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COMPARISON THEOREMS FOR HALF-LINEAR
DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER

JAROS 7.

ABSTRACT. An identity of the Picone type for fourth-order half-linear ordinary
differential operators of the form

la[z] = (pp(2"))” = (re(")) + qp(x)
and
Lalyl = (Pe(y")" — (Re(y')" + Qe(y).
where ¢(u) := |u|*"lu,a > 0,u € R, and p,q,r, P,Q and R are continuous func-
tions on a given interval I is derived and then Sturmian comparison theory for the

corresponding fourth-order equations I, [x] = 0 and L« [y] = 0 based on this identity
is developed.

1. INTRODUCTION

The classical Picone identity (see [10]) associated with a pair of Sturm-Liouville
differential equations of the form

(1) (p()u) +q(t)u=0
and
(2) (P +Q(t)w =0

where p, ¢, P and @ are continuous functions on a given interval I with p(t) > 0
and P(t) > 0 on I, says that if v and v satisfy (1) and (2), respectively, and
v(t) #0 on I, then

(3) % {z(pu/v - Pv’u)] —(Q-q)’+(p— P)u?+ P (u/ - uf;) g

The Sturm-Picone comparison theorem readily follows from (3). Indeed, if we

assume that Eq. (1) has a nontrivial solution u with consecutive zeros a and b,
a < b, and

(4) p(t) = P(t), Q) = q(t)

Received January 9, 2011.

2010 Mathematics Subject Classification. Primary 34C10.

Key words and phrases. Picone’s identity; half-linear differential equation; fourth order.
The research was supported by the Slovak grant agency VEGA No. 1/0481/08.



272 JAROS J.

on [a, b], then integrating (3) on [a, b] we get that Eq. (2) cannot possess a solution
v which is nonzero in (a,b), except in the special case where p(t) = P(t) and
q(t) = Q(t) and v is a constant multiple of u on [a, b].

In [3] (see also [4]), the identity (3) was generalized to the case of the half-linear
differential equations

(5) (pt)e(u')) +q(t)p(u) =0

and

(6) (P()e(v") + Q(t)p(v) =0,

where p(u) := |u|*"tu € R,a > 0, and p, q, P and Q are continuous functions

on an interval I with p(¢) > 0 and P(¢) > 0 on I.
If u and v satisfy (5) and (6), respectively, with v(t) # 0 on I, then

d U ’ !
" { ol [p()pp(u’) = p(u) Py(v')] }

@ = (@~ )l + (p — Pl

" —(a+1)u'p (?)] :

The half-linear generalization of Sturm-Picone comparison principle obtained
previously in [1], [9] and [11] by different methods, now easily follows from (7) if
we assume that the inequalities (4) hold on [a,b], where a and b are consecutive
zeros of u, and use the Young inequality to show that the last expression in (7) is
nonnegative with the equality holding if and only if w and v are proportional on
[a, b]. Actually, the following more general result is true.

uv’

+P||W]*™ +a

Theorem A (Leighton-type comparison). If there exists a nontrivial solution
u of (5) such that u(a) = u(b) =0 and

b
© [ 60 - PO Q) - a)ub]* de > o

then every solution v of (7) has at least one zero in (a,b) except in the special case
when p(t) = P(t),q(t) = Q(t) and u(t) = cv(t) on [a,b] for some constant c.

The situation in the case of fourth-order linear differential equations of the form

(9) (p(t)u")" + q(t)u =0

and

(10) (P& +Q(t)v=0

is more complicated. If u is a nontrivial solution of [9] on an interval [a, b] satisfying
(11) u(a) =u'(a) =u(b) =u'(b) =0

and if

(12) p(t) = P(t), qt)=Q(t) for t€ [,
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then, in general, it is not true that an arbitrary solution v of [10] (or any of its
derivatives) has a zero in [a,b]. This is the consequence of the result of Leighton
and Nehari (see [8]) which asserts that if Q(t) < 0 for ¢ > a and v is a solution of
[10] generated by the initial conditions

v(a) >0, 2'(a)>0, v"(a)>0 and (Pv")(a)>0
(but not all zero), then
v(t) >0, V'(t)>0, 0"(t)>0 and (Pv")(t)>0

for all ¢ > a. Thus, neither the solution v itself nor any of its derivatives v’,v"”
and (Pv”)" can vanish at the point greater than a.

However, a sort of the Sturm-Picone comparison result can be obtained for
[9] and [10] if we consider only solutions v of [10] for which v' and (Pv”)" have
opposite signs.

Theorem B. Let u be a nontrivial solution of [9] satisfying (11). If v is a
solution of [10] for which v’ and (Pv")" have opposite signs and if the inequalities
(12) hold on [a,b], then v,v" or (Pv") has a zero in [a,b).

(See [5].) The key tool in proving the above theorem was the Picone-type identity
which asserts that if u and v are solutions of [9] and [10], respectively, and none
of v and v’ vanish in I, then

d [ u
dt{v’ [v'pu” —u/Pv""] — " [v(pu) — u(Pv")’]}

7 2
(13) — (p— PW + (g — Qi — (P, (“, - “)
v v
w'v" 2
+ P(u” — o ) .

