Acta Math. Univ. Comenianae Vol. LXXXIII, 1 (2014), pp. 135–146 135

CLOSED HEREDITARY ADDITIVE AND DIVISIBLE SUBCATEGORIES IN EPIREFLECTIVE

SUBCATEGORIES OF TOP

V. LACKOVÁ

Abstract. The aim of this paper is to investigate closed hereditary additive and divisible (AD) subcategories of epireflective subcategories of the category Top. In quotient reflective subcategories of Top, AD subcategories are precisely the coreflective subcategories. We describe the closed hereditary AD hull and the closed hereditary AD kernel of AD subcategories and present some results concerning minimal non-trivial closed hereditary AD subcategories in epireflective subcategories of Top. We also show that some of the results obtained for AD subcategories are not valid in the case of coreflective subcategories in epireflective subcategories that are not quotient reflective, for instance, in the category of Tychonoff spaces.

1. Introduction

Herrlich and Hušek (see [8]) suggested the investigation of hereditary and closed hereditary coreflective subcategories in Top and Haus, e.g., hereditary (closed hereditary) coreflective kernels and hulls of coreflective subcategories of Top and Haus. Hereditary coreflective subcategories and hereditary additive and divisible (AD) subcategories in epireflective subcategories of the category Top are studied in the papers of J. Činčura (e. g. [3], [4], [5]), V. Kannan (e. g. [9], [10], [11]) and M. Sleziak (e. g. [15], [16]).

In the category Top, the extremal subobjects are precisely the subspaces. However, in Haus, Tych and many other epireflective subcategories of the category Top, the extremal subobjects are precisely the closed subspaces. That is why the notion of closed subspace is important in these subcategories.

In this paper, we study closed hereditary AD subcategories and closed hereditary coreflective subcategories in epireflective subcategories of Top. In quotient reflective subcategories of Top, the notion of a coreflective subcategory is equivalent to the notion of an AD subcategory. In epireflective subcategories that are not quotient reflective each coreflective subcategory is also an AD subcategory.

Received June 24, 2013; revised December 9, 2013. 2010 Mathematics Subject Classification. Primary 18D15, 54B30.

Key words and phrases. epireflective subcategory; coreflective subcategory; additive and divisible subcategory; closed hereditary subcategory.

The author acknowledges the support of the VEGA Grant 1/0330/13.

136 V. LACKOV^´A

However, there exist AD subcategories that are not coreflective. First we investigate closed hereditary AD subcategories. We describe the closed hereditary AD hull and kernel of AD subcategories in epireflective subcategories of Top. As a consequence we obtain the description of the closed hereditary coreflective hull and kernel of coreflective subcategories in quotient reflective subcategories of Top. Also some interesting differences between closed hereditary AD subcategories and closed hereditary coreflective subcategories are studied. We provide some results on minimal closed hereditary AD subcategories containing a non-discrete space. Moreover, we show that in the category Top_1, there exist no such minimal closed hereditary coreflective subcategories.

2. Preliminaries

The undefined terminology may be found in [1] and [6]. By |A|, we denote the cardinality of the set A and by P(A) the power set of A. By Top, we denote the category of all topological spaces and by Top_0 (Top_1, Dis, Tych, ZD), the category of all T_0-spaces (T_1-spaces, discrete spaces, Tychonoff spaces, zerodimensional spaces). All subcategories are supposed to be full (so that they are completely described by the class of their objects), isomorphism-closed and to contain a non-empty space. To avoid the trivial cases, all epireflective subcategories of Top are supposed to contain a non-indiscrete space. Such epireflective subcategories are called non-trivial. Note that if an epireflective subcategory of Top is non-trivial, then it contains all zero-dimensional spaces, in particular, all discrete spaces and coproducts in this subcategory are precisely the topological sums. It is known that a subcategory of Top is epireflective if and only if it is closed under topological products and subspaces, and it is quotient reflective if and only if it is closed under topological products, subspaces and spaces with finer topology. If A is a non-trivial epireflective subcategory of Top, then a subcategory of A is coreflective in A if and only if it is closed under topological sums and extremal quotient objects. If A is quotient reflective, then extremal quotient objects in A are precisely (usual) quotient maps, and a subcategory of A is coreflective if and only if it is closed under topological sums and (usual) quotient spaces. The coreflective hull CH_A(B) of a subcategory B of A consists of all X ∈ A such that there exists a family {X_i}_{i∈I} ⊆ B and a quotient map f : ∐ i∈I X_i → X.

If A is a non-trivial epireflective subcategory of Top, then a subcategory of A is said to be additive if it is closed under topological sums. It is said to be divisible in A if it is closed under quotient spaces from A. The AD hull AD_A(B) of a subcategory B of A consists of all X ∈ A such that there exists a family {X_i}_{i∈I} ⊆ B and a quotient map f : ∐ i∈I X_i → X.

