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UNIVERSAL BOUNDS FOR POSITIVE SOLUTIONS
OF DOUBLY DEGENERATE PARABOLIC EQUATIONS
WITH A SOURCE

A. F. TEDEEV

ABSTRACT. We consider a doubly degenerate parabolic equation with a source term
of the form

(u5>t:div (|Vu\>‘71 Vu) + uP where 0 <8< A <p.

For a positive solution of the equation we prove universal bounds and provide blow-
up rate estimates under suitable assumptions on p < po(\, 3, N). In particular,
we extend some of the recent results by K. Ammar and Ph. Souplet concerning
the blow-up estimates for porous media equations with a source. Our proofs are
based on a generalized version of the Bochner-Weitzenbok formula and local energy
estimates.

1. INTRODUCTION

We study the doubly degenerate parabolic equation with a nonlinear source of the
form
(1.1) W =Awu+u?  in Qr=RNx(0,T), N>2
where Aju = div (|Vu|/\71 Vu). Here and thereafter we assume that
(1.2) 0<B<A<p.

Definition 1.1. We say that w > 0 is a weak solution of (1.1) in Qr if it
is locally bounded in Qr, u € C((0,T); LEPY®RYY), |Vul* € L (Qr) and

loc loc

satisfies (1.1) in the sense of the integral identity

//(fuﬁm +|VuM ! VuVy) dzdt = //upndxdt
Qr Qr

for any n € C}(Qr).

The existence of local solutions of (1.1) follows, for example, from [22], and
the uniqueness of an energy solution follows from [29]. Moreover, weak solutions
are locally Holder continuous [23, 31]. We also refer to the survey [24], [37] and
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the books [14, 25, 10, 38] for various local and global properties of solutions of
doubly degenerate parabolic equations.

The main purpose of the present paper is to obtain universal bounds of blow-up
solutions of (1.1), that is, bounds that are independent of initial data. The paper
is motivated by recent results of K. Ammar and Ph. Souplet [3] (see also [33] and
earlier results [39]) concerning universal blow-up behaviour of a porous medium
equation with a source. We extend some of these results for a solution of the
equation (1.1). One of the main tools in the proof of universal estimates in [3] is
the following Bochner-Weitzenbok formula

1
(1.3) §A(|VU\2) = |D*v]* + (VAv) - Vv

N
with [D?v]? = 3 (vUg,2,)?. Below we use the generalized version of (1.3) (see
i,j=1 ’
(2.1)) in order to obtain some integral gradient estimates which together with the
local L, — L, estimates of [8] give the universal blow-up estimate of supremum
norm of a solution to (1.1).

Let
_(N-1)(1-p) _A-1 0 _
Q—N—ﬂ, 5—m, 51—5, A—2(9+61)+(1+(51)2,
B N(N +A+1)
po(B, A, N) = TN - DENe+ N 1) (1+51+9+\/Z).

The main result of the paper is as follows.

Theorem 1.1. Let u > 0 be a weak solution of (1.1) in Qp = RN x (0,7).
Assume that

p< pO(Bv AaN)
Then there exists a constant C = C(N, 3, \,p) such that
(1.4) u(z,t) < C(T — t)~ Y/ P=P)

for allz € RN and t € (T/2,T).
Remark 1.1. For the porous medium equation with a source
vy = Av™ 49,
(1.4) follows from the results in [3]. Namely, as it can be seen in this case § = 1/m
and ¢ = pm, A = 1. Thus
(1.5) po = WQHJFVZ) with A =1+20, 0=

which coincides with the exponent found in [3]. While if in (1.5) m = 1, we get
the exponent

(m - (N - 1)
N

N(N +2)

p0=m7
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which was discovered in [11]. Finally, if § = 1 in (1.1), that is, (1.1) is the
nonstationary A-Laplacian with a source, then

21+ 6NN +A+1)
A+ 1D)(N—1)2N6+ N —1)

Po= po(ﬂa)HN) =

To the best of our knowledge our result is still new in this case.

