MATRIX SUMMABILITY AND KOROVKIN TYPE APPROXIMATION
THEOREM ON MODULAR SPACES

S. KARAKUS aNp K. DEMIRCI

ABSTRACT. In this paper, using a matrix summability method we obtain a Korovkin type approxima-
tion theorem for a sequence of positive linear operators defined on a modular space.

1. INTRODUCTION

Approximation theory has important applications in the theory of polynomial approximation, in
various areas of functional analysis, in numerical solutions of differential and integral equations
[9], [10], [11]. Most of the classical approximation operators tend to converge to the value of
the function being approximated. However, at points of discontinuity, they often converge to the
average of the left and right limits of the function. There are, however, some sharp exceptions
such as the interpolation operator of Hermite-Fejer (see [7]). These operators do not converge at
points of simple discontinuity. For such misbehavior, the matrix summability methods of Cesédro
type are strong enough to correct the lack of convergence (see [8]). Using a matrix summability
method some approximation results were studied in [1, 2, 18, 19, 21]. In this paper, using a
matrix summability method we give a theorem of the Korovkin type for a sequence of positive
linear operators defined on a modular space.
We now recall some basic definitions and notations used in the paper.
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Let I = [a,b] be a bounded interval of the real line R provided with the Lebesgue measure.
Then, by X (I) we denote the space of all real-valued measurable functions on I provided with
equality a.e. As usual, let C (I) denote the space of all continuous real-valued functions, and
C* (I) denote the space of all infinitely differentiable functions on I. In this case, we say that a
functional p : X (I) — [0, +o0] is a modular on X (I) provided that the following conditions hold:

(i) p(f)=0if and only if f =0 a.e. in I,

(i) p(~f) = p(f) for every f € X (I),

(iii) p(af +Bg) < p(f)+p(g) for every f,g € X(I) and for any a, 3 > 0 with a + 8 = 1.

A modular p is said to be N-quasi conver if there exists a constant N > 1 such that the inequality

p(af+Bg) < Nap(Nf)+ NBp(Ng)

holds for every f,g € X (I), o, > 0 with a« + 8 = 1. In particular, if N = 1, then p is called
conver.
A modular p is said to be N-quasi semiconvez if there exists a constant N > 1 such that the
inequality
plaf) < Nap(Nf)

holds for every f € X (I) and a € (0, 1].
It is clear that every N-quasi convex modular is N-quasi semiconvex. We should recall that the
above two concepts were introduced and discussed in details by Bardaro et. al. [6].

We now consider some appropriate vector subspaces of X (I) by means of a modular p as follows

r (1= {rexm: timpn) =0

and
EfF(I):={feL’():p(\f) <+oco forall A >0}.



Here, L (I) is called the modular space generated by p and E? (I) is called the space of the finite
elements of LP (I). Observe that if p is N-quasi semiconvex, then the space

{feXI):p(\f) <+oo for some A > 0}

coincides with L (I). The notions about modulars were introduced in [17] and widely discussed
in [6] (see also [12, 16]).

Now we recall the convergence methods in modular spaces.

Let {f,} be a function sequence whose terms belong to L” (I). Then, {f,} is modularly con-
vergent to a function f € L* (I) iff

(1.1) li7rlnp()\0 (fn—f)) =0 for some Ay > 0.

Also, {fn} is F-norm convergent (or strongly convergent) to f iff

(1.2) liTIan()\ (fn—f)) =0 for every A > 0.

It is known from [16] that (1.1) and (1.2) are equivalent if and only if the modular p satisfies the
As-condition, i.e., there exists a constant M > 0 such that p (2f) < Mp (f) for every f € X (I).
In this paper, we will need the following assumptions on a modular p:

o if p(f) < p(g) for |f| < |g|, then p is called monotone,

e if the characteristic function y; of the interval I belongs to L? (I), p is called finite,

e if p is finite and, for every € > 0, A > 0, there exists 6 > 0 such that p (Axp) < € for any
measurable subset B C I with |B| < ¢, then p is called absolutely finite,

o if y; € EP(I), then p is called strongly finite,

o p is called absolutely continuous provided that there exists a > 0 such that, for every
f € X (I) with p(f) < +o0, the following condition holds: for every € > 0 there is 6 > 0
such that p (afxp) < € whenever B is any measurable subset of I with |B| < ¢.