A category of topological spaces is said to be (closed) hereditary if it is closed under the formation of (closed) subspaces. For a subcategory A of topological spaces, CS A denotes the subcategory consisting of all closed subspaces of spaces from A. If A is a non-trivial epireflective subcategory of Top and B is a subcategory of A, then the smallest closed hereditary AD subcategory of A containing B is called the closed hereditary AD hull of B in A. The largest closed hereditary

CLOSED HEREDITARY AD SUBCATEGORIES 137

AD subcategory of A contained in B is called the closed hereditary AD kernel of B in A. Similarly, we define the closed hereditary coreflective hull and kernel of a subcategory.

Let α be an (infinite) regular cardinal. Then C(α) is the topological space on the set α ∪ {α} such that a set U ⊆ α ∪ {α} is open in C(α) if and only if U ⊆ α or α ∈ U and |α ∖ U| < α. A space X is said to be a P_α-space if for every family S of open subsets of X with |S| < α, ⋂ U∈S U is also an open subset of X. The category of all P_α-spaces is denoted by Top(α).

Recall that a prime space is a topological space with a unique accumulation point. Let X be a topological space and a be a point in X. The prime factor X_a of X at a is the space obtained by making all points of X other than a isolated and retaining the original neighborhoods of a.

3. Closed hereditary AD subcategories

The best known examples of (non-trivial) closed hereditary coreflective (AD) subcategories of the category Top are both the category CG of compactly generated spaces and the category Seq of sequential spaces. It is easy to see that if A is a non-trivial epireflective subcategory of Top, then CG ∩ A and Seq ∩ A are closed hereditary AD subcategories of A. If a non-trivial epireflective subcategory A of Top contains the space R, then obviously, the coreflective hull CH_A(R) of R in A is a coreflective subcategory of A which is not closed hereditary (the subspace A = {^1_n : n ∈ N} ∪ {0} of R does not belong to CH_A(R)). Next we want to show that in any non-trivial epireflective subcategory of Top, there exists a coreflective (and consequently, AD) subcategory that is not closed hereditary. We shall use the following notions and results. Let D(2) be the discrete space on the set {0, 1}. Recall that a topological space X is called a k_R-space (k_{D(2)}-space) provided that every map X → R (X → D(2)) which is continuous on compact subspaces of X is continuous. It is obvious that every k_R-space is also a k_{D(2)}-space. Let us denote the category of all k_R-spaces (k_{D(2)}-spaces) by K_R (K_{D(2)}). It is known (see, e.g., [12]) that K_R is a coreflective subcategory of Top.

Proposition 3.1. [5, Proposition 3] Let A be an epireflective subcategory of Top and f : X → Y be an A-morphism. Then f : X → Y is an extremal A-epimorphism if and only if it is surjective and for any map g : Y → Z with Z ∈ A the map g is continuous whenever the map g ∘ f is continuous.

The following proposition is a consequence of [14, Theorem 5.6 (ii)].

Proposition 3.2. Let X = ∏ a∈A X_a. If each X_a is a locally compact T_2-space, then X is a k_R-space.

Proposition 3.3. [2, Chapter 2, Problem 367] Let X be a T_2-space. If {B_a}_{a∈A} is a family of subspaces of X and C = ⋂ a∈A B_a, then the subspace C of X is homeomorphic to a closed subspace of the space ∏ a∈A B_a.

Proposition 3.4. If A is a non-trivial epireflective subcategory of Top, then K_{D(2)} ∩ A is a coreflective subcategory of A which is not closed hereditary.

138 V. LACKOV^´A

Proof. It is easy to see that K_{D(2)} ∩ A is closed under topological sums. We show that it is also closed under extremal quotient objects. Let X be a k_{D(2)}-space from A, f : X → Y be an extremal A-epimorphism and the map g : Y → D(2) be continuous on compact subspaces. Then also the map g ∘ f : X → D(2) is continuous on compact subspaces, hence it is continuous. According to Proposition 3.1, the map g : Y → D(2) is continuous and therefore Y is a k_{D(2)}-space. Thus K_{D(2)} ∩ A is coreflective in A. It remains to show that K_{D(2)} ∩ A is not closed hereditary. Let (R, T ) be the topological space on the set R with T = P(R ∖ {0}) ∪ {U ⊆ R : 0 ∈ U and R ∖ U is countable}. This space is zero-dimensional and every compact subspace of (R, T ) is finite. The map f : (R, T ) → D(2), defined by f(0) = 0 and f(x) = 1 otherwise, is continuous on every compact subspace of (R, T ) without being continuous. Hence (R, T ) is not a k_{D(2)}-space. Since (R, T ) is zero-dimensional and the weight of (R, T ) is equal to c = |R|, the space (R, T ) is homeomorphic to a subspace C of the space D(2)^c. By A denote the set D(2)^c ∖ C and for each a ∈ A, by B_a denote the subspace D(2)^c ∖ {a} of the space D(2)^c. Clearly, each B_a is a zero-dimensional locally compact T_2-space and C = ⋂ a∈A B_a. According to Proposition 3.3, C is homeomorphic to a closed subspace D of the space ∏ a∈A B_a which is (by Proposition 3.2) a k_R-space and consequently, a k_D(2)-space. Hence (R, T ) is homeomorphic to a closed subspace of the space ∏ a∈A B_a and the space ∏ a∈A B_a belongs to K_{D(2)} ∩ A. □

