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COMPUTATIONAL SMEARED DAMAGE IN THE MACROSCOPIC
ANALYSIS OF QUASI-BRITTLE MATERIALS AND STRUCTURES

JIŘÍ VALA∗

Abstract. Computational modelling of behaviour of composite materials and structures is based
on principles of classical thermodynamics, supplied by appropriate constitutive relations. In the case
of quasi-brittle materials like ceramics, rocks and building composites including concrete, the initia-
tion and development of micro-fractured zones, up to the formation of systems of macroscopic cracks,
can be handled using the nonlocal smeared damage factors, respecting different behaviour in tension
and compression, whose characteristics must be determined from well-designed experiments. This
contribution shows the mathematical background of such modelling approach, needed for practical
computational experiments.
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1. Introduction. Initiation and development of material damage, including the
qualitative change of such damage from the local to the global one, belongs to the most
dangerous processes in engineering structures. Namely in cementitious composites,
utilized widely in building structures, dangerous tensile stresses in their matrices,
leading to formation and propagation of crack systems, can be expected; this is usually
suppressed by certain reinforcement by (nearly) elastic rods or fibres. The prediction
of mechanical, thermal, etc. behaviour of such composite structures is rather difficult
because of complicated material structure and assessment of physical processes at
several scales: even for a macroscopic analysis, from the point of view of a typical
size, we have to deal with i) matrix particles [10−3m], ii) hardening fibres [10−2m] and
iii) laboratory samples [10−1m] or iv) complete structures [m]; for several available
approaches to non-destructive identification of such structures see [58].

The classification of fracture, in its roughest form, can be done due to usual
fraction manifestation: a) by discrete crack discontinuities, as in brittle materials like
glass or welds in metal structures, b) by shear localization bands, as in elasto-plastic
ductile metal or similar materials, c) by fracture process zones, as in quasi-brittle
materials like rocks or concrete; for much more detailed classifications cf. [35], [52] and
[53]. Namely for c) it is difficult to distinguish between particular cracks by reasonable
deterministic computations; nonlocal evaluations are needed typically because of the
presence of many irregular parts boundaries and interfaces.

In this conference paper we shall pay attention to the deterministic approaches
to the strain and stress analysis of quasi-brittle composites, based on the principles of
classical thermodynamics, supplied by appropriated constitutive equations with mate-
rial characteristics, identifiable from laboratory experiments. After this introductory
Section 1, in Section 2 we shall continue with brief comments to problem history,
to obtain the basic orientation in various physical, mathematical and computational
approaches. Then in Section 3 we shall discuss the classical simplified quasi-static ap-
proach, utilizing the Kelvin parallel viscoelastic strain-stress relation, generalizing the
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fully static and purely elastic Hooke relation in a direct way, but implementing certain
(scalar or matrix) damage factor reducing the material stiffness, whose nonlocal eval-
uation relies on [17], upgraded by [18]. Possible ways to direct generalization of this
approach to the fully dynamic one will be presented in Section 4. However, this can
cover only the initiation and propagation of microfractured zone, not the creation and
development of particular macrocropic cracks and their systems. Coupling of both
such processes will be sketched in Section 5, with a key reference to [31], based on
the detailed description of cohesive interfaces. Moreover, [31] can be seen as certain
continuation of this paper: it shows numerical results of illustrative problems, useful
for the comparison of various methods discussed here, too. Section 6 will demonstrate
how the potential removal of non-physical simplifications modifies all formulations of
Sections 3, 4, 5, resulting in still unclosed mathematical and computational problems.
Section 7 sketches computational algorithms related to all preceding considerations,
based i) on the method of Rothe sequences (of discretization in time) and ii) on the
extended finite element method (XFEM), or some similar one. Let us notice that the
development of algorithms ii) and the related convergence analyses, coming from [40],
[46], [20], [6] and [23], form a separate research area during two last decades; e. g. the
review article [11] contains 317 relevant references. The concluding Section 8 contains
the brief summary of presented results together with some research priorities for the
near future.

