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NUMERICAL SIMULATION OF FREEZE/THAW FRONT
PROPAGATION IN A SAMPLE OF POROUS MEDIA

MARTIN JEX1 , MICHAL BENEŠ1 , MICHAL SNĚHOTA2 , MARTINA SOBOTKOVÁ2 ,

AND JAKUB JEŘÁBEK2

Abstract. The freezing of water in porous media depends on various characteristics such as
pore size, distribution of grains or boundary conditions. In this contribution we describe a numerical
model of freeze/thaw process of a soil sample on the centimeter scale (laboratory sample of repacked
sand with relatively low porosity and water) using the finite element method. The model is based
on the Štefan problem with a modified latent heat release depending on the water content and
is treated in axial symmetry the sample domain. We investigate the sensitivity of this model on
initial conditions, material properties and boundary conditions. This contributes to a more profound
understanding of freeze/thaw processes observed under laboratory conditions.
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1. Introduction. As soil freeze-thaw cycles influence structures, roads, build-
ings, and other critical infrastructure. They are subject of continuous investigations
over more than the last century providing physical formulation [1, 2, 3, 4] and exper-
imental observations [5, 6].

Freezing and thawing in a porous medium is controlled by the heat transfer,
mostly between the soil surface and atmosphere. The difference between the specific
volume of water and ice causes expansion or shrinkage of pores, leading to the displace-
ment of grains and flow of water between them. Transport through the interface film
between ice and grains contributes to additional structural changes. Consequently,
the porous medium expands wherever it can, mostly upwards, and creates a variety
of surface patterns observable by the naked eye.

In past decades, several modeling approaches have been published in [7, 8, 9, 10]
using thermodynamic principles, and taking into account phase transition dynamics
and poromechanics.

Recent modeling results are related to specific thermo-hydro-mechanical effects
of soil freezing and use currently available numerical methods. Some are partly con-
nected to the multiphysics approach of this article [11, 12, 13, 14]. Optimal adjustment
of boundary conditions was investigated in [26, 27]. Very recently [15], the polycrys-
talline structure of ice in pores was related to the buildup of stresses during soil
freezing, whereas the role of solutes during freezing is not yet clarified.

Žák et al. [16] introduced a pore-scale model, assuming geometrically symmetric
pores in 2D. A general pore-scale phase-field model of freezing was then introduced
in Žák et al. [17] and analyzed in detail in Žák et al. [18]. However, the pore-scale
models are impractical for solving large-scale problems due to the computational cost.
For the scale studied in this text, the model described in [19] is used, which considers
a homogenized medium and the latent heat release is controlled by the water content.
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2. Model description. In this section we will introduce the mathematical for-
mulation of equation governing the heat transport and their solution with finite el-
ement method. The geometry of the model was motivated by experiments on soil
samples performed at the Czech Technical University in Prague, Faculty of Civil En-
gineering (e.g., see [21]) and is sketched in Section 3.1.

2.1. Conservation of energy. Motivated by the experiment we study the time
evolution of temperature T in a domain depicted in Fig. 2.1b. The experimental setup
allows to consider the axial symmetry along Γ6 and use the radial coordinate r and
the axial coordinate z.

The volume in a studied apparatus is divided into 3 parts ΩGL,ΩPL and ΩSS =
ΩL ∪ ΩS ∪ Γ(t). In the parts ΩPL (container) and ΩGL (cover), the heat transfer is
described by the heat equation in the coordinates r, z and in time t ∈ (0, tfin)

ρiCi∂tT = ∂r(ki∂rT ) +
1

r
ki∂rT + ∂z(ki∂zT ), in Ωi, i ∈ {PL,GL} (2.1)

where ρi(r, z) is density of the material i, Ci(r, z) is the heat capacity of material i,
ki(r, z) is the heat conductivity of the material i, and tfin is the time extent.