Remark. Similarly, it can be shown that if A is an epireflective subcategory of Top containing the space R, then K_R ∩ A is a coreflective subcategory of A which is not closed hereditary.

Proposition 3.5. Let A be a non-trivial epireflective subcategory of Top and B be a closed hereditary subcategory of A. Then the subcategory AD_A(B) is also closed hereditary.

Proof. Let X be a space from AD_A(B) and Y be a closed subspace of X. Then there exists a family of spaces {X_i}_{i∈I} in B and a quotient map f : ∐ i∈I X_i → X.

For every i ∈ I, the space f^{−1}(Y ) ∩ X_i is a closed subspace of X_i, hence f^{−1}(Y ) ∩ X_i ∈ AD_A(B). The space f^{−1}(Y ) = ∐ i∈I f^{−1}(Y ) ∩ X_i also belongs to AD_A(B).

And since the map f|_f −1_{(Y )} : f^{−1}(Y ) → Y is quotient, we obtain that Y ∈ AD_A(B) and the subcategory AD_A(B) is closed hereditary. □

The preceding proposition does not hold in general if the AD hull is replaced by the coreflective hull (see Example 4.2).

Next we describe the closed hereditary AD hull of an AD subcategory in a non-trivial epireflective subcategory of Top.

Proposition 3.6. Let A be a non-trivial epireflective subcategory of the category Top and B be an AD subcategory of A. Let C denote the subcategory of A consisting of all spaces Y ∈ A such that there exists a quotient map f : X → Y from a closed subspace X of a space from B. Then C is the closed hereditary AD hull of B in A. Moreover, if Top_1 ⊆ A, then the closed hereditary AD hull of B coincides with CS B.

CLOSED HEREDITARY AD SUBCATEGORIES 139

Proof. Obviously, C is an AD subcategory. We show that it is also closed hereditary. Let X ∈ C and Y be a closed subspace of X. Then there exists a space X_2 ∈ CS B and a quotient map f : X_2 → X. The subspace f^{−1}(Y ) is closed in X_2, hence f^{−1}(Y ) ∈ CS B and the map f|_f −1_{(Y )} : f^{−1}(Y ) → Y is quotient. Thus Y ∈ C and C is additive, divisible and closed hereditary.

Let D be an arbitrary additive, divisible and closed hereditary subcategory of A such that B ⊆ D. Let X ∈ C. Then there exists a space Y ∈ CS B and a quotient map f : Y → X. Since B ⊆ D and D is closed hereditary and divisible, we obtain that X ∈ D. Hence C ⊆ D and C is the closed hereditary AD hull of B.

Finally let Top_1 ⊆ A. Then A = Top, A = Top_0 or A = Top_1. The subcategory CS B of A is obviously closed hereditary and additive. We show that CS B is also divisible. Let X ∈ CS B and f : X → Y be a quotient map with Y ∈ A. There exists a space X_2 ∈ B such that X is a closed subspace of X_2. Suppose (without loss of generality) that Y ∩ X_2 = ∅ and define the map g : X_2 → Y ∪ X_2 ∖ X by

g(x) = { f(x) if x ∈ X, x if x ∈ X_2 ∖ X.

By Z denote the space on the set Y ∪ X_2 ∖ X for which g is a quotient map. Obviously, the space Y is a closed subspace of Z and the subspace X_2 ∖ X of X_2 is an open subspace of Z. It is easy to check that if X_2 is a T_0-space (T_1-space), then Z is also a T_0-space (T_1-space). Hence Z ∈ A and therefore Z ∈ B. Consequently, Y ∈ CS B and CS B is the closed hereditary AD hull of B. □

It is obvious that if B is a subcategory of an epireflective subcategory A of Top, C is the AD hull of B in A and D is the closed hereditary AD hull of C in A, then D is the closed hereditary AD hull of B in A. Hence, as a consequence of Proposition 3.6, we obtain the following.

Theorem 3.7. Let A be a non-trivial epireflective subcategory of the category Top and B be a subcategory of A. Let C denote the subcategory of A consisting of all spaces Y ∈ A such that there exists a quotient map f : X → Y from a closed subspace X of a topological sum of spaces belonging to B. Then C is the closed hereditary AD hull of B in A.

