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SPACELIKE HYPERSURFACES WITH CONSTANT r-TH MEAN
CURVATURE IN ANTI-DE SITTER SPACES

BIAO-GUI YANG and XI-MIN LIU

Abstract. In this paper we investigate spacelike hypersurfaces with constant r-th

mean curvature and two distinct principal curvatures in anti-de Sitter space Hn+1
1 (c).

We give some characterizations of the hyperbolic cylinders in Hn+1
1 (c).

1. Introduction

Let M
n+1

1 (c) be an (n+ 1)-dimensional Lorentzian space form with constant sec-
tional curvature c and index 1. When c > 0, M

n+1

1 (c) = Sn+1
1 (c) is called an

(n+ 1)-dimensional de Sitter space; when c = 0, M
n+1

1 (c) = Ln+1 is called an
(n+ 1)-dimensional Minkowski space; when c < 0, M

n+1

1 (c) = Hn+1
1 (c) is called

an (n+ 1)-dimensional anti-de Sitter space. A hypersurface Mn is said to be
spacelike if the induced metric on Mn from that of the ambient space is Riemann-
ian metric. Spacelike hypersurfaces with constant mean curvature in Lorentzian
space forms are very interesting geometrical objects which have been investigated
by many geometers.

S. Montiel [4, 5] gave a characterization of hyperbolic cylinders or totally umbil-
ical hypersurfaces in the de Sitter space. T. Ishihara [3] studied an n-dimensional
(n ≥ 2) complete maximal spacelike hypersurface M in the anti-de Sitter space
Hn+1

1 (−1) and proved the norm square of the second fundamental form of M sat-
isfies S ≤ n. Moreover, S = n if and only if Mn = Hm(− n

m ) × Hn−m(− n
n−m ),

(1 ≤ m ≤ n− 1).
Cao and Wei [1] studied maximal spacelike hypersurfaces with two distinct prin-

cipal curvatures in the anti-de Sitter space Hn+1
1 (−1) and gave a characterization

of the hyperbolic cylinders in the anti-de Sitter space:

Theorem 1.1. Let Mn be an n-dimensional (n ≥ 3) complete maximal space-
like hypersurface with two distinct principal curvatures λ and µ in an anti-de
Sitter space Hn+1

1 (−1). If inf(λ−µ)2 > 0, then Mn = Hm(− n
m )×Hn−m(− n

n−m ),
(1 ≤ m ≤ n− 1).
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In [8], we extended the above result to complete spacelike hypersurfaces with
constant mean curvature and two distinct principal curvatures in an anti-de Sitter
space. In fact, we proved the following result.

Theorem 1.2. Let Mn be an n-dimensional (n ≥ 3) complete spacelike hyper-
surface with constant mean curvature immersed in an anti-de Sitter space Hn+1

1 (c).
Suppose in addition that Mn has two distinct principal curvatures λ and µ with
the multiplicities (n− 1) and 1, respectively. Satisfying inf(λ− µ)2 > 0, then Mn

is a hyperbolic cylinder Hn−1(c1)×H1(c2)

In this paper we will investigate spacelike hypersurfaces with constant r-th mean
curvature and with two distinct principal curvatures in the anti-de Sitter spaces
and obtain the following result

Theorem 1.3. Let Mn be a complete spacelike hypersurface of Hn+1
1 (c) for

n ≥ 3. Assume that Mn has constant r-th mean curvature and two distinct princi-
pal curvatures such that for one of them, the associated space of principal curvature
vectors has dimension 1. Then:

(i) Hr = 0, and therefore, Mn is an (r − 1)-maximal hypersurface, or
(ii) Mn is the locus of a family of moving (n − 1)-dimensional submanifolds

Mn−1
1 (s). The principal curvature λ of multiplicity n− 1 is constant along

each of the submanifolds Mn−1
1 (s). The manifolds Mn−1

1 (s) have constant
curvature ((log |λr −Hr|1/n)′)2 + c− λ2, which does not change sign. Here
the parameter s is the arc length of an orthogonal trajectory of the fam-
ily Mn−1

1 (s), and λ = λ(s) satisfies the ordinary second order differential
equation

w′′ − w{Hr(Hr + w−n)
2−r

r − n− r
r

(Hr + w−n)
2−r

r w−n − c} = 0,(1.1)

or

w′′ − w{Hr(Hr − w−n)
2−r

r +
n− r
r

(Hr − w−n)
2−r

r w−n − c} = 0,(1.2)

where w = |λr −Hr|−
1
n .

