Go back

Full Screen

Close

Quit

ON SOME NEW INEQUALITIES OF HADAMARD TYPE INVOLVING
h-CONVEX FUNCTIONS

M. Z. SARIKAYA, E. SET anp M. E. OZDEMIR

ABSTRACT. In this paper, we establish some inequalities of Hadamard type for h—convex functions.

1. INTRODUCTION

Let f: I C R — R be a convex mapping defined on the interval I of real numbers and a,b € I
with a < b. The following double inequality

(1.1) ! (a+b> <t /bf(x)dxg R

2 b—a

is known in the literature as Hadamard inequality for convex mapping. Note that some of the
classical inequalities for means can be derived from (1.1) for appropriate particular selections of
the mapping f. Both inequalities hold in the reversed direction if f is concave.

In [8], Fejér gave a generalization of the inequality (1.1) as follows.
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If f:[a,b]— R is a convex function and ¢ : [a,b]— R is nonnegative, integrable and symmetric
about 22, then

b b

(1.2) f(a;”) [ stwrae < /b f@gwye < OO [ yya,

a

a

For some results which generalize, improve and extend the inequalities (1.1) and (1.2), we refer
the reader to the recent papers (see [6], [7], [12], [15]).

Definition 1 ([9]). We say that f : I C R — R is a Godunova-Levin function or that f belongs
to the class Q(I) if f is nonnegative and for all z,y € I and « € (0, 1), we have

flx) )
1— < L o SV
floaz+ (1 -a)y) < ==+
The class Q(I) was firstly described in [9] by Godunova and Levin. Some further properties of
it are given in [6], [13] and [14]. Among the others, it is noted that nonnegative monotone and

nonnegative convex functions belong to this class of functions.

Definition 2 ([2]). Let s be a real number, s € (0,1]. A function f : [0,00) —
[0, 00) is said to be s-convex (in the second sense) or f belongs to the class K2, if

flaz + (1 —a)y) <a’f(z) + (1 - a)*f(y)
for all z,y € [0,00) and « € [0, 1].
In 1978, Breckner introduced s-convex functions as a generalization of convex functions [2].
Also, in the paper Breckner proved the important fact that the set-valued map is an s-convex only

if the associated support function is s-convex function [3]. A number of properties and connections
with s-convexity in the first sense is discussed in paper [11]. Of course, s-convexity means just



convexity when s = 1. In [2] and [4], Berstein-Doetsch type results were proved on rationally
s-convex functions, moreover, for the s-Holder property of s-convex functions.

Definition 3 ([6]). We say that f: I— R is a P-function or that f belongs to the class P(I)
if f is nonnegative and for all z,y € I and « € [0, 1], we have

flaz + (1 - a)y) < f(z) + f(y)-

Definition 4 ([16]). Let h : J C R — R be a nonnegative function. We say that f : I CR — R
is h-convex function, or f belongs to the class SX(h,I), if f is nonnegative and for all z,y € I
and « € (0,1), we have

(1.3) flaz + (1 —a)y) < h(a)f(x) + k(1 — ) f(y).

If inequality (1.3) is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Obviously, if h(a) = «, then all nonnegative convex functions belong to SX(h,I) and all
nonnegative concave functions belong to SV (h, I); if h(e) = L, then SX(h,I) = Q(I); if h(a) =1,

then SX(h,I) 2 P(I); and if h(a) = a®, where s € (0,1), then SX(h,I) D K2.
Proposition 1 ([16]). Let f and g be similarly ordered functions on I, i.e.

(f (@) = f(y)(g(x)—g(y) =0
for all z,y € I. If f € SX (h1,I), g € SX (ha,I) and h(a) + h(l — a) < ¢ for all a € (0,1),
where h (t) = max {hy (t),he (t)} and c is a fized positive number, then the product fg belongs to
SX (ch,I).

For recent results for h-convex functions, we refer the reader to the recent papers (see [1], [5],
[10], [15]).

In [7], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which holds for
s-convex functions in the second sense.



Theorem 1 ([7]). Suppose that f : [0,00) — [0,00) is an s-convex function in the second sense,
where s € (0,1), and let a,b € [0,00), a < b. If f € L'([a,b]), then the following inequalities hold

(1.4) gs-1f <“+b> <! /bf(x)dx< fla)+ f(b),

2 b—a - s+1

The constant k = ﬁ is the best possible in the second inequality in (1.4).

In [6], Dragomir et. al. proved two inequalities of Hadamard type for classes of Godunova-Levin
functions and P-functions.

Theorem 2 ([6]). Let f € Q(I), a,b €I witha <b and f € L1([a,b]). Then

(15) H(5) <5 /b (z)dr.

