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TWO DIMENSIONAL SIMULATION OF FLUID-STRUCTURE
INTERACTION USING DGFEM
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HORACEK* , ADAM KOSIK' , AND VACLAV KUCERA'

Abstract. This paper deals with the numerical simulation of the fluid-structure interaction of
compressible flow with an elastic body. The work was motivated by the vibrations of human vocal
folds during phonation onset. The fluid part of the problem is represented by the Navier-Stokes
equations written in the ALE form. It allows us to treat the time dependence of the computational
domain using the ALE (Arbitrary Lagrangian-Eulerian) method. The deformation of the elastic
body is described by the linear dynamical elasticity equations. Both these system are coupled by the
transmission conditions. The space-discretization of the fluid problem was carried out by the dis-
continuous Galerkin Finite element method (DGFEM) and for the time-discretization the backward
difference formula (BDF) was used. The structural problem was discretized by the conforming finite
element method and the Newmark method. The results present the applicability of the method and
compare two different developed couplings.
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1. Introduction. At the current speed of technological progress, the coupled
problems describing the interactions of fluid flow with elastic structure motion are of
great importance in many fields of physical and technical sciences such as biomechan-
ics, aerospace, civil and mechanical engineering, etc. In our work we are inspired by
the flow-induced vibrations in the human vocal folds. In current publications various
simplified glottal flow models are used. They are based on the Bernoulli equation
([1]), 1D models for an incompressible inviscid fluid ([2]), 2D incompressible Navier-
Stokes equations solved by the finite volume method ([3]) or finite element method
([4]). From the papers dealing with the compressible Navier-Stokes equations we can
mention [5], where the finite volume method is used and the motion of the channel
cross-section of the glottal channel is prescribed. Our aim is the finite element model
of the fluid-structure interaction of the viscous compressible flow with the elastic body.

2. Continuous problem. This section is devoted to the formulation of the
interaction problem. We treat the compressible flow and the elasticity of the body
separately.

2.1. Formulation of the flow problem. We are concerned with the problem
of compressible flow in a time-dependent bounded domain Q, C IR? with ¢t € [0,7].
The boundary of €2, is formed by three disjoint parts: 9% = 't UT'o Ul'w,, where I';
is the inlet, I'p is the outlet and I'yy, represents impermeable time-dependent walls.

The time dependence of the domain §2; is taken into account with the aid of the
Arbitrary Lagrangian-Eulerian (ALE) method, see e.g. [6]. The basis of this approach
is created by a regular one-to-one ALE mapping of the reference configuration 2y onto
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the current configuration € :

A2 Qo — U, ie. X €Qpr— z =2(X,t) = A(X) € Q.

Further, we define the domain velocity:

(X, 1) = %At, te0,T], X € Qo, (2.1)

z(xz,t) = 2(A; (), 1), t € [0,T], = €

and the ALE derivative of the state vector function w = w(«,t) defined for & €
and ¢t € [0,T] :

=2 (X,1), (2.2)
’lIJ(X,t) :’UJ(At(X),t), X e Qo, T :At<X7t), X € QQ, T :At(X)

Using the chain rule we are able to express the ALE derivative in the form

DAw; i
D;‘:’ - aait +div(zw;) — widive, i=1,...,4. (2.3)

Application of (2.3) to the continuity equation, the Navier-Stokes equations and the
energy equation leads to the governing system in the ALE form

2

DAw 0g,(w) . 2 OR;(w, Vw)

s=1 s=1

where
w = (p, pv1, pva, B)T € R*,
gs(w) = fs —ZsW, §= 1723
fs = (p’Us, pU1Vs + 1P, pU2Vs + 025D, (E +p)vs)T, s=1,2,

a0
Rs(w,Vw) = (077-3‘{77-3‘2573‘/1'01 + TS‘QUQ + kai>T7 s = 1727
Ts

. 1 /0v; Ov; .
Ty = Adidive + 2pudi; (v), dij(v) = 5 (fhj + 89:2) ,1,j =12

For a detailed description see, for example, [7]. The following notation is used: p
— fluid density, p — pressure, E — total energy, v = (v1,v2) — velocity vector, § —
absolute temperature, ¢, > 0 — specific heat at constant volume, v > 1 — Poisson
adiabatic constant, u > 0, \ = —2u/3 — viscosity coeflicients, k£ > 0 — heat conduction
coefficient, TZ-‘J/» — components of the viscous part of the stress tensor. The vector-
valued function w is called the state vector, f, are inviscid fluxes and R, represent
viscous terms. The system (2.4) is completed by the thermodynamical relations