In particular, we also study spacelike hypersurfaces with vanishing r-th mean
curvature and with two distinct principal curvatures in an anti-de Sitter space and
give some characterizations of hyperbolic cylinders.

2. Preliminaries

Let Mn be a complete spacelike hypersurface in an anti-de Sitter space Hn+1
1 (c)

of constant sectional curvature c < 0. For any p ∈ M , we can choose a local
orthonormal frame field e1, . . . , en, en+1 in a neighborhood U of Mn such that
e1, . . . , en are tangential to Mn and en+1 is normal to Mn. We use the following
convention for the indices

1 ≤ A,B,C,D ≤ n+ 1, 1 ≤ i, j, k, l ≤ n.
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Denote {ωA} the corresponding dual coframe and {ωAB} the connection forms of
Hn+1

1 (c) so that the semi-Riemannian metric and structure equation of Hn+1
1 (c)

are given, respectively, by

ds2 =
∑
i

ω2
i − ω2

n+1,(2.1)

dωA =
∑
i

ωAi ∧ ωi − ωAn+1 ∧ ωn+1, ωAB + ωBA = 0,(2.2)

dωAB =
∑
C

εCωAC ∧ ωCB + ΩAB ,ΩAB = −1
2

∑
C,D

εCεDKABCDωC ∧ ωD,(2.3)

KABCD = cεAεB(δACδBD − δADδBC).(2.4)

A well-known argument shows that the forms ωin+1 may be expressed as

(2.5) ωin+1 =
∑
j

hijωj , hij = hji.

The second fundamental form is given by A =
∑
j hijωi ⊗ ωj . Furthermore,

the mean curvature is given by H = 1
n

∑
i hii.

The structure equations of Mn are given by

dωi =
∑
i

ωij ∧ ωj , ωij + ωji = 0,(2.6)

dωij =
∑
k

ωik ∧ ωkj + Ωij , Ωij = −1
2

∑
k,l

Rijklωk ∧ ωl.(2.7)

Using the structure equation, we can obtain the Gauss equation

(2.8) Rijkl = c(δikδjl − δilδjk)− (hikhjl − hilhjk).

The Ricci curvature and the normalized scalar curvature of M are given, respec-
tively, by

Rij = c(n− 1)δij − nHhij +
∑
k

hikhkj ,(2.9)

R =
1

n(n− 1)

∑
i

Rii.(2.10)

From (2.9) and (2.10) we obtain

(2.11) n(n− 1)(R− c) = −n2H2 + S,

where S = |A|2 =
∑
i,j h

2
ij is the square of the second fundamental form A.

The Codazzi equation is

(2.12) hijk = hikj ,

where the covariant derivative of hij is defined by

(2.13)
∑
k

hijkωk = dhij +
∑
k

hkjωki +
∑
k

hikωkj .
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Associated to the second fundamental form A of Mn one has n invariants Sr,
1 ≤ r ≤ n, given by the equality

det(tI −A) =
n∑
k=0

(−1)kSktn−k.

If p ∈M and ek is the basis of TpM formed by eigenvectors of the shape operator
Ap, with corresponding eigenvalues λk, one immediately sees that

Sr = σr(λ1, . . . , λn),

where σr ∈ R[x1, . . . , xn] is the r-th elementary symmetric polynomial on the
indeterminates x1, . . . , xn. The r-th mean curvature of M is given by

Hr =
1(
n
r

)Sr.
In particular, when r = 1

H1 =
1
n

∑
i

λi =
1
n
S1 = H

is nothing but the mean curvature of M .
A spacelike hypersurface Mn in Lorentzian space forms M

n+1

1 (c) is called
r-maximal if Hr+1 ≡ 0.

3. Spacelike hypersurfaces of constant r-th curvature
with two distinct principal curvatures

In this section, we will study hypersurfaces with constant r-th mean curvature
and with two distinct principal curvatures in the anti-de Sitter space Hn+1

1 (c).
Suppose that the multiplicities of the principal curvatures λ and µ are m and
n −m, respectively. In the following if there is no special statement, we further
adopt the notational convention that indices a, b, c range from 1 to m and indices
α, β, γ from m + 1 to n. We may choose {eA}1≤A≤n+1 such that hab = λδab,
hαβ = µδαβ , haα = 0.