2. Problem history. The early problem analysis is connected with the local
study of behaviour of material samples, simulating to simple 3-point, 4-point, etc.
flexural tests with a special geometrical configuration and a sufficiently simple mate-
rial structure, as motivated by [21] and documented by [15], [4], [48], [50] and [54].
First attempts to develop more complex mathematical models date back to the last
decade of the 20th century. A rather simple quasi-static isotropic model for damaged
materials with microscopic cracks and other defects, applicable even to a significant
class of anisotropic media, was suggested by [26]. More general isotropic models need
to respect bi-modularity, i. e. degradation in tension vs. compression, as analyzed by
[25] and [22], corresponding to principles of classical thermomechanics. The usual
triple of reference models, used by numerous recent studies for comparison, is (in the
historical order) [38], Chaps. 7, 8 of [34] and [13].

Let us notice that [39], using strain tensor invariants and control loading functions
by [10] which can be seen as an upgrade of [38], has been implemented in many later
analyses just for concrete and similar composites. Recent computational approaches
still refer to certain simplified quasi-static or dynamic formulations in most cases,
with potential coupling of smeared damage with cohesive interfaces like [37]. Re-
gardless of the implementation of their computational algorithms into both research
and commercial software codes, significant open question occur both in their formal
verification and practical validation, as required by [3]. Partial existence, uniqueness,
convergence, etc. results can be found in [24], [9], [60] and [61], in contrast with the
serious non-existence examples of [2] and [16].

Recently several attempts to avoid non-physical assumptions with the aim of more
realistic damage predictions must be appreciated. Some disadvantages of the above
presented approaches can be suppressed using a proper evaluation of phase-field frac-
ture energy by [65] and [7]. Unlike this, [66] tries to overcome the randomness and
irregularity of concrete cracking using the fractal dimension. Another thermodynam-
ically improved approach, suggested by [28] and [63], relies on the implementation of
matrix damage characteristics via Helmholtz and Gibbs energies, including an appro-
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priate set of internal variables; its basic idea can be traced back to [43]. Nevertheless,
i) some additional analysis of non-trivial inverse problems (setting of material param-
eters from experiments) is always required and ii) all mathematical modelling is then
switched to special strongly nonlinear initial and boundary hyperbolic problems for
systems of partial differential equations and / or inequalities, with a lot of expectable
difficulties in both theoretical and numerical analyses.

3. Smeared damage: a quasi-static simplified approach. For the intro-
duction of a model problem, open to later modifications, let us consider a deformable
body occupying a domain Ω in the 3-dimensional Euclidean space R3 with Lipschitz
boundary ∂Ω, consisting of 2 disjoint parts Θ (for homogeneous Dirichlet boundary
conditions) and Γ (for Neumann boundary conditions, inhomogeneous in general). A
Cartesian coordinate system x = (x1, x2, x3) is implemented in R3; in Sections 4, 6 we
shall need the gradient operator ∇ = (∂/∂x1, ∂/∂x2, ∂/∂x3). For the brevity of nota-
tion, we shall have (.),i instead of ∂/∂xi with i ∈ {1, 2, 3}; all displacements ui of xi

will be related to a reference configuration of Ω, in the initial time t = 0 formally. The
time redistribution of u = (u1, u2, u3) will be studied for t ∈ I for certain time interval
I = [0, τ ], τ being a given positive time. The dot symbols will be used instead of ∂/∂t
everywhere for brevity. We shall consider the zero-valued Cauchy initial conditions,
i. e. u1(0) = u2(0) = u3(0) = 0. The Sobolev space of test functions can be then
defined in as V = {w ∈ W 1,2(Ω)3 : w = (0, 0, 0) on Θ}. A symmetric strain tensor
ε(w) can be introduced for each w ∈ V by its components εij(w) = (wi,j +wj,i)/2 for
i, j ∈ {1, 2, 3}, as usual in the small deformation theory.