Observe now that (see [5]) if a modular p is monotone and finite, then we have C'(I) C L” (I).
In a similar manner, if p is monotone and strongly finite, then C'(I) C E” (I). Some important
relations between the above properties may be found in [4, 6, 14, 17].

2. KOROVKIN TYPE THEOREMS

Let A := (A"),~,, A" = (a}gj)k . be a sequence of infinite non-negative real matrices. For a
= JE

sequence of real numbers, z = (z;) jen the double sequence
Az = {(Az); : k,n € N}

defined by (Az)) := Y aj;x; is called the A-transform of x whenever the series converges for all
j=1

k and n. A sequence z is said to be A-summable to L if
oo
. Do
klggozlaijj =L
J=

uniformly in n ([3], [20]).

If A" = A for a matrix A, then A-summability is the ordinary matrix summability by A. If
ay; = % forn<j<k+mn, (n=12,...) and ap; =0 otherwise, then A-summability reduces to
almost convergence [13].

Let p be a monotone and finite modular on X (I). Assume that D is a set satisfying C>° (I) C
D c LP(I). We can construct such a subset D since p is monotone and finite (see [5]). Assume
further that T := {7, } is a sequence of positive linear operators from D into X (I) for which there



exists a subset Xq C D containing C*° (I) such that
(2.1) lilrcn sup Zagjp (A(Tjh)) < Pp(Ah), uniformly in n.
— 00 =1

The inequality holds for every h € Xp, A > 0 and for an absolute positive constant P. Throughout
the paper we use the test functions e; defined by

ei(z) =2 (1=0,1,2,...).
Theorem 2.1. Let A= (A"), -, be a sequence of infinite non-negative real matrices such that
(2.2) SupZaZj < o0
n,k =

and let p be a monotone, strongly finite, absolutely continuous and N-quasi semiconvex modular
on X (I). Let T := {T}} be a sequence of positive linear operators from D into X (I) satisfying
(2.1). Suppose that

o0
(2.3) kli_)n; Zlaﬁjp (A (Tje; —e;)) =0, uniformly in n

J:

for every A > 0 and i = 0,1,2. Now, let f be any function belonging to L? (I) such that f —g € Xt
for every g € C*° (I). Then, we have

kh—>nolo Zlasz (Mo (T;f = 1)) =0, uniformly in n
=

for some Ag > 0.



Proof. We first claim that
2.4 hm a =0, uniformly in n
kgp (Tjg—g y

for every g € C(I) and every p > 0. To see this assume that g belongs to C (I) and u is any
positive number. Then, there exists a constant M > 0 such that |g (z)| < M for every z € I.
Given € > 0, we can choose 6 > 0 such that |y — x| < 0 implies |g (y) — g (x)| < & where y,z € I.
It is easy to see that for all y,xz € T

Since Tj is a positive linear operator, we get
T (g;2) — g (x)|

= [T (9 () =g (2);2) +9(x) (T (eo (-) ;) — €0 (2))]
<T; (Ig() (m)l ) + g ()| T (eo (-) ;2) — €o ()]

<7 (e+2Md x)z,x)+M|T e0 ();) — e0 (@)]
< T (eo (*) x)—l-QMTJ( — 2 12) + MT; (e0 ():2) — e ()
<e+(e+M)|Tj(eo();x) — eo ()]

2M

+ 52 (L5 (e2();2) = 2e1 (2) T (e1 (1) ;%) + €2 (2) Ty (eo (1) ; )]



<e+(e+ M)IT; (eo(');w)—eo(w)|+25—J\2/[|Tj (e2(-);2) — ez (2)]

4M |§21 ()] |T] (e1 (-);z) —e1 (z)| + %;(zc) |Tj (eo (\);2) — eq (2)]
<e+ <8+M+2(5L2c) |T; (60(-);x)—60($)|+46—]\§c|Tj (e1 (") ;) — 1 (2)]
2M

+ =5 1T5 (e2 ();2) — ez (2)]
where ¢ := max {|a|,|b|}. So, the last inequality gives, for any x > 0 that

wlTj (g;x) — g ()] < pe + pK |Tj (e (+) ;) — eo (x)]
+uK |Tj(e1 (1) ;x) — e1 (z)| + pK |Tj (e2 (+) ;) — ez (z)]
OMc? 4Me 2M

where K := maX{E+M+5—2’(5_2’6_2

above inequality, since p is monotone, we have
p(u(T;(g;-) — 9(-)))
< p(ue + pK |Tjeo — eo| + pK [Tjer — er| + pK |Tjex — e3]) .