Theorem 3 ([6]). Let f € P(I), a,b € I witha <b and f € L1([a,b]). Then

b
(1.6 1(*5°) < 5= [t <2070 + 0.

In [15], Sarikaya et. al. established a new Hadamard-type inequality for h-convex functions.

Theorem 4 ([15]). Let f € SX(h,I), a,b € I witha <b and f € Li([a,b]). Then

b 1
1 a+b 1
(1.7 ! (57) < g [ Hae < @) + 50 0/ (o)do:




The main purpose of this paper is to establish new inequalities like those given the in above
theorems, but now for the class of h-convex functions.

2. MAIN RESULTS

In the sequel of the paper, I and J are intervals on R, (0,1) C J and functions h and f are real
nonnegative functions defined on J and I, respectively. Throughout this paper, we suppose that

h() £0.

Lemma 1. Let f € SX(h,I). Then for any x in [a,b],
(2.1) fla+b—x) < (h(e) +h(l —a))[f(a) + f()] = f(z), ac[0,1]
If f is an h-concave function, then also the reversed inequality holds.

Proof. Any z in [a, b] can be represented as aa + (1 — a)b, 0 < @ < 1. Thus, we obtain
fla+b—2)=fla+b—aa— (1 —a)b) = f((1 —a)a+ ab) < h(l —a)f(a) + h(a)f(b)

= (M) + h(1 — @) [f(a) + f(0)] = [M(@) f(a) + h(1 — @) £ (b)]
< (h(a) +h(1 = a))[f(a) + f(b)] = flaa + (1 — a)b)
= (h(a) + h(1 — ) [f(a) + f(b)] = f(2).

O

Theorem 5. Let f € SX(h,I), a,b € I with a < b, f € Li([a,b]) and g : [a,b]— R is
nonnegative, integrable and symmetric about (a + b) /2. Then
b

(2.2) /bf(a:)g(:v)dac < M/ (h (Z:i) +h (‘;:2)) g(z)da.

Quit




Proof. Since f € SX(h,I) and g is nonnegative, integrable and symmetric about (a + b) /2, we
find that
b _

/f(ac)g(x)dx:% /bf a:)dx+/fa+b—x)g(a+b—a:)d]

a

=%/b +fa+b—x))g(x)dx]

[f(Z z Zb)—i—f(%a—i-z:—zb)]g(x)dx
é/%(z w32 o
+h( - f(a)+h(l;:z>f(b)}g(a:)dx

_ M/b (h <Z:Z) +h(z:3>)g(w)dx-

a

S

The proof is complete. O

Remark 1. In Theorem 5, if we choose h(a) = a and g(z) = 1, then (2.2) reduces the second
inequality in (1.1), and if we take h(a) = v, then (2.2) reduces the second inequality in (1.2).




Theorem 6. Let f € SX(h,I), a,b € I with a < b, f € Li([a,b]) and g : [a,b]— R is
nonnegative, integrable and symmetric about (a + b) /2. Then

b

b b
35w (557) [owan < [ s@@ar < KOO oy 1 - ) [o(ara

2

a

Proof. Since f € SX(h,I) and g : [a,b]— R is nonnegative, integrable and symmetric about
(a+b) /2, we have

AT S
b

(“*b_f‘””) ek

h(3) (Flatb—2) + f(2))g(e)de

b b
:§/f(a+b—x)g(a+b—ac)dx+%/f(x)g(a:)dx

a a

~ [ f@g(@)a.

Quit a




This proves the first inequality in (2.3). On the other hand, from Lemma 1, we have

b b b
/ F@)g(a)de = / flatb—2)glatb—a)dr+ 2 / f(@)g(z)de

b

b
— %/f(a +b—z)g(x)dz + %/f(:r)g(x)dx

b b
<1 [ @ +h0-a) U@+ 0@l g@ar + } [ f@g@as
f(a) + £ (b) /

= T2 (ha) + 11 — ) / o(z)da.
a
O
Remark 2. In Theorem 6, if we take h(a) = «, then the inequality (2.3) reduces inequality to
(1.2).

Remark 3. In Theorem 6, if we take g(z) = 1, then the inequality (2.3) reduces to the following
inequality

b
2ht§)f<a42rb> s bia/f(w)dwé M(h(a)th(l—a)),

Integrating both sides of the above inequality over [0, 1] with «, we have the inequality (1.7).



Remark 4. In Theorem 6, if we take h(a) = o®, s € (0,1) and g(z) = 1, then the inequality
(2.3) reduces to the following inequality

b
2 f (a+b) < %a/f(x)dx < w (a® +(1-a)®).

2 <
Integrating both sides of the above inequality over [0, 1] with «, we have the inequality (1.4).