All approaches presented in this paper refer to conservation principles of classical
thermodynamics, as mass, (linear and angular) momentum and energy, compatible
with [44], and to an appropriate choice of material characteristics. In a quasi-static
simplification we can work with conservation of linear momentum in its weak form

[ε(w), σ(u, u̇)] = (w, f) + ⟨w, g⟩ , (3.1)

valid for any w ∈ V, t ∈ I and some unknown u(t) from V for any fixed t ∈ I.
The brief notations (. , .), [. , .] and ⟨. , .⟩ are used for the scalar products defined in
L2(Ω)3, L2(Ω)3×3 and L2(Γ)3; σ(u, u̇) denotes a symmetric stress matrix. The time
development of u(t) for t ∈ I is driven by the time development of prescribed volume
loads f ∈ L2(Ω× I)3 and surface loads g ∈ L2(Γ× I)3.

To be able to evaluate u and v from (3.1), constitutive stress-strain equations
for σ(u, v) are needed. Namely σ = Cε(u) in linear elasticity, with a 4-th order

tensor C ∈ L∞(Ω)
(3×3)×(3×3)
sym , containing 21 independent characteristics in general,

reducible up to 2 (the Young modulus, the Poisson ratio) in the isotropic case. We
need to include some energy dissipation, using e. g. the Kelvin parallel viscoelastic
model σ = Cε(u) + αCε(u̇) with certain structural damping factor α ∈ L∞(Ω). Let
us notice that such simple model is considered to avoid various technical difficulties
here; for much more general classes of the Kelvin chains see [49] and [56], for the
formal existence and uniqueness considerations cf. [30].

The last ingredient of such model is a couple of damage characteristics D, DT ,

in general from L∞(Ω)
(3×3)×(3×3)
sym again: C is replaced by certain DCDT such that

the original symmetry of C is preserved. However, it is not easy to identify these
rather complicated material characteristics, thus D is taken as

√
1−D I frequently,

I being an identity operator, where a scalar factor D with with values between 0 and
1 is used, to express the loss of material stiffness due to microfracture. Thus, for
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simplicity with a scalar D only, we have

σ(u, u̇) = α(1−D)Cε(u̇) + (1−D)Cε(u) . (3.2)

The most difficult task, both from the mathematical end engineering points of view,
is than to design a reasonable dependence of D on some regularized versions of ap-
propriate strain and / or stress invariants. Typically some ς replaces an original scalar
invariant ς, both from L2(Ω) , using certain kernel operator K ∈ L2(Ω × Ω) by [14],
Part 2.2, inspired by [18], in the form

ς(x) =

∫
Ω

K(x, x̃) ς(x̃) dx̃ (3.3)

for any x ∈ Ω. A lot of different variants of K for (3.3) have been tested in last
2 decades: various ad hoc functions, as exponential or polynomial ones, Gaussian
distributions, exact or approximated radial basis functions, Green functions for a bi-
Helmholtz ordinary differential equation of fourth order (based on certain microstruc-
tural considerations), etc. The more extensive discussion on the derivation of such
functions can be found in [33], [51] and [57]. Let us remind that even the design of
invariants for concrete-like materials is not easy because of the need of different values
of characteristics under tension and compression.

In all cases (3.1), supplied with (3.2), generates a nearly linear equation, whose
nonlinearity is caused only by the rather delicate evaluation of D. Clearly the removal
of D from the first right-hand-side additive term of (3.1) would be helpful computa-
tionally, but this has no transparent physical justification. For a rather wide classes
i) of K in (3.3) and ii) of the choice of above sketched invariants, the existence of
both u and u̇ in the Bochner-Sobolev space L2(I,V) can be verified using the theory
of Rothe sequences; for the details see [60]. One can expect reasonable outputs from
the related computations for engineering application with a relatively small damage,
i. e. D << 1, not for the study of behaviour of a structure up to its total destruction.
Moreover, the absence of a proper formulation of kinetic energy does allow to study
any fast dynamic processes.

4. Smeared damage: a dynamic simplified approach. Fortunately, for the
simplified study of dynamic processes, most arguments from Section 3, including the
Kelvin viscoelastic model and the damage factor, can be adopted. Instead of (3.1) we
have

(w, ρü) + (w, βρu̇) + [ε(w), σ(u, u̇)] = (w, f) + ⟨w, g⟩ (4.1)

where ρ ∈ L2(Ω) is material density and β ∈ L2(Ω) is a new material factor, referred
as mass damping one; moreover an acceleration ü occurs here. The Cauchy initial
condition from Section 3 must be replaced by a couple of such conditions for both
u(0) and u̇(0). Thus we have a hyperbolic equation (4.1) instead of a parabolic equa-
tion (3.1) with comparable initial and boundary conditions, without any additional
nonlinearity.