2
p=(v—1)<E—p|02>7 9=;<f—;lvz) (2.5)

and equipped with the initial condition

w(z,0) = w’(x), x € Qo (2.6)
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and the boundary conditions

2 2
06
. — — — \4 —
Inlet T'y: p=pp, v=vp=(vp1,vp2), ]Ezl (;_1 Tijni> v + ka— 0,

0
Moving wall 'y, : v = zp(t) = velocity of a moving wall, g—n =0, (2.7)

2
0
Outlet To: Y 7n; =0, g—n =0, i=1,2,
j=1

with prescribed data pp, vp, zp. By n we denote the unit outer normal.

2.2. Elasticity problem. Let us have a bounded open set Q° C IR? representing
an elastic body, which has a common boundary with the reference domain €2y occupied
by the fluid at the initial time. Further, the boundary of QV is formed by two disjoint
parts 9Q° = T%, UTY, where Iy, NTY = 0, TY, C 'y, and TY is a fixed part
of the boundary. Using the notation of the displacement of the body w(X,t) =
(u1 (X, t),u2(X 1)), X = (X1,X2) € Q°, t € (0,T) we can write the equations
describing the deformation of the elastic body QP in the form

2 o
p U o1

o = 0X,

b 82@%‘

T =0 inQ°x(0,T), i=1,2. (2.8)

+Cp

p

Here (Tibj)?’ j—2 represents the stress tensor fulfilling the generalized Hooke’s law for

an isotropic material
0 = Mivud;; + 2fies;, i,j=1,2, (2.9)

where (e;;)7 j_o is the strain tensor with the components

1 auz an .o
ezj_2<8Xj+aXi>v Za]_1a2 (210)

and p? is the density of the solid material. The Lamé coefficients are denoted by 5\, i
and are used in the definition of the Young modulus E® and Poisson ratio o? :

Eb:M7 O'b:%. (211)
A+ Q@ 2N+ 1)

The dissipation of the energy of the system is represented by the expression Cp® 85? ,

where C' € IR and C > 0. The formulation of the dynamical elasticity problem (2.8)
is completed by the initial conditions

0
w(X,0) =0 and a—'t‘(x,o) —0X et (2.12)
and boundary conditions:
2
> rhn;=TF onT} x (0,T), =12, (2.13)
j=1
u=0 onT% x(0,T). (2.14)

The components of the normal stress are denoted by 77", i =1,2.
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2.3. Fluid-structure interaction coupling and the ALE mapping. The
common boundary I'yy, between the fluid and the structure at time ¢, is given by

w,={ze R’ =X +u(X,t), Xell}. (2.15)

This means that the domain €; is determined by the displacement w of the part I’I{/V
at time ¢. If we know the domain 2; occupied by the fluid at time ¢, the flow problem
can be solved and the surface force acting on the body on I'yy, can be determined.
Then the transformation of the surface force to the reference configuration, i.e. to the
interface Fl{,V is realized. In the case of the linear elasticity model, when only small
deformations are considered, we get the transmission condition

2 2
o rh(X)ni(X) ==Y rfi(x)n;(X), Q=12 (2.16)
j=1 j=1
where 77, are the components of the stress tensor of the fluid

ij
L= —pdi 1Y, =12 (2.17)

and points & and X satisfy the relation
r =X +u(X,t). (2.18)

By n(X) = (n1(X),n2(X)) we denote the unit outer normal to the body £’ on
I‘l{/V at the point X . Further, the fluid velocity is defined on the moving part of the
boundary I'yy, by the transmission condition

u(X,t)
ot
The ALE mapping A; is determined with the aid of an artificial stationary elas-

ticity problem, where we seek d = (di,d2) defined in € as a solution of the elastic
system

v(x,t) = zp(x,t) = (2.19)

2 ors
Z oz, -4 L =0 inQp, i=12, (2.20)
where 7 are the components of the artificial stress tensor
1 /0d; 0d;
o= Adivdd;; + 2uteli(d), efi(d) = - L), i =12 2.21
rh = Ndivdiy + 20cf), () =5 (G 52) L i (2:21)

The artificial Young modulus E® and the artificial Poisson ratio ¢® can be derived
from Lamé coefficients A* and p® in the same way as in (2.11). The problem is again
completed by the boundary conditions:

dlr,ure =0, dlp, \ry, =0, d(z,t) = u(,t), = € Ty (2.22)

~ The solution of the problem (2.20) — (2.22) gives us the ALE mapping of Qo onto
Q; in the form

Ai(x) =z +d(z,t), x €, (2.23)
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for each time t¢.