Firstly, we state a theorem that can be proved using the method of Otsuki [7].

Theorem 3.1. Let Mn be a spacelike hypersurface with two distinct principal
curvatures in Hn+1

1 (c) such that the multiplicities of principal curvatures are all
constant. Then the distribution of the space of principal vectors corresponding to
each principal curvature is completely integrable. In particular, if the multiplicity of
a principal curvature is greater than 1, then this principal curvature is constant on
each integral submanifold of the corresponding distribution of the space of principal
vectors.

Proof. We suppose that Mn is a spacelike hypersurface with two distinct prin-
cipal curvatures in Hn+1

1 (c) such that the multiplicities of the principal curvatures
λ and µ are m and n−m, respectively. We may choose local orthonormal frame
field e1, . . . , en, en+1 in a neighborhood U of Mn such that

ωin+1 = λiωi,(3.1)
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where λi are principal curvatures satisfying λa = λ, λα = µ. Hence we have

dωin+1 = dλi ∧ ωi + λidωi = dλi ∧ ωi + λi
∑
j

ωij ∧ ωj .(3.2)

On the other hand, by means of (2.3), (2.4) and (3.1), we get

dωin+1 =
∑
j

λjωij ∧ ωj on Mn.(3.3)

Hence, we get

dλi ∧ ωi +
∑
j

(λi − λj)ωij ∧ ωj = 0.(3.4)

In particular,

dλ ∧ ωa + (λ− µ)
∑
α

ωaα ∧ ωα = 0.(3.5)

Putting dλ =
∑
i λ,iωi =

∑
a λ,aωa +

∑
α λ,αωα, where λ,i = ei(λ), (3.5) can be

written as∑
b

λ,bωb ∧ ωa +
∑
α

λ,αωα ∧ ωa + (λ− µ)
∑
α

ωaα ∧ ωα = 0.(3.6)

It implies that λ,b = 0 for b 6= a and∑
α

ωaα ∧ ωα =
1

λ− µ
∑
α

λ,αωa ∧ ωα.(3.7)

Therefore,

dωa =
∑
b

ωab ∧ ωb +
∑
α

ωaα ∧ ωα

=
∑
b

ωab ∧ ωb +
1

λ− µ
∑
α

λ,αωa ∧ ωα.
(3.8)

This means that

dωa ≡ 0 mod (ω1, . . . , ωm),(3.9)

for any 1 ≤ a ≤ m. Therefore, the system of Pfaff equations ωa = 0 (1 ≤ a ≤ m)
is completely integrable. In particular, if m > 1, then λ,a = 0 for any 1 ≤ a ≤ m.
Hence, along the integral submanifold corresponding distribution of the space of
principal vectors Span{ea}1≤a≤m, λ is a constant. �

In the following we separate our discussion into two cases.
Case 1: 2 ≤ m ≤ n− 2. Using Theorem 3.1, we can obtain the following result.

Theorem 3.2. Let Mn (n > 3) be a spacelike hypersurface in Hn+1
1 (c) with

constant r-th mean curvature and with two nonzero distinct principal curvatures.
If the multiplicities m and n −m of the principal curvatures λ and µ are greater
than 1, then we have

(i) Both λ and µ are constants and they satisfy λµ = c. In addition, Mn is
locally the hyperbolic cylinder Hm(c1)×Hn−m(c2);
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(ii) If Mn is assumed to be complete in Hn+1
1 (c), then Mn=Hm(c1)×Hn−m(c2),

where c1, c2 < 0 are constants.

Proof. Let us denote the integral submanifold through x ∈Mn, corresponding
to λ and µ, by Mm

1 (x) and Mn−m
2 (x), respectively. We write

dλ =
∑
i

λ,iωi, dµ =
∑
i

µ,iωi.(3.10)

Then Theorem 3.1 implies

λ,a = 0, µ,α = 0.(3.11)

Since

Sr =
(
n

r

)
Hr =

∑
0≤s≤r

(
m

s

)(
n−m
r − s

)
λsµr−s,(3.12)

from (3.11) and (3.12), we have∑
1≤s≤r

s

(
m

s

)(
n−m
r − s

)
λs−1µr−sλ,α = 0.(3.13)

For some α, if p ∈ M satisfying λ,α(p) 6= 0 exists, then the open set U = {p ∈
M | λ,α(p) 6= 0} is nonempty. From (3.13), it implies

(3.14)
∑

1≤s≤r

s

(
m

s

)(
n−m
r − s

)
λs−1µr−s = 0 on U .