Also (3.1), supplied with (3.2), can be handled using the theory of Rothe se-
quences. Following [61], it is possible to find both u and u̇ in L2(I, V ), whereas ü
belongs only to L2(I ×Ω). Some motivations for useful generalizations can be found
in [64]. However, the fully dynamic model should cover also contacts and impacts
of particular deformable bodies with possible damage, which bring serious additional
problems, connected with the advanced search algorithms for potential contacts, as
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discussed by [47] and [62]. open to parallel and distributed computational strategies,
following [12]. Still other difficulty can be caused by practical violation of expected
small deformation; a (at least partial) remedy relies on computational restarts with
upgraded reference configurations.

Selected generalizing terms can be added both to (3.1) and to (4.1) without
substantial difficulties. As a frequently presented example, introducing a prescribed
thermal expansion coefficient γ, we can add γ∇(ϑ − ϑref) to ε(u) in (3.2), as well as
γ∇ϑ̇ to ε(u̇) there, ϑ being the absolute Kelvin temperature, ϑref some its reference
value. However, such simplified formulae cannot substitute a proper thermodynamic
formulation, as sketched by Section 6.

5. Incorporation of cohesive interfaces. Initiation and development of vis-
ible cracks of macroscopic size, described as internal interfaces with possible discon-
tinuities in u, v and a, do not agree with the smeared damage approach, but the
incorporation of this process may be necessary, due to certain values of nonlocal
strain or stress invariants: such criteria as strange energy density, crack driving force,
special nonlocal integrals, related to the stress and strain at possible crack tip, can be
found in the literature. The development of cohesive models is connected e. g. with
[45], [32] and [36]; for much more information see [31].

In this paper we shall present only a simple way how these considerations can be
coupled with the smeared damage approach. This can be done both for (3.1) and for
(4.1) similarly, thus we are allowed to pay attention to (4.1) here only. For illustration,
let us consider a system of potential cohesive interfaces Λ inside Ω; ⟨. , .⟩∗ will refer to
the scalar product in L2(Λ). Using the symbol δ for the jump in values in the normal
direction ν = (ν1, ν2, ν3) of the unit length in R3 almost everywhere on Λ, preserving
some predefined orientation of ν, we can rewrite (4.1) in the form

(w, ρü) + (w, βρu̇) + [ε(w), σ(u, u̇)] + ⟨w, T ⟩∗ = (w, f) + ⟨w, g⟩ ; (5.1)

here, instead of g on Γ, we have T = ω(δuν) where uν denotes the normal component
of u with respect to ν, i. e. uν = u1ν1 + u2ν2 + u3ν3, evaluated from both sides of
Λ separately. A new material characteristic ω is needed here, known as the traction
separation law; for some its commonly used forms cf. [31] again. Let us remark that
this formulation is only illustrative; in the more general context also jumps in values
of u in tangential directions can be included. Since ω is not a linear function in
reasonable engineering applications, the second type of nonlinearity, in addition to
that first one caused by the smeared damage factor, occurs in (5.1), unlike (4.1).

6. A proper thermodynamic approach. For the detailed analysis of devel-
opment of damage a less simplified model may be required. Such model can work
with certain power of dissipation P, avoiding non-physical assumptions if possible.
Here we shall demonstrate basic ideas of such approach only; the related theory is
still far from being complete and closed. Let us consider some heat q flow on Ω for
particular t ∈ I; ρ will be constant in time again, like Section 4. Now P is supposed
to come from specific Helmholtz free energy H, taken specific entropy η into account,
as induced by the formula

P = − ρḢ+ σ : ε̇− ρϑ̇η − ϑ−1∇ϑ · q ≥ 0 ; (6.1)

: and · here mean the scalar products in R3×3 and R3, still on Ω locally. Alternatively
P can be expressed from specific Gibbs free energy G = ρ−1σ · ε−H, namely