Based on the above mentioned ideas we can formulate the continuous FSI prob-
lem: Our aim is to determine the domain €, ¢t € (0, 7] and function w = w(z,t), x €
Q, t €[0,7T] and u = u(X,t), X € Q, t € [0,7T] satisfying equations (2.4), (2.8),
the initial conditions (2.6), (2.12), the boundary conditions (2.7), (2.13),(2.14) and
the transmission conditions (2.16), (2.19).

3. Discrete problem. The described FSI problem represents a strongly nonlin-
ear dynamical system, where the theoretical analysis of the qualitative properties of
this problem is open. Therefore, we shall be concerned with its numerical solution. In
the following we describe numerical methods for the solution of separately considered
flow and structural problems and the construction of the ALE mapping.

3.1. Discretization of the flow problem. For the space semidiscretization
we use the discontinuous Galerkin finite element method (DGFEM).

We construct a polygonal approximation €y, of the domain ;. By 7, we denote
a partition of the closure Qy,; of the domain €y, into a finite number of closed triangles
K with mutually disjoint interiors such that Qz; = |J xeT,, . The approximate
solution will be sought in the space of piecewise polynomial functions

Shi = [Sn)*,  with Sy = {v;v|x € Po(K) VK € T}, (3.1)

where r > 0 is an integer and P,.(K) denotes the space of all polynomials on K of
degree < r. A function ¢ € Sy is, in general, discontinuous on interior edges of the
triangulation.

The discrete problem is derived in the following way: We multiply system (2.4)
by a test function ¢;, € Sp:, integrate over K € Tpy, apply Green’s theorem, sum over
all elements K € 7p;, use the concept of the numerical flux and introduce suitable
terms mutually cancelling for a regular exact solution. Moreover, we carry out a
linearization of the nonlinear terms. Then, the semidiscrete solution of problem (2.4)
is defined as a function wj, € C1((0,T), Sy;) fulfilling the conditions

A
(DD?h(t)"ph) +dp(wh(t), 1) + bu(wi (1), @) (3.2)
+ap(wp(t), @p) + Jn(wi(t), @) = h(wi(t),¢;,) Ve, € She, Vit € (0,T),
wh(o) = w(})w (3.3)

where w9 is L?(Qp0)-projection of w® on Spo. This means that

(wh, 1) = (w°,,)  Vepy, € Sho. (3.4)

For a detailed description of the whole process see [7].

In the case of the time discretization of (3.2) we construct a partition 0 = tg <
t; < tg... of the time interval [0,7] and define the time step 7, = tp+1 — tx. We use
the approximations wy (t,) = w} € Spy,, 2(t,) = 2", n=0,1,... and introduce the
function W} = wh o Ay, o .At_klﬂ, which is defined in the domain Qpq,,,. The ALE

derivative at time 1 is approximated by the first-order backward finite difference
Drwy k) - i)
x, ~ =
Di k+1 -

(3.5)

The remaining terms are treated with the aid of a linearization and extrapolation.
For details see [7].
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3.2. Discretization of the structural problem. The space semidiscretization
of the structural problem is carried out by the conforming finite element method.
By Q% we denote a polygonal approximation of the domain Q°. We construct a
triangulation 7,” of the domain Q% formed by a finite number of closed triangles. Then
the approximate solution of the structural problem is sought in the finite-dimensional
space X, = X, X X}, where

Xp, = {vn € C(N); w|k € P*(K), VK € T} (3.6)
Here s > 1 is an integer. In X, we define the subspace V', =V}, x V},, where
Vi = {Z/h € Xn;ynlpy, = 0}~ 3.7)

The derivation of the space semidiscretization can be obtained in a standard way.
Multiplying system (2.8) by any test function yn; € Vj, i = 1,2, applying Green’s

theorem and using the boundary condition (2.13). Using the notation u} (¢) = 8“5‘t(t)
2
and uj (t) = 9 gt*;(t) we define the approximate solution of the structural problem as

a function t € [0,7] — wu(t) € V', such that there exist the derivatives w), (t), u} (t)
and the identity

(P"ui (), yn)ar + (Co'up (), yn)an + alun(t),yn) = (TR (), yp)rw,,  (3.8)
Vy, € Vi, Vte (0,T),

and the initial conditions
up(X,0) =0, u,(X,0)=0, X cQb. (3.9)

are satisfied. This approach leads to a system of ordinary differential equations. The
time discretization is carried out by the Newmark method. For details see [8].