Remark 1.2. Notice that po(3, A, N) is less than the Sobolev exponent pg =
(NAX+X+1)/(N—=X—=1) for A\+1 < N. However po(3, A, N) is bigger than the
Fujita exponent pp

A+1
po(ﬁa)HN) >pF:)‘+BT

Let us recall that the Fujita exponent pr gives the threshold between the global
existence and blow-up. Namely, if 1 < p < pp, then there is no positive global
solution of (1.1), while if p > pp, then there exist some positive global solutions
(see the survey by Deng and Levine [13]). The Sobolev exponent pg is known to
be critical for the existence of positive steady states of the stationary solution

Au+uP =0 on RV

(see [35], [12] and references therein).

We also refer the reader for the Fujita type results for the porous medium
equation and nonstationary A-Laplacian with sources to the book [17], the survey
[18] and [4]. For more general doubly degenerate parabolic equations with a
source, the Fujita problem was recently treated in [6, 7, 1, 2, 9, 26], where
the authors discussed dependence of the critical Fujita exponent on the geometry
of the domain (see [6, 7]), on the behaviour of the initial data (see [1]), on the
various forms of sources (see [7, 9]) and on the behaviour of the coefficients (see
[26]). About the universal bounds near the blow-up time under the subcritical
Fujita exponent we refer also to [8] and [26] for a wide class of doubly degenerate
parabolic equations with a blow-up term. The problem of the optimal blow-up rate
and universal bounds of both global and blow-up solutions for semilinear parabolic
equations were investigated in [5, 19, 20, 21, 27, 28, 30, 32| (see also the book
[33] and references therein).

The rest of the paper is devoted to the proof of Theorem 1.1.

2. PROOF OF THEOREM 1.1

Turning to the proof of the theorem let us remark that since the solution to (1.1)
is not regular enough, the standard way to proceed is to apply some kind of
regularization to the equation before obtaining the integral estimates, and then
subsequently pass to the limit with respect to the regularization parameter. This
process is quite standard by now, it is described in details, for example, in [15].
Therefore without going into details we assume that our solution is sufficiently
regular (see [15]).
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One of the main parts in the proof of the theorem is the universal bound of the
integral

ta
/ / w1 azdt
t1 Br(zo)

for any 0 < t; <ty < T, R > 0 and any 29 € RY. In order to do this, the starting
point is the following formula

(2.1) [(W”'“”“’i)z, |W“v””f] - (W”'H”“’i)z, (‘V“Pfl”zf)w,
. l +(Ay0)g, Vo[ oy,

This formula is obtained by the direct differentiation and changing the order of
the derivatives

{(|Vv)‘1 vz)m Vv|)‘11)$]}
(o), (9 ),
= <|Vv|)‘71@mi)w. (|Vv\)‘71 vzj)wi + {<|Vv|)‘1 U‘/B)z} [V}t Vg,

— <|vv|Homi)mj (|WR*1%) + (A, [VOP oy,

i

+ (|Vv|/\71 vxi> Vot Vg,

ZTjT;

Here and thereafter the summation on repeating indices is assumed and v will
be smooth enough. Formula (2.1) is a natural generalization of (1.3) and coincides
with the latter when A = 1.

Next lemma is similar to [35, Proposition 6.2]. The proof we give here uses
similar arguments to those used in [35]. We reproduce the proof here for the
readers’ convenience.

Lemma 2.1. Let G be any domain in RY. Then for any sufficiently smooth
function v(x) and any nonnegative ¢ € D(G), for s > 0 large enough and any d,
u € R, it holds

22+ 1 s, u—1 A+1 A / S, m—2 2(A+1)
WS [ s o - 05 [ o2
N-1
< S [em@wr s [eeaw vl e,
o T
s—1, p—1 A+1 A—1
+ 1 /C v |Vl |Vl Vg, Cas