P = ρĠ − σ̇ : ε− ρϑ̇η − ϑ−1∇ϑ · q ≥ 0 . (6.2)



COMPUTATIONAL SMEARED . . . QUASI-BRITTLE MATERIALS AND STRUCTURES 51

Now G(S) can be seen as a function of four state variables S = (ϑ, σ,D, κ): only
one internal variable κ (is considered here for simplicity, together with the 2nd-order
symmetric damage tensor D. Four dissipative variables are W = (ϑ̇, q,D∗, κ∗); here
D∗ = ρ∂G/∂D and κ∗ = −ρ∂G/∂κ. Using (6.1) and (6.2), this results

P = ρ (∂G/∂ϑ− η) ϑ̇+ σ̇ : (ρ∂G/∂σ − ε)− ϑ−1∇ϑ · q +D∗Ḋ − κ∗κ̇ ≥ 0 . (6.3)

Whereas G(S) corresponds to the reversible part of material behaviour, its irreversible
part can be characterized by some dissipative potential E(S,W).

In the following evaluations, DEς with ς ∈ W can be considered as particular
components of ∂E/∂W for sufficiently smooth E (which is not guaranteed), otherwise
as those of a subdifferential of E , i. e.

P = ϑ̇DEθ + q ·DEq +D∗ : DED∗ + κ∗DEκ∗ . (6.4)

Thus (6.3) and (6.4) yield the general condition

(ρ (∂G/∂ϑ− η)−DEϑ) ϑ̇− (ϑ−1∇ϑ+DEq) · q + σ̇ : (ρ∂G/∂σ − ε) (6.5)

+ D∗ : (Ḋ −DED∗)− κ∗(κ̇+DEκ∗) = 0 ,

satisfied for any W. In (6.5), ε = ρ∂G/∂σ is identifiable from a function G, due to
appropriate experimental setting, moreover DEϑ = ρ (∂G/∂ϑ − η), DEq = −ϑ−1∇ϑ,

DED∗ = Ḋ and DEκ∗ = − κ̇.
Unfortunately, a complete physical and mathematical theory, based on (6.5), is

still missing, unlike some computational results under substantial simplifications, co-
inciding with those from Sections 3, 4, 5 in some aspects. For illustration, [63] assumes:
i) Only the small strain theory is considered, with the fixed initial reference configu-
ration, working with the additive decomposition G(S) = G1(ϑ)+G2(σ,D)+G3(κ). ii)
G2 needs careful design of appropriate invariants derived from σ and D. iii) The non-
local 4-parameter evaluation of κ for G3 relies on [27]. iv) E is reduced to its simplest
case, which is certain set of characteristic functions by [19]. Moreover, regardless of
[63], some particular results are available, as an estimation technique for E via crack
tip velocity by [8], or the proof of local well-possedness for a model problem by [1],
referring to [19] again.

7. Computational algorithms. Two numerical methods are crucial for the
design of computational algorithms here: i) the method of discretization in time,
supported by the results on properties of Rothe sequences of linear spline abstract
functions, simple abstract functions and their appropriate modifications, including
delayed ones, ii) the standard finite element method in R3, or its some extended,
generalized, etc. variant, namely for the incorporation of cohesive interfaces Λ in Sec-
tion 5. However, numerical approaches connected with Section 6 need substantial
upgrade of i), ii), exceeding the introductory analysis presented in this paper. There-
fore, for illustration, we shall come from one possible effective algorithm related to
Section 5, based on the equidistant time discretization on I. It will be presented for
u, u̇ ∈ L2(I,V) and ü ∈ L2(Ω × I), still with an infinite-dimensional Sobolev space
V formally, although all practical calculations work with some finite-dimensional ap-
proximation of V . Thus, instead of u(sh), u̇(sh) and ü(sh), we are searching for
certain displacements us ∈ V, their rates vs ∈ V and accelerations as ∈ L2(Ω)3 step-
by-step for s ∈ {1, 2, . . . ,m}, h = τ/m where m is an integer, admitting the limit
passage m → ∞. Let us remind that V and L2(Ω)3 are still Hilbert spaces where
standard scalar products can be applied, as introduced in Sections 3, 5.
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Clearly we are allowed to set fs = f(., sh) on Ω and gs = g(., sh) on Γ, or e. g.
(if possible) fs and gs as mean values of f and g on [(s − 1/2)h, (s + 1/2)h], in the
sense of abstract functions mapping I to L2(Ω)3 and L2(Γ)3. We shall work with the
discretization of the Newmark type, as introduced by [5], referring to the original idea
of [42], for simplicity. Then (5.1) together with (3.2) can be discretized as