It is known (see [13]) that every Tychonoff space is homeomorphic to a closed subspace of a Tychonoff k_R-space. From Theorem 3.7 we obtain the following proposition.

Proposition 3.8. Each T_1-space (T_0-space, topological space) is homeomorphic to a closed subspace of a T_1-k_R-space (T_0-k_R-space, k_R-space).

Proof. The subcategory K_R ∩Top_1 is coreflective in Top_1. According to Theorem 3.7, the subcategory A = CS(K_R ∩ Top_1) is also coreflective in Top_1. Let X be a T_1-space. Each prime factor X_a of X is a zero-dimensional space and similarly, to the case of the space (R, T ) in the proof of Proposition 3.4, it can be shown

140 V. LACKOV^´A

that the space X_a is homeomorphic to a closed subspace of a zero-dimensional k_R-space, and hence it belongs to A. Each topological space is a quotient space of the sum of its prime factors, thus the space X belongs to A and consequently, it is homeomorphic to a closed subspace of some T_1-k_R-space. The proof for T_0-spaces and topological spaces is analogous (using the fact that every space is a quotient space of a topological sum of prime T_1-spaces). □

The closed hereditary AD hull of a subcategory B of A can be alternatively described as follows

Proposition 3.9. Let A be a non-trivial epireflective subcategory of the category Top and B be a subcategory of A. Then CS(AD(B)) ∩ A is the closed hereditary AD hull of B in A.

Proof. Obviously, CS(AD(B)) ∩ A is a closed hereditary AD subcategory of A that contains the subcategory B. Let C be a closed hereditary AD subcategory of A containing B. Then, according to Proposition 3.5, AD(C) is a closed hereditary AD subcategory of Top and, clearly, AD(C) ∩ A = C. Obviously, AD(B) ⊆ AD(C) and since AD(C) is closed hereditary we get CS(AD(B)) ⊆ AD(C). Hence CS(AD(B)) ∩ A ⊆ AD(C) ∩ A = C. □

The following proposition describes the closed hereditary AD kernel of an AD subcategory of a non-trivial epireflective subcategory of Top.

Proposition 3.10. Let A be a non-trivial epireflective subcategory of the category Top and B be an AD subcategory of A. By C denote the subcategory of B consisting of all spaces X ∈ B such that each closed subspace Y of X belongs to B. Then C is the closed hereditary AD kernel of B in A.

Proof. Obviously, C is closed hereditary and additive. Let X ∈ C and f : X → Y be a quotient map. If Y_2 is a closed subspace of Y , then f^{−1}(Y_2) is a closed subspace of X and f|_f −1_{(Y2 )} : f^{−1}(Y_2) → Y_2 is a quotient map. Therefore, Y_2 ∈ B, Y ∈ C and C is divisible.

It remains to show that if D is a closed hereditary, additive and divisible subcategory of A such that D ⊆ B, then D ⊆ C. Let X ∈ D. Every closed subspace of X belongs to D, thus it belongs to B. Hence X ∈ C, therefore, D ⊆ C. □

Remark. If B is not an AD subcategory of an epireflective subcategory A of Top, then it does not need to have a closed hereditary AD kernel. For instance, if C and D are closed hereditary AD subcategories such that C ∪ D is not a closed hereditary AD subcategory, then C ∪ D does not have a closed hereditary AD kernel. For example, we may take C = AD_A(C(α)), D = AD_A(C(β)), where α and β are distinct regular cardinals.

Let K(C) denote the closed hereditary AD kernel of an AD subcategory C in the category Top. The closed hereditary AD kernel of an AD subcategory B in A can be alternatively described in the following way.

CLOSED HEREDITARY AD SUBCATEGORIES 141

Proposition 3.11. Let A be a non-trivial epireflective subcategory of the category Top and B be an AD subcategory of A. Then K(AD(B)) ∩ A is the closed hereditary AD kernel of B in A.

Proof. Obviously, K(AD(B)) ∩ A is a closed hereditary AD subcategory of A and K(AD(B)) ∩ A ⊆ AD(B) ∩ A = B. Let C be a closed hereditary AD subcategory of A such that B contains C. According to Proposition 3.5, AD(C) is a closed hereditary AD subcategory of Top. Clearly, AD(C) ⊆ AD(B) and AD(C) ⊆ K(AD(B)) (AD(C) is closed hereditary). Therefore, C = AD(C)∩A ⊆ K(AD(B) ∩ A. □

4. Closed hereditary coreflective subcategories

Every coreflective subcategory of a non-trivial epireflective subcategory of Top is also an AD subcategory. However, in epireflective subcategories of Top that are not quotient reflective, the converse is not true. There are AD subcategories that are not coreflective. For example, in the category Tych (ZD) the subcategory of all Tychonoff (zero-dimensional) k-spaces is additive and divisible without being coreflective. The categories Top(α) ∩ Tych (Top(α) ∩ ZD) are hereditary coreflective subcategories of the category Tych (ZD), (see [5]) and consequently, they are closed hereditary. The subcategory of all Tychonoff (zero-dimensional) k_{D(2)}-spaces is coreflective in Tych (ZD) but not closed hereditary.