The soil sample inside the container is subject of the solid-liquid phase transition.
It occurs in soil pores only. Denoting Πwater, Πice liquid and frozen subdomains of a
3D pore, the freezing is described by the Štefan problem (see [22], Sections 6, 10, [23]
and references therein)

ρjCj∂tT = ∇(kj∇T ) in Πj for j = water, ice,

kice
∂T

∂nΓ(t)

∣∣∣∣
ice

− kwater
∂T

∂nΓ(t)

∣∣∣∣
water

= LvΓ(t), on Γ(t) = ∂Πwater ∩Πice,

T − T ∗ = − σ

∆s
κΓ − α

σ

∆s
vΓ(t), on Γ(t) = ∂Πwater ∩Πice,

where ρwater, ρice are density, Cwater Cice is the heat capacity, kwater, kice is the heat
conductivity of water and ice, respectively, Γ is the phase interface, vΓ its normal
velocity, κΓ its mean curvature, L is the latent heat, T ∗ = 273.15K is the ice melting
point, σ the surface tension, ∆s difference in entropy densities (see Eq. (1.1) in [22]),
and α is the kinetic coefficient (see e.g. [23, 18]). As magnitude of the curvature
κΓ is comparable to magnitude of the curvature in the pore geometry, the phase
transition is effectively influenced by complexity of the porous medium and leads to
the depression of the melting point denoted as TD - see [19, 24, 25].

At laboratory-sample or field scales, the heterogeneous structure of porous media
is upscaled (homogenized), and described by corresponding conservation laws. In
agreement with [20] the co-existence of frozen and liquid phase in the homogenized
porous medium is described by the volumetric unfrozen water content given by the
power function temperature θ(T )

θ(T ) =


η for T ≥ TD

η

∣∣∣∣TD − 273.15

T − 273.15

∣∣∣∣b for T < TD
, (2.2)

where η is the porosity, and b is an experimentally obtained constant. The function
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(a) Experimental setup.
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Fig. 2.1: Experimental motivation and geometry notations in axial symmetry.

θ allows to express the enthalpy as

H(T ) =

∫ T

Tmin

ρSSCSS dv + ηLθ(T ),

ρSS = ηρgrain + (1− η) (θρwater + (1− θ)ρice) ,

CSS = ηCgrain + (1− η) (θCwater + (1− θ)Cice) ,

combining the internal energy of the soil sample in ΩSS with the latent heat.

As in [19, 20] we obtain the enthalpy formulation of the Štefan problem in the
porous medium sample ΩSS

∂H(T )

∂t
= ∂r(kSS∂rT ) +

1

r
kSS∂rT + ∂z(kSS∂zT ), (2.3)

kSS = kηgrain
(
kθwaterk

1−θ
ice

)1−η
,

in the weak sense (see [19]).

Problem (2.3) is regularized in the (ϵ = 10−2)-neighborhood of TD, connected to
the heat balance in the sample container (2.1) by continuity of temperature and heat
flux, written as

∂Hϵ(T )

∂t
= ∂r(kϵ∂rT ) +

1

r
kϵ∂rT + ∂z(kϵ∂zT ) (2.4)

in the full setup volume Ω, completed by the initial condition

T
∣∣∣
t=t0

= Tini in Ω̃,
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where Tini is the initial temperature of the sample and container, and by the boundary
conditions

−kΩj

∂T

∂nΓi

= hΓi
(T − TΓi

), on Γi × (0, tfin), [i, j] ∈ B,

where B = {[1, GL], [2, PL], [3, PL], [4, PL], [5, PL]}, kΩj
is the thermal conductivity

of a domain behind the wall Γi, hΓi
is thermal conductivity of the wall i and TΓi

is
temperature on the outside of the wall i.

2.2. Mathematical properties. We briefly summarize the results from [19]
useful for the numerical solution by the finite-element method. For Q = [0, tfin] ×
Ω, where Ω describes the experimental setup in the cylindrical symmetry, and the
Dirichlet conditions imposed on Ω, the weak formulation is derived by testing problem
(2.4) by va ∈ C1([0, tfin];C

∞
0 (Ω)) vanishing for all t = tfin to obtain

0 =

∫
Q

r(Hϵ(T
ϵ)

∂

∂t
va−kϵ∂rT

ϵ∂rva−kϵ∂zT
ϵ∂zva)drdzdt+

∫
Ω

Hϵ(Tini(x))va(0, x)drdz.