The following comparison theorem of the Leighton type concerning the more
general fourth-order linear differential equations

(14) (p(t)u")" = (r()u) + q(t)u =0
and

(15) (P(t)")" = (R(t)v") + Q(t)v = 0
].

can be obtained as a special case of the results in [7
Theorem C. Suppose that there exists a nontrivial solution of (14) which
satisfies (12) and
b
(16) / (0 — P)u? + (r — R)u” + (g — Qu]dt > 0.
If v satisfies (15) with P(t) > 0 in (a,b),
(17) V[R()W — (P)v")] >0 and R(t) — (P(t)v") #0 in (a,b)

then at least one of v and v' has a zero in [a,b].
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The purpose of this paper is to generalize the identity (13) to the case of half-
linear differential equations of the fourth order and use it in proving comparison
theorems of the Sturm-Picone and Leighton type.

For related results concerning the linear case see also [6] and [12].

2. MAIN RESULTS

Consider the operators

(18) lalz] = (p(t)p(x"))" = (r(t)p(z") + q(t)p(z)
and
(19) Lalyl = (P(t)e(y")" — (R()p(y') + Q(t)p(y)

where p, 7, ¢, P, R and @ are continuous functions defined on [a,b] C I and
plu] == |u|*sgn u, a > 0, as before.

Let Dy (I) (vesp. Dr_(I)) denote the set of all continuous functions z (resp.
y) defined on I such that z (resp. y) is two times continuously differentiable on
I and also (re(2’))" and (pe(z”))” (resp. (Re(y'))" and (Pp(y”"))”) exist and are
continuous on I.

Denote by @, the form defined for u,v € R and a > 0 by

(20) Do (u,v) 1= up(u) + avp(v) — (@ + up(v).

It follows from the Young inequality that ®,(u,v) > 0 for all u,v € R and the
equality holds if and only if u = v.
The following lemma can be verified by a direct computation.

Lemma. Ifz € D; (I) andy € Dr_(I) on an interval I and if none of y and
y' wvanish in I, then

d {Sf/) [e(y )pe(a") — o) Po(y")]

dt | oy’
- Ty) [o) (pe(a”)) = p(@)(Poly"))]
o ) [e(y)ro(z") — o(x)Ro(y')] }

(g Qe 4 (r — R/ + (p - P)la" "
1,/ 1! I/ T
+P<1>a(x", y )+y'[Rgo<y’>—(Pso(y"))'}@a(y,,y).

Theorem 1 (Leighton-type comparison). If there exists a nontrivial u €
D;_([a,b]) such that

(22) /b ulg[uldt <0,
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(23) u(a) =u'(a) =u(b) =u'(b) =0

and
b
(24)  Valu = / [(p— P)|u"|*T + (r = R)|u/|*™ + (¢ — Q)|u|*™]dt >0,

then for any v € Dy ([a,b]) satisfying
(25) vLo[v] >0 in  (a,b), P(t) >0,

(26)

v or v’ has a zero in [a,bl.

Proof. Suppose to the contrary that there exists a function v € Dy_([a,b])
satisfying the inequality (25) in (a,b) such that v(t) # 0 and v'(t) # in [a,b)].
Integrating the identity (21) where = v and y = v on [a, b], we obtain
b

@) 02 Valul+ [ VRO - (PO ]2 <;‘ Z) dt > 0.

a

Thus, we get

[ IR0 - Py (.4 )=

The assumption (26) implies that ®,(u'/v’,u/v) = 0 in (a,b) which means that
u = cv on [a,b] for some nonzero constant ¢. Since u(a) = u(b) = 0 and v(t) # 0
on [a, b], this leads to a contradiction. The proof is complete. O

Corollary (Sturm-Picone comparison). If
(28) p(t) = P(t) >0, r(t)=R(t) and q(t) = Q(t)
on [a,b] and there exists a nontrivial solution u of
(29) (p(H)eW”)" = (r)e)" + qt)e(u) =0, a<t<b,
satisfying (23), then for any solution v of the majorant equation
(30) (P()p(v")" = (R()e(v') + Q)e(v) =0, a<t<b,

satisfying (26) in (a,b), v or v' must have a zero in [a,b).
3. DISCONJUGACY CRITERION

Consider Eq. (29) in an interval I. Two points a,b € I are called conjugate with
respect to (29) if there exists a nontrivial solution v € D;_([a,b]) satisfying (23).
Eq. (29) is called disconjugate on 1 if no two points of I are conjugate with respect
to (29).

The following disconjugacy criterion for Eq. (29) is an immediate consequence
of Theorem 1.
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Theorem 2. Eq. (29) is disconjugate on I if there exist a half-linear differential
operator Ly, defined by (19) and a function v € Dy,_(I) satisfying

(31) p(t) > P(t) >0, r(t)>R(t) and q(t) > Q) in I,

(32) vLov] >0 in I, w(t)#0 in I,

and

(33) V' [R()p(v) — (P(t)p(v"))] >0 in I.
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