From Proposition 3.10 we obtain the following result for quotient reflective subcategories of the category Top.

Corollary 4.1. Let A be a quotient reflective subcategory of the category Top and B be coreflective in A. By C denote the subcategory of B consisting of all spaces X ∈ B such that each closed subspace Y of X belongs to B. Then C is the closed hereditary coreflective kernel of B in A.

The following example shows that Corollary 4.1 does not hold in general if A is epireflective but not quotient reflective. Note that every compact space is supposed to be a T_2-space (see [6]).

Example 4.2. The category Tych is epireflective in Top but not quotient reflective. The subcategory K_R ∩ Tych is coreflective in Tych and it is not closed hereditary (see the remark after Proposition 3.4). Then the category C defined as above for B = K_R ∩ Tych contains all compact T_2-spaces. Suppose that it is the closed hereditary coreflective kernel of K_R ∩ Tych. Then C contains the coreflective hull L of the subcategory of all compact T_2-spaces in Tych. According to [16], L = K_R ∩ Tych, and therefore, C = K_R ∩ Tych. But K_R ∩ Tych is not closed hereditary, a contradiction.

As a consequence of Theorem 3.7, we obtain the following result for quotient reflective subcategories of the category Top.

Corollary 4.3. Let A be a quotient reflective subcategory of the category Top and B be a subcategory of A. Let C denote the subcategory of A consisting of

142 V. LACKOV^´A

all spaces Y ∈ A such that there exists a quotient map f : X → Y from a closed subspace X of a topological sum of spaces belonging to B. Then C is the closed hereditary coreflective hull of B in A.

The following proposition describes the construction of the closed hereditary coreflective hull of a subcategory in an arbitrary non-trivial epireflective subcategory of the category Top.

Proposition 4.4. Let A be a non-trivial epireflective subcategory of the category Top and B be a subcategory of A. Let B_1 = B, B_{α+1} = CH_A(CSB_α) and B_α = ⋃ β<α B_β if α is a limit ordinal. Then the subcategory B^∗ = ⋃ α∈On Bα is

the closed hereditary coreflective hull of B in A.

Proof. We first show that B^∗ is closed hereditary. Let X ∈ B^∗ and Y be a closed subspace of X. There exists an ordinal α such that X ∈ B_α. Then Y ∈ B_{α+1} ⊆ B^∗ and B^∗ is closed hereditary. Now, let X ∈ B^∗ and f : X → Y be an extremal epimorphism. There exists an ordinal α such that X ∈ B_α. Then also Y ∈ B_α ⊆ B^∗. Therefore, B^∗ is closed under extremal quotient objects. Finally, let {X_i}_{i∈I} ⊆ B^∗. There exists an ordinal α such that {X_i}_{i∈I} ⊆ B_α. Then ∐ i∈I X_i ∈ B_{α+1} ⊆ B^∗. Hence B^∗ is coreflective.

Let C be a closed hereditary coreflective subcategory of A such that B = B_1 ⊆ C. We show by transfinite induction that B_α ⊆ C for every ordinal α, thus B^∗ ⊆ C. Let B_β ⊆ C for every β < α. If α is a limit ordinal, then B_α = ⋃ β<α B_β , therefore, B_α ⊆ C. If α is not a limit ordinal, then CSB_{α−1} ⊆ C, because B_{α−1} ⊆ C and C is closed hereditary. C is also coreflective, therefore, CH_A(CSB_{α−1}) = B_α ⊆ C. Thus for every ordinal α, we have B_α ⊆ C, consequently B^∗ ⊆ C. Hence B^∗ is the closed hereditary coreflective hull of B in A. □

5. Minimal closed hereditary AD subcategories containing a non-discrete space

Let A be a non-trivial epireflective subcategory of Top. An AD subcategory B of A is called non-trivial if it contains a non-discrete space. In this section we present some results related to minimal non-trivial closed hereditary AD subcategories in non-trivial epireflective subcategories of Top. Recall that in quotient reflective subcategories of Top, the AD subcategories are precisely the coreflective subcategories.

It is well known (see, e.g., [7]) that the category of all sums of indiscrete spaces is the smallest non-trivial AD subcategory of Top and the category of all finitely generated T_0-spaces is the smallest non-trivial AD subcategory of Top_0. Moreover, both of them are hereditary (and, consequently, closed hereditary). Recall that a topological space is finitely generated if every intersection of open subsets is again an open subset.

We prove that in the category Top_1, there exist no minimal non-trivial closed hereditary AD subcategories. We need the following proposition.