+s/§s_1v”\VU|)‘71in Vo Uz, Gy

TiTj"
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Proof. Multiplying both sides of (2.1) by (*v* and integrating by parts, we get
[ | (9o o) 9P

x; e
= /C%“(A,\v)mj |Vv|’\_1vxj + /Csv“ (|V1}|k_1 vgci)ac (‘V’U|)\_1ij>
J

- /CSU“(A,\U)2 - ,u/Csv“_lAAv |VU|>\+1 — S/Cs_lv“A)\v |VU|’\_1 Vg, Cas

s [ew (vep ) (9ePe)

Using the algebraic inequality (see, for instance, [15, 16], [35])

(|Vv\>‘*1 Uw>m ('vvpilvﬁ) > %(AM})Q,

Zq

L

Zq

we obtain

Bz -2 [ev@w?—u [ eoiae v
N

(2.3)

— S/Cs_lv“AAv |Vv|/\71 Vg, Gy -

On the other hand, integrating by parts twice, we have
L= - /(st“)wi <|Vv|>‘_1 vzi) |V11|’\_1 Vg
zj
J@om (ol ) Vel
zj

/ Ao (CvM)g, |Vol* v, + / (V") gy [V 0, [V g,

= u/gsv"*lA)\v|Vv|)‘H+s/Csflv“AAv\VvP*lvziCzi

(24) + M(,U/ N ]_)/CS’UM_Q |vv|2()\+1)
+ QSM/CS_lv“_l VoM v MT Uz, Ca;
s [ e, (Vo G,
s u—1 A—1 A—1
+u/§ (S A VAPl L O | VA ] M DR D
= ,LLIQ + SI3 + M(,u - 1)]4 + 28/1,]5 + SIG + ,UJ7.
We have

1 _ —
L= / ¢ Vol g (VoM (9 0)a,

1 1 A —
512 = 5(n )4 5

1
B I7 —SI5.
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Thus
1 w—1 2s

Ii=—— 1) — I — I

[ T D
and (2.3) implies

PA plp — 1A 25pA

2. L = I I 1 Is + Ig.
(2.5) 1 )\+12+ o1 4+)\+15+53+6

Now combining (2.3) with (2.5), we derive

: (u(2>\+1)I N u(ul)/\14>

2

A+1 A+1
N-—-1 ETIDY
< N /CSU’J(A)\U)Q+28[3+)\7_51]5+516+/1,I7.

Lemma 2.1 is proved. i

Denote

2 {NAdA-D =20+ (1 -BA+ D} + A+ DIV = D)(1 = p)> +d?)

N AN(A+1) ’

N 1 N -1
b d(N+X+1) —p

NOA+1)

Lemma 2.2. Assume thata > 0 and b > 0. Then for a sufficiently small e > 0
there holds

(@=52) [[ PO 4 b= o) [[ew? v
(2.6) < C(e) </ s ‘V§|A+1 uﬁ,1uf + // §Sf2€tzu1+ﬁ
+//§s_2(>\+1) |v§|2(,\+1) u1—5+2>\ + //gs—)\—l |V§|)‘+1 up+l+>\—5> ;

where integrals are taken over G X (t1,t2) with 0 < t1 < to < T and &(x,t) is a
smooth cutoff function of G X (t1,t2).

N

Proof. In (2.2), set v = u® with some o € R. Then
L =o® T (a— D)+ L), Iy=ao* g,

/C%“(AW)Q = o ((a — 1)°N%Ig + 2(a — 1)y + I1p).

Here
Is = / Cu' P [VuPTY g = / ¢ou " Ay [VuM

Ly = /Csuh(A)\u)2 h=2(a— 1A+ au.
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Therefore, (2.2) implies that

(2.7) —Cilg—Coly <

—1

Here
I :/CS?thAAU‘VU‘)\_luﬂfiC%’
Iy = / ST AT AT/ e
B = [ 10 190

Then replacing ¢ by & and integrating (2.7) from ¢, to t2, we get with d = apu

(2.8) = C3Jg — CyJy <

—1
Jig + 2sJ11 + 28\ (a—1+ ) Jio + sdis,

d
A+1
where

Ji = / L),
2d[N(d(A—1) = 2X) + h(A+ )] + (A + 1)(IN — 1)(h? + d?)
AN(A+1) ’
AN —1)(A+1)+d(N +A+1)
N(A+1) '