3.3. Construction of the ALE mapping. System (2.20) is discretized by con-
forming piecewise linear finite elements on the mesh 75 used for computing the flow
field at the beginning of the computational process in the polygonal approximation
Qpo of the domain €. The use of linear finite elements is sufficient, because we need
only to know the movement of the vertices of the mesh.

4. Coupling procedure. In the solution of the complete coupled fluid-structure
interaction problem it is necessary to apply a suitable coupling procedure. The general
framework can be found, e.g. in [9]. In our case we apply two different types of
algorithms.

First, we present the weak coupling algorithm:

1. Compute the approximate solution of the flow problem (2.4) on the time level
e

2. Compute the stress tensor of the fluid Tifj and the aerodynamical force acting
on the structure and transform it to the interface I'y;,, by (2.16).

3. Solve the elasticity problem (2.8), compute the deformation wuy, ., at time ¢,,
and approximate the domain Qp;

4. Determine the ALE mapping A;
velocity zp m+1 by (2.19).

5. Set m:=m+ 1, go to 1).

The strong coupling procedure represents a more complicated coupling algorithm.
It follows this outline:

m+1"°

.k by (2.20) and approximate the domain

m—+
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1. Assume that the approximate solution w}® of the flow problem and the de-
formation wp, ., of the structure are known on the time level ¢,
2. Set u27m+1 ‘= Up,m, k:=1 and apply the iterative process:

(a) Compute the stress tensor of the fluid Ti]; and the aerodynamical force
acting on the structure and transform it to the interface F%’,Vh.

(b) Solve the elasticity problem, compute the approximation of the deforma-
tion uﬁvm 41 and construct the approximation Qﬁtmﬂ of the flow domain
at time ¢p,41.

(¢) Determine the approximations of ALE mapping Afmﬂ ,, and the domain
velocity z’fb7m+1.

(d) Solve the flow problem in Q’fbM“ and obtain the approximate solution

k
wh,m+1'
(e) If the variation of the displacement u’,;m 41 and u]fb_ni 41 s larger than
the prescribed tolerance, go to a) and k := k + 1. Else Qp, , :=
QF, L wpth = w —— utt = wy ., m=m+1 and goto 2).
The difference between these two coupling algorithms will be presented on our nu-
merical results in Section 5.

5. Numerical results. We consider the model of flow through a channel with
two bumps which represent time dependent boundaries between the flow and a sim-
plified model of vocal folds (see Figure 5.1). The numerical experiments were carried

RBIIOROOR
£ m» RO RRERD) KERD vn vm'lmv
STy Au' 4 Vv STatg sy
TAYSTAYOS Auvm“ RECERORPRE] *‘%r KOOGS uvnv OERIKXK
i’ﬂﬁ#‘uﬂﬂiﬁﬁ%ﬁiﬂﬂﬂuﬁmm‘nm ORI RAREIS

Av.uvmuv‘vwam A AVAY A S VY VYAV ATATA AVAZAYAVANAN. 4,
SEARES VAV VAVAV Y, AV s TAVAY A
e 2 '4@%’55&%» -mv&v“ 554%'%" ﬁﬁ%ﬁg{ﬁ:

Vv vy v d
DKRSERRIEN SRR 'ﬁté.""
NRIRS g vm.uvmv RO

'L'AVA‘A'AVAVA‘ DIRK

Fic. 5.1. Computational domain at time t = 0 with a finite element mesh and the description
of its size: Ly = 50mm, Lg = 15.4mm, Lo = 94.6 mm, H = 16 mm. The width of the channel in
the narrowest part is 1.6 mm.

out for the following data: magnitude of the inlet velocity v;, = 4 m/s, the viscosity
pu=15-10"5 kgm~!s7!, the inlet density p;, = 1.225 kgm ™3, the outlet pressure
Dout = 97611 Pa, the Reynolds number Re = p;nvinH /1w = 5227, heat conduction
coefficient k = 2.428 - 1072 kgms 2 K~!, the specific heat ¢, = 721.428 m?s 2 K1,
the Poisson adiabatic constant v = 1.4. The inlet Mach number is M;, = 0.012.
The Young modulus and the Poisson ratio have values E® = 25000 Pa and o® = 0.4,
respectively, the structural damping coefficient is equal to the constant C' = 100 s~!
and the material density p® = 1040 kgm—3

In the numerical experiments quadratic (r = 2) and linear (s = 1) elements were
used for the approximation of the flow and structural problem, respectively.