The apriori estimates in corresponding spaces allowed to pass to the limit for ϵ → 0
and to obtain the unique weak solution.

This approach can also be used for the finite element method on a triangular
mesh TE based on the second order Lagrange elements (global finite element space
of second-order polynomials PTE

2 ). Denoting Th =
∑
i

T ivTi , with the nodal basis

{vT1
, ..., vTNE

} and the nodal solution values {T 1, ..., TNE
}, we have

∑
i

[
∂Ti

∂t

∫
TE

rH ′
ϵ(T

Gal)vTivTjdrdz + T i

∫
TE

rkϵ(∂rvTi∂rvTj + ∂zvTi∂zvTj )drdz

]
+

∫
ΓE∩TE

qT vTjdS = 0,

where qT = hΓE
(T − TΓE

) is the boundary heat flux expression.

3. Computational studies. In this section we discuss the computational model
based on the above described approach. We comment on details, such as geome-
try, material parameters, boundary conditions and assessment of the behavior of the
model. All computations were carried out by means of the COMSOL Multiphysics
software.

3.1. Case study. This contribution was motivated by the experiment described
in [21], in which the sample (ΩS ,ΩL in Fig. 2.1b) is contained in a dewar flask (ΩPL

in Fig. 2.1b). The top of the flask is connected to a top cover by a glass disk (ΩGL in
Fig. 2.1b). The temperature on the top (Γ1 in Fig. 2.1b) of the apparatus is low in
the beginning (frozen by the flow of a cooling gas) and increases rapidly after certain
time. This reproduces the freeze/thaw cycle. Here, we present a computational model
of the experiment along with the parameters used in the computations. Parameters
used were fitted to the phenomena observed during the experiment. Sand used in the
experiment had the porosity η = 0.3. The experimental configuration is depicted in
the Fig. 2.1a.
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Fig. 3.1: Geometry of the experimental setup in axial symmetry.

3.2. Geometry and parameters of the model. Due to homogenization at
the scale of the experimental configuration, the 3D structure is considered to be axially
symmetric. Consequently, the model and its geometry have this nature. In figures,
the symmetry axis always is on the left - the line (Γ6 in Fig. 3.1b).

The geometry Ω of the experimental setup consists of 3 parts abbreviated as
Part 1 (Ω2 in Fig. 3.1a) - the soil sample, Part 2 - the container - the dewar flask
made of plexiglass (Ω3 in Fig. 3.1a), and Part 3 - a glass lens (Ω1 in Fig. 3.1a)
made of laboratory glass. The Newton boundary conditions take into account the
heat exchange with the exterior of the sample and the entire experimental setup - the
heat can come from the exterior through the sides and bottom part (Γ3,Γ4 and Γ5 in
Fig. 3.1b). The boundary conditions on the top (Γ1 and Γ2 in Fig. 3.1b) are more
challenging since the cooling gas brought to the top of the apparatus varies both in
flow and in temperature. Therefore two conditions are used depending on the regime
of the experiment. The physical parameters and boundary conditions are summarized
in Tab. 3.1 and Tab. 3.2.

3.3. Results. Below, we summarize qualitative and quantitative computational
results.
Case 1. This computational study has been performed to simulate a real experiment
of a freeze/thaw cycle in the experimental setup shown in Fig. 2.1a. The bottom and
side walls are isolated from the exterior by low heat transfer conditions, main heat
exchange occurs through the top cap. The model parameters are summarized in Tab.
3.1, the boundary conditions are described in Tab 3.2. Nevertheless, the heat flux
along the walls of the experimental apparatus causes the style of freezing recorded in
Fig. 3.5. It is consistent with experimental observation.
Case 2. This computational study has been performed to predict the freeze/thaw
dynamics in case when main heat exchange with the exterior occurs through the top
cap and the bottom part of the apparatus. The model parameters are summarized in
Tab. 3.1, the boundary conditions are described in Tab 3.2. Obviously, the dynamics
of freezing recorded in Fig. 3.6 differs from Case 1, and is again influenced by the
heat flux along the walls of the experimental apparatus.
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Parameter Region Value Unit
freezing point depression Ω2 -0.1 ◦C
soil parameter Ω2 0.6 1
initial temperature Ω1,Ω2,Ω3 21.4 ◦C
soil density Ω2 1420 kg/m3