} . Applying the modular p in the both-sides of the

So, we may write that

p (T (g;) — g () < p(4pe) + p (4uK (Tjeo — €o))
+p(4pK (Tjer — e1)) + p (4uK (Tje2 —e2)).



Since p is N-quasi semiconvex and strongly finite, we have, assuming 0 < e < 1

p(n(Tj(g;-) =g () < Nep(4uN) + p (4uK (Tjeo — o))
+p(4pK (Tjer — e1)) + p (4pK (Tjez — e2)) .

Hence
oo > >
2o ((Ti(g;) —g(-)) < Nep(4uN) ki T+ kP (4uK (Tjeo — eo))
al;p (1 (T (g5) — g () < Nep (4p agj BLglP S e —
= j=1 j=1
(2.5) 0 e
+ e (4pK (Ter—er)) + Y_afp (K (Tjer—en)
=1 9=t

By taking limit superior as k — oo in the both-sides of (2.5), by using (2.3), we get
o0
Jim > a0 (T 65) =g () =0 wiformly i
J:

which proves our claim (2.4). Now let f € L (I) satisfying f — g € Xt for every g € C*° (I). Since
|I| < oo and p is strongly finite and absolutely continuous, we can see that p is also absolutely
finite on X (I) (see [4]). Using these properties of the modular p, it is known from [6, 14] that the
space C*°(I) is modularly dense in L? (I), i.e., there exists a sequence {gr} C C* (I) such that

lilgnp(B)\o (9s —f)) =0 for some A\g > 0.

This means that, for every € > 0, there is a positive number ko = ko(g) so that

(2.6) pBro(gr—f)) <e for every k > ko.



On the other hand, by the linearity and positivity of the operators T}, we may write that

Mo |T5f = fI < M lT5(f = gro)l + Ao | L9k — grol + Ao gk, — f1-
Applying the modular p in the both-sides of the above inequality, since p is monotone, we have
p(Xo (Tif = f)) < p B0 (Tjf — gro)) + p B0 (Tigke — ko))

+p (3o (gry — ) -

Then, it follows from (2.6) and (2.7) that

P ()‘0 (TYf - f)) < P (3)\0 (TYf - gko)) +p (3)‘0 (T.ngko - gko)) +e.
Hence, using the facts that gr, € C°°(I) and f — gx, € X1, we have

(2.7)

> app (Mo (Tif — f))

Jj=1

< apip (3o (Tif — gko)) + > _ai;p (3o (Tigr, — ko)) +€Y_ar;.
j=1

=1 =1

(2.8)

From (2.2), there exists a constant B > 0 such that sup ) az; < B. So, taking limit superior as
n,kj=1
k — oo in the both-sides of (2.8), from (2.1) and (2.2) we obtain that

limksup Zasz Mo (T f = 1))

=1

o0 (o)
< elim sup > i+ Pp(3Xo(f — ko)) + limsup Y ag;p (3Xo (Tigk, — ko)) »

j=1 j=1



which gives

(2.9)

By (2.4), since

we get

(2.10)

limksup Zasz Mo (Tyf = 1))

j=1
[ee)
< &(B+P)+limsup > apip (3% (Tigr, — 9o)) -
j=1
lilgnzlazj P (3Xo (Tj9ky — ko)) =0, uniformly in n
j:
o0
lim sup Zazj p (3o (Tj9k, — 9ry)) =0, uniformly in n.
k

j=1

Combining (2.9) with (2.10), we conclude that

sy Zaﬁjp (Ao (T5(f;2) = f(2))) <e(B+ P).

Since € > 0 was arbitrary, we find

oo
lim sup Zasz M (T f=f)=0 uniformly in n.
ko4
j=1



Furthermore, since » ag;p (Ao (Tj(f;x) — f(z))) is non-negative for all k,n € N, we can easily
j=1
show that

oo
lilf:n Zasz (Mo (T5f = 1)) =0, uniformly in n
j=1
which completes the proof. O

If the modular p satisfies the As-condition, then one can get the following result from Theorem
2.1 at once.