Theorem 7. Let fg € SX(ch,I), a,b € I witha <b and fg € Li([a,b]). Then

20;(%)(]09) (a;rb) = bia/b(fg)(x)dx

< e{(f9)(@) + (fo)(®)] / h(a)de,
0

where ¢ is fized positive number.
Proof. Since fg € SX(ch,I), a € (0,1), then

(2.5) (fg) (ax + (1 —a)y) < ch(a)(fg) (x) +ch(1-a)(fg) ().
For z =ta+ (1—t)b, y = (1 — t)a + tb and a = § we obtain

(5 <an(5) o) Ga+ (L= 00+ a3 ) (F0) (L~ at ).



Integrating both sides of the above inequality over [0, 1], we obtain

09 (“52) < 525 (3) /b (o) )i,

which completes the proof of the first inequality in (2.4).
The proof of the second inequality follows by using (2.5) with = a and y = b and integrating
with respect to a over [0, 1]. That is,

b 1
(26) i [(9)a)de < cl(f9)(@) + (F9)0) [ ha)da.
a 0
We obtain inequalities (2.4) from (2.5) and (2.6).The proof is complete. O

Remark 5. In Theorem 7, if we choose ¢ = 1 and g(z) = 1, then inequalities of (2.4) reduce
to inequalities (1.7).

1. Bombardelli M. and VaroSanec S., Properties of h-convex functions related to the Hermite-Hadamard-Fejér
inequalities, Comput. Math. Appl. 58(9) (2009), 1869-1877.

2. Breckner W. W., Stetigkeitsaussagen fur eine Klasse verallgemeinerter konvezer funktionen in topologischen
linearen Raumen, Pupl. Inst. Math. 23 (1978), 13—20.

, Continuity of generalized convex and generalized concave set-valued functions, Rev. Anal. Numér.
Thkor. Approx. 22 (1993), 39-51.

4. Breckner W. W. and Orban G., Continuity properties of rationally s -convexr mappings with values in ordered
topological liner space, “Babes-Bolyai” University, Kolozsvér, 1978.

5. Burai P. and Hézy A., On approzimately h-convez functions, Journal of Convex Analysis 18(2) (2011).




10.

11.
12.

13.

14.

15.

16.

. Dragomir S. S., Pecari¢ J. and Persson L. E., Some inequalities of Hadamard type, Soochow J. Math. 21

(1995), 335-241.

. Dragomir S. S. and Fitzpatrik S., The Hadamard’s inequality for s-convezr functions in the second sense,

Demonstration Math. 32(4), (1999), 687-696.

. Fejér L., Uber die Fourierreihen, 1I. Math. Naturwiss, Anz. Ungar. Akad. Wiss., 24 (1960), 369-390, (In

Hungarian).

. Godunova E. K. and Levin V. I., Neravenstva dlja funkcii sirokogo klassa, soderzascego vypuklye, monotonnye

i nekotorye drugie vidy funkii, in: Vycislitel. Mat. i. Fiz. Mezvuzov. Sb. Nauc. Trudov, MGPI, Moskva, 1985,
138-142.

Hézy A., Bernstein-Doetsch-type results for h-convex functions, accepted to Mathematical Inequalities and
Applications, (see e.g. http://files.ele-math.com/preprints/mia-2078-pre.pdf)

Hudzik H. and Maligranda L., Some remarks on s-convez functions, Aequationes Math. 48 (1994), 100-111.
Kirmaci U. S., Bakula M. K., Ozdemir M. E. and. Pec¢ari¢ J., Hadamard-type inequalities for s-convex functions,
Appl. Math. and Compt. 193 (2007), 26-35.

Mitrinovic D. S. and Pecari¢ J., Note on a class of functions of Godunova and Levin, C. R. Math. Rep. Acad.
Sci. Can. 12 (1990), 33-36.

Mitrinovic D. S., Pecari¢ J. and Fink A. M., Classical and new inequalities in analysis, Kluwer Academic,
Dordrecht, 1993.

Sarikaya M. Z., Saglam A. andYildirim H. ; On some Hadamard—type inequalities for h-convex functions, Jour.
Math. Ineq. 2(3) (2008), 335-341.

Varosanec S., On h-convezity, J. Math. Anal. Appl. 326 (2007), 303-311.

M. Z. Sarikaya, Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce-Turkey, e-mail:
sarikayamz@gmail.com, sarikaya®@aku.edu.tr

E. Set, Atatiirk University, K.K. Education Faculty, Department of Mathematics, 25240, Campus, Erzurum, Turkey,
e-mail: erhanset@yahoo.com

M. E. Ozdemir, Atatiirk University, K.K. Education Faculty, Department of Mathematics, 25240, Campus, Erzurum,

Turkey, e-mail: emos@atauni.edu.tr