Similarly, from (3.14) it implies inductively r!
(
m
r

)
= 0 on U for m ≥ r which is a

contradiction, or

(3.15) m!
(
n−m
r −m

)
µr−m = 0 on U m < r.

Thus µ ≡ 0 on U by (3.15) which is a contradiction with λµ 6= 0. Therefore, for
any α, we have λ,α ≡ 0. This means λ is a nonzero constant. It can force that µ
is a constant from (3.12). Hence, Mn is an isoparametric hypersurface of Hn+1(1)
with two distinct principal curvatures. Therefore, we can obtain our result from
[3, Theorem 1]. �

Case 2. m = n − 1, m ≥ 2. If Hr = 0, then Mn is a (r − 1)-maximal. In the
following we assume Hr 6= 0 from Theorem 3.1 and Sr =

(
n
r

)
Hr =

(
n−1
r

)
λr +(

n−1
r−1

)
λr−1µ 6= 0 is a nonzero constant, we have λ 6= 0 and

λ,a = 0, µ,a = 0,(3.16)

µ =
nHr − (n− r)λr

rλr−1
, λ− µ =

n(λr −Hr)
rλr−1

6= 0.(3.17)

From (2.13) and (3.16), we can obtain∑
k

habkωk = dhab +
∑
k

hkbωka +
∑
k

hakωkb

= dhab = δabdλ = δabλ,nωn,
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and ∑
k

hnnkωk = dhnn = dµ = µ,nωn.

It follows that

habc = 0, habn = δabλ,n; hnna = 0, hnnn = µ,n.(3.18)

Therefore, combining (2.12), (2.13) and (3.18), we have

ωan =
λ,n
λ− µ

ωa.(3.19)

Thus, using structure equation (2.6), we have dωn =
∑
a ωna ∧ ωa = 0. For this

reason, we may put ωn = ds, where s is the arc length of an orthogonal trajectory
of the family of the integral submanifolds Mn−1

1 (s) corresponding to λ. Then for
λ = λ(s), we have λ,n = λ′(s).

Combining (3.17) and (3.19), we get

ωan =
λ,n
λ− µ

ωa =
rλr−1λ,n
n(λr −Hr)

ωa = (log |λr −Hr|
1
n )′ωa = −w

′

w
ωa,(3.20)

where w = |λr −Hr|−
1
n > 0.

Using this formula, on the one hand, from (2.5), (2.6) and (2.7), we have

dωa =
∑
b

ωab ∧ ωb + ωan ∧ ωn =
∑
b

ωab ∧ ωb −
w′

w
ωa ∧ ωn,

and

dωan =
∑
b

ωab ∧ ωbn −Rananωa ∧ ωn

= −w
′

w

∑
b

ωab ∧ ωb + (λµ− c)ωa ∧ ωn.
(3.21)

On the other hand,

dωan = d(−w
′

w
ωa)

=
w′′w − w′2

w2
ds ∧ ωa −

w′

w
dωa

=
w′′

w
ωa ∧ ωn −

w′

w

∑
b

ωab ∧ ωb.

(3.22)

By comparing (3.21) and (3.22), we obtain

w′′ − w(λµ− c) = 0.(3.23)

Integrating (3.23), we have

w′2 = w2[(Hr ± w−n)
2
r − c] + C,(3.24)

where C is an integration constant.



172 BIAO-GUI YANG and XI-MIN LIU

Similarly, we have

dωab −
∑
c

ωac ∧ ωcb = ωan ∧ ωnb −Rababωa ∧ ωb

= −

{(
w′

w

)2

− (λ2 − c)

}
ωa ∧ ωb.

(3.25)

Therefore we see that Mn−1
1 (s) is of constant sectional curvature

(
w′

w

)2

+ c− λ2

which has the same sign for all s.
We can choose the orthonormal frame {x; e1, . . . , en, en+1, en+2} in Rn+2

2 with
en+2 = x and put

N = e1 ∧ . . . ∧ en−1 ∧ Z, Z = −w
′

w
en − λen+1 + en+2.(3.26)

Then, using structure equations, by straightforward calculation we can show that

〈Z,Z〉 =
(
w′

w

)2

+ c− λ2, dZ = −w
′

w
Zωn, dN = −w

′

w
Nωn.(3.27)

From (3.27) it shows that the n-vector N in Rn+2
2 is constant along Mn−1

1 (s).
Hence, there exists an n-dimensional linear spaceEn(s) in Rn+2

2 containingMn−1
1 (s).