Theorem 2.2. Let A= (A"), -, be a sequence of infinite non-negative real matrices such that
oo
sup » ap; < 0o
mkj; kj )

and T := {T,}, p be the same as in Theorem 2.1. If p satisfies the As-condition, then the following
statements are equivalent:

oo
(a) lilrcn Zlasz (A(Tje; —ei)) =0 wuniformly in n for every A >0 and i =0, 1,2,
J:

o0
(b) lilgn Y- ap;p (N(Tif — ) =0 uniformly inn for every A > 0 provided that f is any function
j=1
belonging to LP(I) such that f — g € Xt for every g € C* (I).
If A™ = I, identity matrix, then the condition (2.1) reduces to

(2.11) limsup p (A (Tjh)) < Pp (Ah)



for every h € X, A > 0 and for an absolute positive constant P. In this case, the next results
which were obtained by Bardaro and Mantellini [5] immediately follows from our Theorems 2.1
and 2.2.

Corollary 2.3. Let p be a monotone, strongly finite, absolutely continuous and N-quasi semi-
convex modular on X (I). Let T := {7} be a sequence of positive linear operators from D into
X (I) satisfying (2.11). If {T}je;} is strongly convergent to e; for each i = 0, 1,2, then {T}f} is
modularly convergent to f provided that f is any function belonging to L? (I) such that f—g € Xg
for every g € C*° (I).

Corollary 2.4. T := {7} and p be the same as in Corollary 2.3. If p satisfies the Ay-condition,
then the following statements are equivalent:

(a) {Tje;} is strongly convergent to e; for each ¢ = 0,1, 2,
(b) {T;f} is strongly convergent to f provided that f is any function belonging to L”(I) such
that f — g € Xp for every g € C* (I).

3. APPLICATION

Take I = [0,1] and let ¢ : [0,00) — [0,00) be a continuous function for which the following
conditions hold:

e ( is convex,
e ©(0)=0, p(u) >0for u>0and lim, 4 ¢ (u) = oco.

Hence, consider the functional p? on X (I) defined by

1
P(f) = /0 o(f @D dz for feX().



In this case, p? is a convex modular on X (I), which satisfies all assumptions listed in Section 1
(see [5]). Consider the Orlicz space generated by ¢ as follows

Lo(I) =={f € X(I):p? (\f) < +oo for some A > 0}.

Then, consider the following classical Bernstein-Kantorovich operator U := {U,} on the space
LE (I) (see [5]) which is defined by

/i : (k+1)/(j+1)
Ui (f;x) :=i<j>x’“(1—:L’)J"“(j+1)/k+1 " f(t)dt forzel.

k=0 & k/(i+1)

Observe that the operators U; map the Orlicz space Lf, (I) into itself. Moreover, the property
(2.11) is satisfied with the choice of X := L (I). Then, by Corollary 2.3, we know that, for every
function f € Lf (I) such that f — g € Xy for every g € C* (I), {U; f} is modularly convergent to
I

Assume that A := (A"),5, = (aZj)k,jeN

ifn<j<k+n, (n=1,2,...), and aj; = 0 otherwise, then A—summability reduces to almost
convergence. Define s = (s,,) of the form

(3.1) 0101 ...0101; 001001 ...001;00010001...0001;. ..

—mny terms<«— — n2 terms <« ng terms <«

is a sequence of infinite matrices defined by af; = 3

where n; is a multiple of 2, ny is a multiple of 6, n3 is a multiple of 1,2, ... and nj is a multiple of
k (k +1). So s is almost convergent to zero (see [15]). However, the sequence {s,, } is not convergent
to zero. Then, using the operators U;, we define the sequence of positive linear operators V := {V,, }
on L (I) as follows:

(3:2) Vi(fiz) = (L +s,)Uj (fiz) for f € L5 (1), x € [0,1] and j € N,



where s = {s;} is the same as in (3.1). By [5, Lemma 5.1], for every h € Xy := L{(I), all A > 0
and for an absolute positive constant P, we get

p7 (Vi) =p% (A (1+5;) Uh) < p? (2AU;h)+97 (205U )
:pgp (2>\Ujh) = sjp“’ (2)\Ujh) :(1+Sj) pcp (2)\Ujh) < (1+8j) Pp(p (2)\h) 5

Then, we get
1 n+k
limksup s%pE Zp“” (AV;h) | < Pp? (2\h).
j=n
So, the condition (2.1) works for our operators V;, given by (3.2) with the choice of Xy = Xy =
Le(1).
%

Now, we show that condition (2.3) in the Theorem 2.1 holds.
First observe that
Vi(eo;z) =1+ s,
1

. = j jx
Viler; ) = (1 + ;) <j+1 - 2(j+1))7

(0= () (LU=t 2w
‘G(€2a$)—(1+33)< G+1)7° +(j+1)2+3(j+1)2>.