Cy =

By (1.1) we have

Jio = / / eul(Ayu)? = / / eul Ayu(ul — uP)
(2.9) _ // el A — // P A,

Integrating by parts, we obtain

—//fsuh+pA>\u: (h +p) //gsuhﬂ?—l (VM
(2.10) +s//£s L [T €
(h +p J14 + sJis,
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//ﬁéu utﬂA)\u = ﬁ//fsuh"’ﬁ_lutA)\u
- )\+1//£S e 1 |V“‘m>

_ ﬁ(h + ﬁ _ 1) //gsuh+ﬁ—2 |vu|/\+1 g
~ps // &M a6

. _ A1
—65//5é Lyh+h=1 |Vul Ug, &, Ut

(2.11)

s
= _)\L_’_l(h"_ﬁ )>\J16+)\/67+1J17_58J18.
Next, by (1.1) we have
Jo = // Eul T Ay [ VoM

— sqh—1 u'B —u?) [V A+1

(2.12) //g (e )1Vl
= [[ewmrwat g [[ewr vup
= — Jua + BJe,

J11:/ M A [ Vu T g &

- / &M ) — ) [Vl s

- //53_1up+h |vu|/\_1um§wi

+ﬂ// §S_1uh+ﬂ_lut |Vu|k_1 Umlfwl = —Ji5 + BJ1s-

(2.13)
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Denote E = Jg, F = J14. Then combining (2.9)—(2.13), from (2.8) we get

B+ (- Ny F

N
1 (N=1(h+06-1A
< — J Cy — J

(2.14) < —s 15+ B(Cy NOF D) )J16

(N = 1)8s

_ 2 -1 1

N(>\+1) J17+ﬁs N J18+ S)\(Oé —l—d/()\—l- ))Jlg

Let d and h be chosen as follows
N -1

(215) Cg < 0, C4 — T(p+ h) > 0.

Applying the Young inequality, we get

|J15| = //gs—lup-‘rh Vs s
(2.16) <eF +C(e) / / ALy [
| Ji6| = ’//,gsuhw—z ul
(2.17) <eE+Cle //fs h20-2 g M 42,
|Ji7| = ‘//§s1§tuh+ﬁ1 |Vu|)‘+1
(2.18)

<<€E+C //é-a 252 h+20

‘// &M VU g,
 [[ e wuPver s e [[ e
(2.19)
<eE+Cle) // E5ult2P=2y2
€) // 5572(/\+1)uh+2/\ |V§|2(A+1).

ol =| [ & 9 e
(2.20)
<cE+0(e) // €920 2 g 2O+

| /18]

IN

237

Now we choose h =1 — 3. Then (2.15) holds true if a and b are positive which is

the case. Lemma 2.2 is proved.

O
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Notice that assumptions a > 0 and b > 0 are equivalent to

N6+N—-148 (N-1)(1-p)?

27
d INo+ N — 1 NG+ N1 O
p(A+1)(N —-1)
d>2 2T v T )
S
The first of these inequalities is satisfied if
Np N

Therefore, both inequalities hold if p < po(5, A, N) which coincides with our as-
sumption.
Next we need to bound the integral

Jig = //fsuﬁfluf

Lemma 2.3. The following inequality holds true

Jig < deE+ C(e) // 55*2(/\+1)u2x\+176 |Vf|2(’\+1)

) [[eurg v oe [[etwrial.

Proof. Multiply both sides of (1.1) by u;£* and integrate by parts to get

s >\+1 p+1
BJig = )\+1/f |Vl t p+1//5
— s//§s_1 |Vu|)‘71utuzi§zi.

The right-hand side is equal to

(2.21)

(2.22)

gsflgt |vu|>\+1 o

Esflgtup+1 _ S\//5571 |vu|>\*1utu1i£mi.