Moreover, n-vector N depends only on s and integration gives

N =
w(s0)
w

N(s0).(3.28)

Thus, we can see that En(s) is parallel to En(s0).
Hence, we have the following result.

Theorem 3.3. Let Mn a complete spacelike hypersurface of Hn+1
1 (c) for

n ≥ 3. Assume that Mn has constant r-th mean curvature and two distinct princi-
pal curvatures such that for one of them, the associated space of principal curvature
vectors has dimension 1. Then:

(i) Hr = 0, and therefore, Mn is an (r − 1)-maximal hypersurface, or
(ii) Mn is the locus of a family of moving (n − 1)-dimensional submanifolds

Mn−1
1 (s). The principal curvature λ of multiplicity n− 1 is constant along

each of the submanifolds Mn−1
1 (s). The manifolds Mn−1

1 (s) have constant
curvature ((log |λr −Hr|1/n)′)2 + c− λ2, which does not change sign. Here
the parameter s is the arc length of an orthogonal trajectory of the fam-
ily Mn−1

1 (s), and λ = λ(s) satisfies the ordinary second order differential
equation (1.1) or (1.2) where w = w = |λr −Hr|−

1
n .

Corollary 3.4. In Hn+
1 (c), there exist infinitely many spacelike hypersurfaces

with constant r-th mean curvature that are not congruent to each other.
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4. (r − 1)-maximal spacelike hypersurfaces
in the anti-de Sitter spaces

In this section, we will investigate spacelike hypersurfaces with vanishing r-th
mean curvature in the anti-de Sitter spaces which is called (r− 1)-Maximal space-
like hypersurfaces. Let Mn be an (r − 1)-maximal spacelike hypersurface with
two distinct principal curvatures in the anti-de Sitter space Hn+1

1 (c). In addition
suppose the multiplicities of the principal curvatures λ and µ are m and n −m,
respectively.

Firstly, using Theorem 3.2, it is easy to prove the following result.

Proposition 4.1. Let Mn (n > 3) be an (r−1)-maximal spacelike hypersurface
in Hn+1

1 (c) with two distinct principal curvatures. Suppose the multiplicities m and
n−m of the principal curvatures λ and µ are greater than 1, then we have:

(i) If λµ = 0, then R ≤ c;
(ii) If λµ 6= 0, then Mn is locally the hyperbolic cylinder Hm(c1)×Hn−m(c2).

Proof. (i) Since λµ = 0, then λ = 0 or µ = 0. Without loss of generality, we
suppose µ = 0, so λ 6= 0. From (2.11), we have

n(n− 1)(R− c) = −n2H2 + S = (m−m2)λ2 ≤ 0.

It can imply R ≤ c. Moreover, in view of

Sr =
(
n

r

)
Hr =

∑
0≤s≤r

(
m

s

)(
n−m
r − s

)
λsµr−s = 0,

then m < r.
(ii) This is a direct result from Theorem 3.2. �

Corollary 4.2. Let Mn (n > 3) be an (r − 1)-maximal spacelike hypersurface
in Hn+1

1 (c) with two distinct principal curvatures. If the multiplicities m and n−m
of the principal curvatures λ and µ are greater than r − 1 (4 ≤ 2r ≤ n), then we
have λµ 6= 0 and Mn is locally the hyperbolic cylinder Hm(c1)×Hn−m(c2).

Secondly, we proved the following result in [9].

Proposition 4.3 ([9]). Let M be an n-dimensional (n ≥ 3) (r − 1)-maximal
spacelike hypersurface immersed in an anti-de Sitter space Hn+1

1 (c). Suppose in
addition that M has two distinct principal curvatures λ and µ with the multiplici-
ties n− 1 and 1, respectively. Then we have:

(i) If λ ≡ 0, then R = c and therefore, Mn is 1-maximal, or
(ii) If inf(λ− µ)2 > 0, then

S ≥ n(r2 − 2r + n)
r(n− r)

,(4.1)

and S = n(r2−2r+n)
r(n−r) if and only if M is a hyperbolic cylinder Hn−1(c1) ×

H1(c2).
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