposition 5 of
[13] or Lemma 3.2.4 of [18].

Lemma 3.7. Let X,S € ST, be given matrices and v € (0, ﬁ) If there exists p > 0 such

that ||(Us'Lx + Lx Us)/2 — pl||r < v (where Lx is the lower Cholesky factor of X and Ug
is the upper Cholesky factor of S), then for AL € L™, AU € U™ and AX,AS € S™ the following



implication holds

ALTUg + UgTAL + AUTLx + LxTAU = 0
ALLxT + LxALT = AX
AUUgT + UgAUT = AS

AXeAS = 0

= AL=AU=AX=AS=0.
Proposition 3.2. Dﬁ2()~(*,1~.‘*,§]*, S*, U, 0) is a nonsingular linear map.

Proof. Assume DF2(X* L*,7*,S*, U*,0)[AX, AL, Aj, AS, AU] = 0. Theorem 3.2 implies
AX e AS = 0. From the asymptotic behavior stated in Subsection 2.2 it follows that L* € L
and U* € U}, . The rest follows from (28), Lemma 3.7 and Assumption (Al). O
3.3. Analyticity of the weighted paths as a function of \/u at =0

Now we are ready to prove Theorem 3.1. The idea of the proof is analogous to the proof of
Proposition 4.2.2 of [18] or Proposition 6.1 of [10].

Proof. We will only consider the weighted path associated with the symmetrization ®;. The
proof for the path associated with the ®5 is the same. Recall that

F': 8™ xUpy x R™ x 8™ X Uy — R™ x S™ x 8" x 8" x §"
is for an analytic function of ()~(, ﬁy, 7, g, U 7, p) such that
1. there exists (X*, ﬁ;,ﬂ*,g*,ﬁ*z,O) such that
F'(X*,U},77,87,0%,0) = 0;




2. the Fréchet derivative of the map F? with respect to ()~(,I~Jy,g7, §,fj z) is nonsingular at
the point (X*, Uy, y*,S*,U%,0) (see Proposition 3.1).
Now we can apply the (analytic version of) implicit function theorem (see [5]) and obtain that

there exist: a neighborhood Z of p = 0, a neighborhood U of (X*, U3, y*, S*, U%) and an analytic
function

(X,Uy,,8,Uz): T —U
such that (X, Uy, 3, S, Uy)(0) = (X*,U%, 7, 8%, U3) and
(29) ﬁl((X’ﬁY7g7 Sa ﬂZ)(p)) —U
for all p € Z. There exists k > 0 such that for all k > k it holds pr €Z and (X(px), Uy (px), 7(pk);

S(pr), Uz(pr)) €. Since (X(p), Uy (p),7(p): S(p), Uz(p)) and (X, Uy, 9, S, U)(p) are solutions
of (29) for p > 0, from the uniqueness of the positive definite solutions it follows that

(X(p), ﬁY(p)a g(p)a g(p), ﬁZ(p)) = (Xv ﬁY? v, Sv ﬁz)(p)
for all p € 7N (0,00). Thus the path function ()~((p), ?y(pl, (p), g(pl, ﬂ'g (p)) is analytically ex-
tendable to p = 0 by prescription (X(0), Uy (0),%(0),S(0), Uz(0))=(X*, Uy, y*, S*, U%). There-
fore also the function (X(p),¥(p),S(p)) is analytically extendable to p = 0. O

4. CONCLUSION

Note that contrary to the weighted paths associated with the symmetrization maps ® a0, Psr,
®c i, the paths studied in this paper are parameterized by |/ in the symmetrization condition (5).
This parameterization causes that both the types of paths associated with the symmetrizations
(6), (7) are for (W, Ab, AC) = (I, 0,0) identical with the central path, and moreover, these paths
possess similar asymptotic behavior like to the paths associated with symmetrizations ® a0, Psr,



®cop. We can also observe that the paths studied in this paper are analytic at the boundary of
the same order as the condition (5). This property is satisfied only for the paths associated with
® Ao — the analyticity at the boundary point of the paths associated with ®sr and -y depends
on the structure of the weight matrix (see [10, 11, 12, 15]).
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