S
A+1 p+1

By Young’s inequality we have

e |[VuM < eE 4 Cle) // £5 21 HPe2,

A+1
_ 1 1 —Bes—
U e | < o+ 5 [ [ 06 9 v
1
< §J19 + €E+C(€)/ 5572(/\+1)U2/\+17ﬁ‘v§|2(>\+1) .

Therefore, from (2.22) we arrive at the desired result. ]
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We continue the proof of Theorem 1.1. From Lemma 2.2 and (2.15)—(2.21), one
gets

(a—92)E + (b 26)F < () / / A Lyp A8 g ML

(2.23) +7(e) //65*2(”%2”1*" VgAY

‘) / / €572y 1H0g2 4 / / e )
M, = // gsf()\Jrl)w |v§|(>\+1) 2p;r_1;6

2p+1 B8 2p+1—p
M, = //5 & P77

Applying the Young inequality, we have

s—A—1, ptAt1—f ,\+1<P+>\+1—5L P—A
Jfemm V=T Pyt

=2 41) 2318 | g 20D < 2>\+1*5L+ 2(p— ) M
//g ! Vel Sp+1-8" " 2pr1-p7 "

Denote

(2.24)
_ 14+ 2(p — B)
s—2, 1482 I M
//5 EER T s L Py e Ry
s—1, p+1 p+]— p_ﬁ
U < L+ M,
/5 e P gy R P L
where

_ //fsuzml—@

In order to estimate the last integral we multiply both sides of (1.1) by uP+1—A¢s
and integrate by parts, apply also Young’s inequality to get

s()\+1)/)\>\

<
- A+1

glurTt + (p+1 - B+ s

/ fs A—1 p+)\+1 Q‘V§|A+1

SO+
A+1

>\+1

IN

’ (
aeL+|p+1-06+
P p B
s

L
€1 +(p+1

+ L)C(ffl)(Ml + Ms).

+ P

A+1
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Therefore for a sufficiently small 1, we get
L <~(p, B, N(F + My + My)
and together with (2.23) and (2.24) with a suitable ¢ this gives
(2.25) L+ F <~(M + Ma).
Let G = Bg(zo) for any fixed zg € RN, t; =Ty, ty =t and for 0 < Ty < Ty < t,
€issothat [V¢| < eR7L & <e(Ta —Th) P for 0 < Ty <7 <t<T and any

R > 0. Then
(226) M+ My < RN (= T)R™ v + (=T 57 )

We have

sup / uPldz < ¢(L + F).
Ti<7T<t
Br(zo)

Indeed, this follows from Lemma 2.3, (2.24) and (2.25) observing that

/ (z, )P (z,7) = (p+ 1) / / ESuPuy, +s/ / &gt

Br(zo) Ty Br(wo) Ty Br(o)
1/2
p_|_1 //fSﬂl%l/Q//fSQp-Flﬁ
T1 Br(xo) T1 Br(zo)
+S/ / & uht
T1 Br(zo)

Therefore from (2.25) and (2.26), we have

sup / uPtde
Ti<7T<t

(2.27) Br(zo)
< ¢RN ((T2 _ Tl)R_(A+1):’()2_p;rl—ﬁ) (T — Tl)_wHEB)

Now we are in a position to complete the proof of Theorem 1.1. The final step of
the proof is to utilize the local estimate of Lemma 3.3 from [8] which we write in
the suitable form

1
” Hoo \Bra(€0) X (T2,t) = (T2 — Tl) /(P=5) + (R/Q) (A+1)/(p=2)
(2.28) n/(w=p)
et — )Y@ P | sup / uPH

T<T<t
Br(zo)

forall 0 < T} <Tp <t <T provided p < ps and w > p+ 1 is a free parameter,
(A D@-p-1)B+p
(P+1)BA+1) = (p— N
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Finally, in (2.27) and (2.28) choosing To = ¢t — (T —t)/2, Ty =t — (T — t),

R = (T — t)p=N/O+D=0) with ¢ € (T/2,T) and noting that xo is an arbitrary

point of RN we arrive at the desired result.

The proof of Theorem 1.1 is complete. O
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