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DGFEM FOR INTERACTION OF FLUIDS AND NONLINEAR
ELASTICITY

MILOSLAV FEISTAUER∗, MARTIN HADRAVA† , ADAM KOSÍK‡ , AND JAROMÍR

HORÁČEK§

Abstract. This paper is concerned with the numerical simulation of the interaction of com-
pressible viscous flow with elastic structures. The flow is described by the compressible Navier-Stokes
equations written in the arbitrary Lagrangian-Eulerian (ALE) form. For the elastic deformation we
use 2D linear elasticity and nonlinear St. Venant-Kirchhoff and neo-Hookean models. The discretiza-
tion of both flow problem and elasticity problem is realized by the discontinuous Galerkin finite
element method (DGFEM). The main attention is paid to testing the DGFEM applied to the solu-
tion of elasticity problems. Then we present an example of the fluid-structure interaction (FSI). The
applicability of the developed technique is demonstrated by several numerical experiments.
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1. Introduction. The study of flow-induced vibrations of elastic structures
plays an important role in a number of fields in science and technology. We can
mention, e.g., vibrations of airplane wings or turbine blades, interaction of wind with
bridges, TV towers or cooling towers of power stations. This subject also becomes
more and more relevant in biomechanics, e.g., in the simulation of blood flow in veins
and heart or the analysis the vocal folds vibrations induced by air flowing from lungs.
The goal of our research is the numerical simulation of interaction of compressible 2D
viscous flow in the glottal region with a compliant tissue of the human vocal folds
modeled by a 2D elastic structure. The primary voice source is given by the airflow
coming from the lungs that causes self-oscillations of the vocal folds ([6]). The simu-
lation of these processes contains two main ingredients: the solution of flow problem
in a time dependent domain and the solution of the deformation of an elastic body.
In our paper, the main attention is paid to the numerical solution of dynamic linear
and nonlinear elasticity problems. The space discretization is carried out by the dis-
continuous Galerkin finite element method (DGFEM) based on the piecewise linear
approximation of the sought solution without any requirement of the continuity on in-
terfaces between neighbouring elements (see, e.g., [3]). For the time discretization the
backward difference formula (BDF) method is used. Two models of nonlinear material
are considered: St. Venant-Kirchhoff model and neo-Hookean model. The numerical
method is tested with the aid of numerical experiments using the benchmark proposed
by J. Hron and S. Turek in [7].
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8, Czech Republic and University of Dortmund, LS III, Vogelpothsweg 87, 44277 Dortmund, Germany
(adam.kosik.cz@gmail.com).

§Institute of Thermomechanics, The Academy of Sciences of the Czech Republic, v. v. i.,
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Then the developed numerical schemes are applied together with the discontinu-
ous Galerkin method for the solution of compressible flow ([1], [3]) to the simulation
of vocal folds vibrations induced by air flow.

2. Description of the dynamic elasticity problem. Let us consider an elas-
tic body represented by a bounded domain Ωb ⊂ R2 with Lipschitz boundary ∂Ωb.
We assume that the boundary of the domain Ωb consists of two disjoint parts, namely
a Dirichlet part Γb

D and a Neumann part Γb
N . The deformation of the body is de-

scribed by the dispacement u : Ωb × [0, T ] → R2 and the deformation mapping
φ(X, t) = X+u(X, t), X ∈ Ωb, t ∈ [0, T ], where [0, T ] with T > 0 is a time interval.
Further, we introduce the following notation: deformation gradient F = ∇φ, the
Jacobian J = detF > 0 and the Green strain tensor E ∈ R2×2:

(2.1) E =
1

2

(
F TF − I

)
, E = (Eij)

2
i,j=1.

with components

(2.2) Eij =
1

2

(
∂ui

∂Xj
+

∂uj

∂Xi

)
+

1

2

2∑
k=1

∂uk

∂Xi

∂uk

∂Xj
.

We set tr(E) =
∑2

i=1 Eii and by I we denote the unit tensor, represented by the
unit matrix. Further, we introduce the first Piola-Kirchhoff stress tensor P . Its form
depends on the chosen elasticity model.