So, for any A > 0, we can see, that
AVj(eo;z) —eo (z)| = A1+ 55 — 1] = Asy,
which implies

1
p° (A (Vieo — e0)) = p° (As;) = /0 D)6 = (O = )



because of the definition of (s;). Since (s;) is almost convergent to zero, we get

n+k
lim sup sup—Zp“’ (A(Vjeo —eg)) | =0 for every A >0,
k n Kk

j=n

which guarantees that (2.3) holds true for ¢ = 0. Also, since

AlVj(er;z) —er (z)] = A

9 Js;j 1 S;
g|—+ =" —-1)+— e
(]+1 j+1 ) 2(j+1) 2(J+1)‘
J Jsj 1 S5
<Az [ |—=— 1| + = + — + —
- ||<‘J+1 ‘ J+1) 2+1)  20+1)

A{(jin * 2(?—851)'* T z(j1+1>}
A{2<j3+1> 5 <22<JJ-++11>)}

p? (A (Vjer —e1)) < p? (A {SJ‘ (22(24;1)) * 2(ji— 1) }>
<o (3 (152 oo (%)

by the definitions of (s;) and p%. Since (%%) is convergent, it is bounded. So there exists a

IA

IA

we may write that

constant M > 0 such that (%) < M for every j € N. Then using the monotonicity of p¥, we




have

() o

for any A > 0, which implies

3\ 3\
* (\(Vier = en)) < 530° () +° (220 ) =sso ) 40 (521,

Since ¢ is continuous, we have li§ng0 (%) = (li;gn %) = ¢(0) = 0. So, we get ¢ (%) is

almost convergent to zero. Using s and ¢ %) are almost convergent to zero, we obtain
1k 1tk 3\
limksup S:pE;p¢ AVjer—e) | < limksup s%pgjgn [sjgo AM)+¢ (m)]

n+k 1tk A
=¢ (AM) limksup SlrllpEjEnSj —Himksup SlrllpE;(p (m) =0

n



Finally, since

2IU=D 2%z 1
G+1)?  (G+1? 3(G+1)°

. ._ 2 . 1
jG-1=x 2jx 2

AlVj(eg;z) —ea(z)| = A

+ s; + S5 + S
TG+ TG+ 3G+’
ju—n_q 246D

(+1)° T +1)?

< \z?

) ) 1 1
+ |z + s + +5;
||<U+&f JU+1V> 3G+1)% 730G +1)?
3j+1 i —-1) 2j 2j
<A ; 7 TS5 ( 2 ; 5 T 85— 12
(J+1) G+1"  (G+1) (J+1)

+ 55
33 +1)° J3(j+1)2}
155 +4 3j24+3j+1
<A 5.]+ 3 T 85 J + j-i; 0
3(j+1) 3(+1)

Since (%) is convergent, it is bounded. So there exists a constant K > 0 such that

‘%’ < K for every j € N. Then using the monotonicity of p¥ and the definition of (s;), we




have

15 + 4 352 +3j+1
PP (A (Viea —e2)) < p? [ 2N | ——— + 07| 2Xs5 | ————
e e 3 +1)7° "\ 8+
305 + 8
<p? A —— + p? (2As; K)
where which yields

N 30 +8 .
(33 o (A (Vrer — e2) w(x (—3 (Hl)z)) + 350 (2AK)

Since ¢ is continuous, we have lijxngo ()\%%?2) = ()\ li;gn %%%) = ¢(0) = 0. So, we get

%) (A%) is almost convergent to zero. Using s and ¢ (A%) are almost convergent to

zero, it follows from (3.3) that
n+k
lim sup Sup - Zp“’ (A(Vjea —e2)) | =0 uniformly in n for every X > 0.
k n :
j=n
Our claim (2.3) holds true for each ¢ = 0,1, 2 and for any A > 0. So, we can say that our sequence
V := {V;} defined by (3.2) satisfy all assumptions of Theorem 2.1. Therefore, we conclude that

n+k
lim sup sup-- Zp‘” (Mo (V;f = 1)) | =0 uniformly in n for some Ag > 0
k n

j=n

holds for every f € Lf, (I) such that f —g € Xy = L ([) for every g € C> (I).



to

10.

11.
12.
13.
14.
15.

16.

However, since (s;) is not convergent to zero, it is clear that {V; f} is not modularly convergent
f. So, Corollary 2.3 does not work for the sequence V := {V;}.
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