soil thermal conductivity Ω2 3.01 W/(m · K)
soil specific heat capacity Ω2 1843.38 J/( kg · K)
glass lens density Ω1 2450 kg/m3

glass lens thermal conductivity Ω1 1 W/(m · K)
glass lens specific heat capacity Ω1 900 J/( kg · K)
plexiglass vessel density Ω3 1200 kg/m3

plexiglass vessel thermal conductivity Ω3 0.20 W/(m · K)
plexiglass vessel specific heat capacity Ω3 1400 J/( kg · K)

Table 3.1: Parameters for Case 1 and Case 2.

Parameter Edge
Value
Case 1

Value
Case 2

Unit

External temperature∗ Γ1,Γ2 -16.40 -16.40 ◦C
External temperature+ Γ1,Γ2 17 17 ◦C
External temperature∗ Γ3,Γ4,Γ5 19.50 19.50 ◦C
External temperature+ Γ3,Γ4,Γ5 19.50 19.50 ◦C
Heat transfer coefficient∗ Γ1,Γ2 200 30 W/(m2 · K)
Heat transfer coefficient+ Γ1,Γ2 5 5 W/(m2 · K)
Heat transfer coefficient Γ3 5 5 W/(m2 · K)
Heat transfer coefficient∗ Γ4 2 2 W/(m2 · K)
Heat transfer coefficient+ Γ4 2 2 W/(m2 · K)
Heat transfer coefficient∗ Γ5 2 30 W/(m2 · K)
Heat transfer coefficient+ Γ5 2 5 W/(m2 · K)

Table 3.2: Boundary conditions for Case 1 and Case 2 during the freezing regime ∗

and the thawing regime +.

Mesh dependence. Here, we comment on the the convergence of the numerical
solution when the mesh is refined. Four meshes were user for this purpose, as shown
in Fig. 3.2. The Coarsest mesh consists of 141 elements (triangles) and is generated
with the following parameters: maximum element size scaling factor is 1.5, element
growth rate is 1.4, mesh curvature factor is 0.4, mesh curvature cutoff is 0.005, and
resolution in narrow regions is 1. The Coarser, Finer and Finestmeshes were obtained
by subsequent bisection of the boundaries of the elements of the preceding mesh. The
numerical solutions computed on these meshes were compared visually at a selected
time moment. For Case 1 at t = 16000[ s], the temperature field in color scale is
compared in Fig. 3.3. The position of the temperature isoline T = TD indicates
consistency of these results. For Case 2 at t = 15000[ s], the Finer and Finest mesh
are close each to other whereas other meshes exhibit a delay in the freezing front
propagation.

4. Conclusion. A computational model of the freeze/thaw laboratory experi-
ments based on the finite-element method was presented. It allows the parameter
optimization, adjustment of boundary conditions and complex geometry of the ex-
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(a) Coarsest mesh (b) Coarser mesh (c) Finer mesh (d) Finest mesh

Fig. 3.2: Finite-element meshes used for comparison.

268.6263 265.8 271.4 273.2 276 278.8 281.6 284.4 287.2 289

Temperature in Kelvin [K]

(a) Coarsest mesh (b) Coarser mesh (c) Finer mesh (d) Finest mesh

Fig. 3.3: Case 1 on different meshes at time 16000 [ s], purple line signifies where
T = TD.

perimental setup. Future development of the model will be focused on structural
dynamics generated by the difference in specific volume between water and ice.
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268.6263 265.8 271.4 273.2 276 278.8 281.6 284.4 287.2 289
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(a) Coarsest mesh (b) Coarser mesh (c) Finer mesh (d) Finest mesh

Fig. 3.4: Case 2 on different meshes at time 15000[ s], purple line signifies where
T = TD.
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