Proposition 5.1. Let A be a non-trivial AD subcategory of the category Top_1 and X be a non-discrete space from A. Let α be the smallest cardinal such that

CLOSED HEREDITARY AD SUBCATEGORIES 143

there exists a non-closed subset A of X with |A| = α. Then there exists a space Y ∈ A with |Y | = |X| such that a subset B of Y is closed if and only if |B| < α or B = Y . Moreover, the category AD_{Top1} (Y ) is closed hereditary.

Proof. Let A be an AD subcategory of Top_1 and (X, T ) ∈ A be a non-discrete space. Let M = {f_i : i ∈ I} be the set of all bijections on the set X and T_i be the topology on the set X for which the map f_i : (X, T ) → (X, T_i) is a homeomorphism. Let g : ∐ i∈I (X, T_i) → X be the map defined by g ∘ m_i = id_X for all natural embeddings m_i : (X, T_i) → ∐ j∈I (X, T_j ) and T^′ be the quotient topology on X with respect to g. Obviously, T^′ = ⋂ i∈I T_i, (X, T^′) is a T_1-space and (X, T^′) ∈ A. Let α be the smallest cardinal such that there exists a non-closed subset A of (X, T ) with |A| = α (clearly, α is infinite). Finally, let B be a subset of (X, T^′) such that |B| ≥ α and B ≠ X. Then there exists a subset C of (X, T ) with cardinality |B| that is not closed. Suppose the contrary and take subsets B_1, B_2 of X such that |B_1| = |B_2| = |B| and B_1 ∩ B_2 = ∅. The space (X, T ) has a subset A that is not closed and |A| = α. Then |B_1 ∪ A| = |B_2 ∪ A| = |B|, therefore, the subsets B_1 ∪ A and B_2 ∪ A are closed in (X, T ). But then also (B_1 ∪ A) ∩ (B_2 ∪ A) = A is closed, a contradiction. Clearly, there exists a bijection f_{i0} such that f_{i0} [C] = B. Since the subset C is not closed in (X, T ), the subset B is not closed in (X, T_{i0} ), and therefore, (because T^′ ⊆ T_{i0} ) B is not closed in (X, T^′). It remains to show that the subcategory AD_{Top1} ((X, T^′)) is closed hereditary. Let Z be a closed subspace of (X, T^′). Then Z = X or |Z| < α and in this case Z is a discrete space. Hence Z ∈ AD_{Top1} ((X, T^′)) and AD_{Top1} ((X, T^′)) is closed hereditary. □

Corollary 5.2. Let A be an AD subcategory of the category Top_1. The category Dis is the closed hereditary AD kernel of A in Top_1 only if A = Dis.

Proposition 5.3. In the category Top_1, there exist no minimal non-trivial closed hereditary AD subcategories.

Proof. Assume that A is a minimal non-trivial closed hereditary AD subcategory of Top_1. By Proposition 5.1, there exists an (infinite) cardinal α and a space X ∈ A with α ≤ |X| such that a subspace A of X is closed if and only if |A| < α or A = X. The subcategory AD_{Top1} (X) is closed hereditary and it is a subcategory of A. Since A is minimal, AD_{Top1} (X) = A holds. Let I be a set such that |I| > |X| and Y = ∐ a∈I X_a, where X_a = X for every a ∈ I.

Clearly, Y is non-discrete and α is the smallest cardinal such that Y has a subset of cardinality α that is not closed. By Proposition 5.1, there exists a space Y^′ ∈ AD_{Top1} (X) such that |Y^′| = |Y | > |X| and a subset A of Y^′ is closed if and only if |A| < α or A = Y^′. The category AD_{Top1} (Y^′) is closed hereditary and it is a subcategory of AD_{Top1} (X). Therefore, AD_{Top1} (Y^′) = AD_{Top1} (X). Then X ∈ AD_{Top1} (Y^′), thus there exists a quotient map f : ∐ i∈J Y_i → X, where Y_i = Y^′ for every i ∈ J. For each j ∈ J, by m_j : Y^′ → ∐ i∈I Y_i denote the corresponding natural embedding. Then for some i_0 ∈ J, the set f[m_{i0} [Y^′]] is not a singleton (otherwise, X would be a discrete space). Singletons are closed in X, therefore, for every c ∈ X, the set Z_c = f^{−1}(c) ∩ m_{i0} [Y^′] is closed in m_{i0} [Y^′].

144 V. LACKOV^´A

Since Z_c ≠ m_{i0} [Y^′], we get |Z_c| < α. Then m_{i0} [Y^′] = ⋃ c∈X Z_c and we obtain that |X| < |Y | = |Y^′| = |m_{i0} [Y^′]| = | ⋃ c∈X Z_c| ≤ |X| · α = |X|, a contradiction. □

Next we investigate minimal non-trivial closed hereditary AD subcategories in epireflective subcategories A of Top such that A ⊆ Haus. A topological space X is called pseudoradial if a subspace A of X is closed whenever every limit of every transfinite sequence of elements of A belongs to A. It is known that the category of all pseudoradial spaces is the AD hull of the subcategory {C(α) : α is a regular cardinal} in Top.