In Table 5.1 we characterize the computational meshes used by the number of
elements in the flow part and in the structure part of the mesh. Figure 5.1 shows
the situation at the initial time ¢ = 0 corresponding to the computational mesh 1. In
Figure 5.2 we see the positions of sensor points used in the analysis.

First we tested the influence of the density of the computational meshes on the
oscillations of the pressure averaged over the outlet I'p and the corresponding Fourier
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Mesh | Colour used in graphs | Flow part | Structure part
Mesh 1 red 5398 1998
Mesh 2 green 10130 2806
Mesh 3 blue 20484 4076

TABLE 5.1

Computational meshes.

sensor_01

|

%

¢ fluid sensor

sensor_00

Fic. 5.2. Positions of some sensors in the narrowest part of the channel used in the analysis

analysis. The time step used in the compared computations was 4 - 10~ 7s. Figure 5.3
shows the behaviour of the quantity

T
Pao(t) = / <p<w,t>—} / p(w,wdt) as/ [ as (5.1)

in dependence on time, computed with the aid of the strong coupling (left) and the
weak coupling (right). Figure 5.4 shows the corresponding Fourier analysis. During
successive mesh refinement one can observe the convergence tendency manifested by
the decrease of the magnitude of the quantity pg, fluctuations and the decrease of the
magnitude of the Fourier spectra.

t[s]

Fi1G. 5.3. Dependence of the quantity paw computed on three meshes: strong coupling (left),
weak coupling (right).

In order to compare the impact of the used coupling procedure we present graphs
of the quantity p,, on the different meshes computed by the strong coupling (blue)
and the weak coupling (red). Figure 5.5 shows that the difference between the results
obtained by the strong and weak coupling is not too large. The same fact can be
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OO 1000 2000 ‘ 3000 4000 5000
f[Hz]

F1G. 5.4. Fourier analysis of the quantity pav computed on three meshes: strong coupling (left),
weak coupling (right).

observed in Figures 5.3 and 5.4. The main difference is in the higher stability of the
strong coupling during solution the problem on a long time interval. On the other
hand, the strong coupling requires naturally longer CPU time.

TR
iy \MWW - ; J“"”“\MWW W\Mﬂ f
il
b

0.06 0.07 0.08 0.09
tfs]

F1G. 5.5. Comparison of the weak coupling (red) and the strong coupling (blue) on the meshes
1, 2 and 3.

The character of the vocal folds vibration can be indicated in Figure 5.6, which
shows the displacements of the sensor points on the vocal folds surface (marked in
Figure 5.2) and the fluid pressure fluctuations in the middle of the gap.

6. Conclusion. A robust higher-order method for the numerical simulation of
the interaction of compressible flow with elastic structures has been presented. The
numerical tests show the convergence tendency of this method during successive mesh
refinement and the good applicability of the method for the numerical solution of the
simplified models of phonation onset. Unfortunatelly, we are not able to treat the
complete closure of the channel due to the degeneration of the computational mesh.
This remains as the next step of our implementation.
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sensor_00 [0.007700, -0.000810]

0.001 T T T T sensor_01 [0.007700, -0.002100]
- X =
0.0008 H /l : 0.0008 — d,
|
2 | i ' ;
00005,”\"ﬂ\(HH&wh‘n‘”\\'ﬂ.'ﬂ’\‘ﬂ\w.w 0.0006 H ﬂﬂ
e [ L H | m
g H\“‘HH\HHH‘](‘“H‘H I A £ 0.0002 H‘ ‘ ‘] |I
£ 0.0002 HH\‘UM‘MJ ‘JH I H‘ % ‘
é \‘l} l H‘\‘ ‘ I “' %u,nonn ‘w“||' f
2 0.0000 P | ‘] | NN ‘\ " \‘ 2
s J i I R ~0.0002
—0.0002 ‘ -0.0004
—0.0004 ~0.0006
—-0.0008 ~0:0008 55 0.05 0.10 0.15 0.20 0.25
00 0.05 0.10 0.15 0.20 0.25 time L]
time [s]
2000
& 1000t
[
S o0
8
i—lOOO*
2000, 005 01 o 015 02 025
t[s

FiGc. 5.6. Displacement of the structure and the pressure of the fluid in the marked sensor
points. (The computation were carried out using the mesh 2.)
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