Now we formulate the general dynamic elasticity problem. We want to find a
displacement function u : Ωb × [0, T ] → R2 such that

ρb
∂2u

∂t2
+ CMρb

∂u

∂t
− divP = f in Ωb × [0, T ],(2.3)

u = uD in Γb
D × [0, T ],(2.4)

P · n = gN in Γb
N × [0, T ],(2.5)

u(·, 0) = u0,
∂u

∂t
(·, 0) = z0 in Ωb,(2.6)

where f : Ωb × [0, T ] → R2 is the density of the acting body force, gN : Γb
N ×

[0, T ] → R2 is the surface traction acting on the Neumann part of the boundary Γb
N ,

uD : Γb
D × [0, T ] → R2 is the prescribed displacement on the Dirichlet part of the

boundary Γb
D, u0 : Ωb → R2 is the initial displacement, z0 : Ωb → R2 is the initial

deformation velocity, ρb > 0 is the material density and CM ≥ 0 is the damping
coefficient.

We consider three elasticity models. Cf. [2].
St. Venant-Kirchhoff material. In this case we set

(2.7) P = FΣ,

where

(2.8) Σ = λbtr(E)I + 2µbE,

is the second Piola-Kirchhoff stress tensor. The coefficients λb and µb are the Lamé
parameters. They are usually expressed with the aid of the Young modulus Eb and
the Poisson ratio νb according to the relations

(2.9) λb =
Ebνb

(1 + νb)(1− 2νb)
, µb =

Eb

2(1 + νb)
.
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Writing Σ = (Σij)
2
i,j=1, we get

Σij = λb

(
2∑

l=1

∂ul

∂Xl
+

1

2

2∑
l=1

2∑
k=1

(
∂uk

∂Xl

)2
)
δij(2.10)

+ µb

(
∂ui

∂Xj
+

∂uj

∂Xi
+

2∑
k=1

∂uk

∂Xi

∂uk

∂Xj

)
.

Neo-Hookean material. As another example we consider the neo-Hookean
material, for which the first Piola-Kirchhoff stress tensor has the form

(2.11) P = µb(F − F−T ) + λb log(detF )F−T

or equivalently,

(2.12) P = µbF +
(
λb log(detF )− µb

)
F−T = µbF +

λb log(detF )− µb

detF
CofF .

Here CofF is the cofactor of the matrix F defined as CofF = JF−T .
Linear elasticity model is the simplest elasticity model obtained by the as-

sumption of small deformations. By this assumption the second term in (2.2) is
neglected and the linear approximation of E (linear with respect to the gradient F )
is denoted by e and called the small strain tensor. Then E = e = (eij)

2
i,j=1 and

(2.13) eij =
1

2

(
∂ui

∂Xj
+

∂uj

∂Xi

)
.

In this case we write

(2.14) P = λbtr(e)I + 2µbe.

As we see, we have F = F (u),E = E(u),Σ = Σ(u),P = P (u).
Because of the time discretization, we rewrite the dynamic elasticity problem as

the following system of first-order in time for the displacement u : Ωb × [0, T ] → R2

and the deformation velocity z : Ωb × [0, T ] → R2:

ρb
∂z

∂t
+ CMρbz − divP = f ,

∂u

∂t
− z = 0 in Ωb × [0, T ],(2.15)

u = uD in Γb
D × [0, T ],(2.16)

Pn = gN in Γb
N × [0, T ],(2.17)

u(·, 0) = u0, z(·, 0) = z0 in Ωb.(2.18)

3. Discrete problem. The discretization of the dynamic elasticity problem will
be carried out by the discontinuous Galerkin finite element method (DGFEM) in space
and the backward difference formula (BDF) method in time. In structural mechanics,
usually classical conforming finite elements are used. However, dynamic elasticity
leads to problems with hyperbolic character and in the case of nonlinear models we
can compare it to nonlinear hyperbolic systems of conservation laws. This is the
motivation for the application of the DGM in this case, similarly as for compressible
flow.
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3.1. Notation. By Ωb
h we denote a polygonal approximation of the domain Ωb.