Proposition 5.4. Let A be a non-trivial epireflective subcategory of Top such that A ⊆ Haus and B be a closed hereditary AD subcategory of A which contains a non-discrete pseudoradial space. Then there exists a regular cardinal α such that AD_A(C(α)) ⊆ B.

First we prove the following lemma.

Lemma 5.5. Let α be a regular cardinal, X be a Hausdorff P_α-space and f : C(α) → X be a continuous map. Then the following holds:

a) The subspace f[C(α)] is closed in X. b) The map f : C(α) → X is closed.

c) If {f(α)} is an open subset in the subspace f[C(α)] of X, then f[C(α)] is a discrete space.

d) If f[C(α)] is not discrete, then there exists a set A ⊆ α such that |A| = α and the map f|_{A∪{α}} : A ∪ {α} → f[C(α)] is a homeomorphism. Thus f[C(α)] is homeomorphic to C(α).

Proof. a) Let c ∈ X ∖f[C(α)]. Since X is a T_2-space, there are neighbourhoods U of f(α) and V of c in X such that U ∩ V = ∅. The subset U_1 = f^{−1}(U) is open in C(α) and α ∈ U_1, therefore, |C(α) ∖ U_1| < α. Let B denote f[C(α) ∖ U_1]. Then |B| < α. For every x ∈ B, we have x ≠ c, thus there exist neighbourhoods U_x of x and V_x of c in X such that U_x ∩ V_x = ∅. Obviously, f[C(α)] ⊆ U ∪ ⋃ x∈B U_x = W_1.

The set W_2 = V ∩ ⋂ x∈B V_x is a neighbourhood of c and W_1 ∩ W_2 = ∅. Hence W_2 ∩ f[C(α)] = ∅ and therefore, the subspace f[C(α)] is closed in X.

b) Let F be a closed subspace of C(α). Then |F | < α or |F | = α and α ∈ F . If |F | < α, then also |f[F ]| < α, thus f[F ] is closed in X. If |F | = α and α ∈ F , then F is homeomorphic to C(α) and the map f|_F : F → X is continuous. By part a), f|_F [F ] = f[F ] is a closed subspace of X.

c) Let {f(α)} be an open subset of f[C(α)]. Then f^{−1}(f(α)) = U is open in C(α), α ∈ U and |C(α) ∖ U| < α. For every x ∈ f[C(α)] ∖ {f(α)}, we have f^{−1}(x) ⊆ C(α) ∖ U, therefore, it is an open subset of C(α). Since the map f : C(α) → X is closed, also f : C(α) → f[C(α)] is closed, thus it is a quotient map. Since the subset f^{−1}(x) is open in C(α), also {x} is open in f[C(α)].

d) Let f^{−1}(f(α)) = C. Then α ∈ C and C is not open in C(α) (otherwise, {f(α)} would be open in f[C(α)]). Therefore, for D = C(α)∖C, we have |D| = α. For every x ∈ f[C(α)]∖{f(α)}, let D_x = f^{−1}(x). The subset D_x is closed in C(α) and α /∈ D_x, hence |D_x| < α. Then obviously, |f[C(α)] ∖ {f(α)}| = α because α is

CLOSED HEREDITARY AD SUBCATEGORIES 145

regular. Let A be a subset of α such that for every x ∈ f[C(α)] ∖ {f(α)}, A ∩ D_x is a singleton. The subspace A ∪ {α} of C(α) is homeomorphic to C(α) because |A| = α. Then the map f|_{A∪{α}} : A ∪ {α} → f[C(α)] is continuous, bijective and closed, therefore it is a homeomorphism. □

Proof of Proposition 5.4. Let X be a non-discrete pseudoradial space from B. Then there exists a family of regular cardinals {α_i}_{i∈I} and a quotient map f : ∐ j∈I C(α_j ) → X. Let m_i : C(α_i) → ∐ j∈I C(α_j ) be the natural embedding of C(α_i) to ∐ j∈I C(α_j ), J = {i ∈ I : f ∘ m_i[C(α_i)] is not a discrete subspace of X} and m^′_i : C(α_i) → ∐ j∈J C(α_j ) be the natural embedding corresponding to ∐ j∈J C(α_j ). Then also the map g : ∐ j∈J C(α_j ) → X such that g ∘m^′_i = f ∘m_i for every i ∈ J, is quotient. Choose i_0 ∈ J such that α_{i0} ≤ α_i, for every i ∈ J. Then ∐ j∈J C(α_j ) is a P_{αi0} -space and consequently, X is a Hausdorff P_{αi0} -space. The map g ∘ m^′_{i0} = h: C(α_{i0} ) → X is continuous and the subspace h[C(α_{i0} )] of X is not discrete. Hence by Lemma 5.5 a) and d), h[C(α_{i0} )] is a closed subspace of X and it is homeomorphic to C(α_{i0} ). Thus C(α_{i0} ) ∈ B and AD_A(C(α_{i0} )) ⊆ B. □

Corollary 5.6. Let A be a non-trivial epireflective subcategory of Top such that A ⊆ Haus. Then AD_A(C(α)) are minimal non-trivial closed hereditary AD subcategories of A.