(w, ρ(as + βvs)) + [ε(w), (1−Ds
×)C(αε(vs) + ε(us))] + ⟨w,ω(δus

ν×)δu
s
ν⟩∗(7.1)

= (w, fs) + ⟨w, gs⟩

where, using the standard trapezoidal rule for numerical quadrature,

vs = vs−1 +
h

2
(as + as−1) , (7.2)

us = us−1 +
h

2
(vs + vs−1) = us−1 + hvs−1 +

h2

4
(as + as−1) .

Thus, for a priori known as−1, vs−1 and us−1 and rough estimates vs× = vs−1 and
us
× = us−1, generating a damage factor Ds

×, too, (7.1) with (7.2) can be seen as a
linear elliptic equation for the evaluation of as with s ∈ {1, . . . ,m}, as evident from
its slightly modified form

(w, ρas) +
h

2
(w, ρβas) (7.3)

+ h[ε(w), (1−Ds
×)Cαε(as)] +

h2

4
[ε(w), (1−Ds

×)Cε(as)] +
h2

4
⟨w,ω(δus

ν×)δa
s
ν⟩∗

= (w, fs) + ⟨w, gs⟩ − (v, ρβvs−1)− h

2
(v, ρβas−1)

− [ε(w), (1−Ds
×)Cαε(vs−1)]− h

2
[ε(w), (1−Ds

×)Cαε(as−1)]

− [ε(w), (1−Ds
×)Cε(us−1)]− h[ε(w), (1−Ds

×)Chε(vs−1)]

− h2

4
[ε(w), (1−Ds

×)Cε(as−1)]

− ⟨w,ω(δus
ν×)δu

s−1
ν ⟩∗ − h⟨w,ω(δus

ν×)δv
s−1
ν ⟩∗ −

h2

4
⟨w,ω(δus

ν×)δa
s−1
ν ⟩∗ .

Since u0 and v0 are zero-valued thanks to the Cauchy inital conditions, a0 can be
calculated from (7.1), too, taking s = 0 formally. Using a suitable discretization in
R3, as XFEM-based one, (7.3) generates a finite sparse system of linear algebraic
equations.

Instead of the above introduced rough estimates of us
× and vs×, one can insert

the values of vs and us in any s-th time step, repeat the same calculations and
apply an appropriate error estimator. This can be understand as a basis for an
adaptive iteration process inside particular time steps. However, a less complicated
computational scheme than this semi-implicit one might be preferred especially for
some fast dynamic processes, because of the necessary choice of very small h from
another reason, such as the detailed analysis of dissipation energy on contact surface
areas by [55] and [41]; for the possible implementation of explicit integration schemes
cf. [29] and [59].

8. Conclusion. We have sketched several types of approaches to the evaluation
of damage in composite materials and structures. The quality of such evaluation
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determines the reliability of predictions of behaviour of engineering structures under
various types of loads, involving the risk of their deterioration, up to total destruction,
thus the careful verification and validation of all algorithms is needed. New trends in
numerical modelling and simulation reflect the development od advanced materials,
structures and technologies where the long-time experience of their designers, based
on standard laboratory experiments and observations in situ, is missing.

This paper contains no computational examples intentionally; the reader can find
them in [31] in the same 22nd Algoritmy Proceedings. However, in several parts of
this paper still unclosed problems are mentioned, especially (but not only) in Section
6, devoted to potential removal of non-physical simplifications from engineering com-
putations. This is a serious challenge for further research activities, whose support
by the progress both in mathematical and numerical analysis and in computational
hardware and software can be expected.
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