We do not know whether the collection of all subcategories AD_A(C(α)), α being a regular cardinal, contains all minimal non-trivial closed hereditary AD subcategories.

Let (X, T_X ), (Y, T_Y ) be topological spaces. Then X ≺ Y means that X = Y and T_Y ⊆ T_X .

Lemma 5.7. [16, Lema 6.3] Let α be any infinite cardinal. If Y ≺ C(α) is a prime space (with the accumulation point α), then there exists a regular cardinal β with C(β) ∈ CH(Y ).

Proposition 5.8. [16, Proposition 6.5] If X is not a sum of connected spaces, then there exists a cardinal α and a quotient map f : X → P , where P is a prime T_2-space and P ≺ C(α).

In the following let SC denote the category of all topological sums of connected spaces. From Lemma 5.7 and Proposition 5.8, we obtain the following result.

Proposition 5.9. Let A be a non-trivial epireflective subcategory of the category Top such that A ⊆ Haus and B be an AD subcategory of A such that B ⊈ SC. Then there exists a regular cardinal α such that AD_A(C(α)) ⊆ B.

Recall that a topological space is said to be totally disconnected if all its components are singletons. The category TD of all totally disconnected spaces is a quotient reflective subcategory of Top. If a totally disconnected space X is a topological sum of connected spaces, then it is a discrete space. As a consequence of Proposition 5.9 we obtain the following result.

146 V. LACKOV^´A

Proposition 5.10. Let A be a non-trivial epireflective subcategory of the category Top such that A ⊆ TD ∩ Haus and B ≠ Dis be an AD subcategory of A. Then there exists a regular cardinal α such that AD_A(C(α)) ⊆ B.

In this case for every minimal non-trivial AD subcategory B of A, there exists a regular cardinal α such that B = AD_A(C(α)).

Proposition 5.9 yields also the following result.

Proposition 5.11. Let A be a non-trivial epireflective subcategory of the category Top such that A ⊆ Haus and B be an AD subcategory of A such that its closed hereditary AD kernel is the subcategory of all discrete spaces. Then B ⊆ SC.

Acknowledgment. I would like to thank J. Činčura for his help and many useful comments.

References

1. Adámek J., Herrlich H. and Strecker G. E., Abstract and Concrete Categories, (2004).

http://katmat.math.uni-bremen.de/acc

2. Arkhangel’skii A. V. and Ponomarev V. I., Fundamentals of General Topology: Problems and Exercises, D. Reidel Publishing Company, Dordrecht (1983).

3. Činčura J., Heredity and coreflective subcategories of the category of topological spaces, Appl.

Categ. Structures 9 (2001), 131–138.

4. , Hereditary coreflective subcategories of categories of topological spaces, Appl. Categ.

Structures 13 (2005), 329–342.

5. , Hereditary coreflective subcategories of the categories of Tychonoff and zerodimensional spaces, Appl. Categ. Structures, to appear.

6. Engelking R., General topology, revised and completed edition, Heldermann Verlag, Berlin 1989.

7. Herrlich H., Topologische Reflexionen und Coreflexionen, Springer, Berlin 1968. 8. Herrlich H. and Hušek M., Some open categorical problems in Top, Appl. Categ. Structures 1 (1993), 1–19.

9. Kannan V., Coreflexive subcategories in topology, PhD thesis, Madurai University (1970). 10. , Reflexive cum Coreflexive Subcategories in Topology, Math. Ann. 195 (1972), 168– 174.

11. , Ordinal invariants in topology, Mem. Amer. Math. Soc. 245 (1981). 12. Lukács G., A convenient subcategory of Tych, Appl. Categ. Structures 12 (2004), 369–377. 13. Noble N., Countably compact and pseudocompact products, Czechoslovak Math. J. 19 (1969), 390–397.

14. , The continuity of functions on cartesian products, Trans. Amer. Math. Soc. 149 (1970), 187–198.

15. Sleziak M., On hereditary coreflective subcategories of Top, Appl. Categ. Structures 12 (2004), 301–317.

16. , Hereditary, additive and divisible classes in epireflective subcategories of Top, Appl.

Categ. Structures 16 (2008), 451–478.

V. Lacková, Faculty of Mathematics, Physics and Informatics, Comenius University, Mlynská Dolina, 842 48 Bratislava, Slovak Republic, e-mail: lackova.veronika@centrum.sk