The sets Γb
Dh, Γ

b
Nh ⊂ ∂Ωb

h will approximate Γb
D and Γb

N . Let T b
h be a partition of the

closure Ω
b

h formed by a finite number of closed triangles with disjoint interiors.
Let us consider a partition of the time interval [0, T ] formed by time instants

tk = kτ , k = 0, . . . ,M , where M is a sufficiently large positive integer and τ = T/M
is the time step. (For simplicity we consider a constant time step and, hence, a
uniform partition of the interval [0, T ]. The generalization to a nonuniform partition
is possible.) We set Ik = (tk−1, tk), k = 1, . . . ,M .

Let p > 0 be an integer. By Shp we denote the space of piecewise polynomial
functions on the triangulation T b

h ,

(3.1) Shp =
{
v ∈ L2(Ωb

h); v|K ∈ P p(K),K ∈ T b
h

}
,

where P p(K) denotes the space of polynomial functions of degree ≤ p on the element
K. The approximate solution will be sought in Shp = Shp × Shp at each time level.

By Fb
h we denote the system of all faces of all elementsK ∈ T b

h and FbB
h ,FbD

h ,FbN
h

and FbI
h will denote the sets of all boundary, Dirichlet, Neumann and inner faces,

respectively. We set FbID
h = FbI

h ∪ FbD
h . Further, for each Γ ∈ FbI

h there exist

two neighbouring elements K
(L)
Γ ,K

(R)
Γ ∈ T b

h such that Γ ⊂ ∂K
(L)
Γ ∩ ∂K

(R)
Γ . For

each Γ ∈ Fb
h we define a unit normal vector nΓ. We assume that for Γ ∈ FbB

h

the normal nΓ has the same orientation as the outer normal to ∂Ωb. We use the
convention that nΓ is the outer normal to ∂K

(L)
Γ and the inner normal to ∂K

(R)
Γ .

For v ∈ Shp we introduce the following notation: v|(L)
Γ = the trace of v|

K
(L)
Γ

on Γ,

v|(R)
Γ = the trace of v|

K
(R)
Γ

on Γ, ⟨v⟩Γ = 1
2

(
v|(L)

Γ + v|(R)
Γ

)
, [v]Γ = v|(L)

Γ − v|(R)
Γ ,

where Γ ∈ FbI
h . If Γ ∈ FbB

h , then there exists an element K
(L)
Γ ∈ T b

h such that

Γ ⊂ K
(L)
Γ ∩ ∂Ωb

h and we set v|(L)
Γ = the trace of v|

K
(L)
Γ

on Γ, ⟨v⟩Γ = [v]Γ = v|(L)
Γ .

Finally, we set hΓ = (h
K

(L)
Γ

+ h
K

(R)
Γ

)/2.

3.2. DGM forms. In the derivation of the space discretization by the DGFEM
the following process is essential. We multiply the governing system by a test function
v ∈ Shp, integrate the resulting relations over elements K ∈ T b

h , apply Green’s
theorem to the term containing P , add some mutually vanishing terms, use boundary
conditions and sum over all elements. In this way we get the following forms:

abh(u,v) =
∑

K∈T b
h

∫
K

P (u) : ∇v dx−
∑

Γ∈FbID
h

∫
Γ

(⟨P (u)⟩n) · [v] dS,(3.2)

Jb
h(u,v) =

∑
Γ∈FbID

h

∫
Γ

Cb
W

hΓ
[u] · [v] dS,(3.3)

ℓbh(v) =
∑

K∈T b
h

∫
K

f · v dx+
∑

Γ∈FbN
h

∫
Γ

gN · v dS +
∑

Γ∈FbD
h

∫
Γ

Cb
W

hΓ
uD · v dS,(3.4)

Ab
h = abh + Jb

h,(3.5)

(u,v)Ωb
h
=

∫
Ωb

h

u · v dx =
∑

K∈T b
h

∫
K

u · v dx,(3.6)

where u,v ∈ Shp and Cb
W > 0 is a sufficiently large constant.
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3.3. Backward-difference formula method. By uk and zk we denote the
approximate solution at time tk, k = 0, . . . ,M , i.e. uk ≈ u(tk), z

k ≈ z(tk). A general
backward difference formula approximating the time derivative reads

(3.7)
∂u

∂t
(tk+1) ≈

1

τ

l∑
j=0

clu
k+1−j ,

where l is the order of the method and cj , j = 0, . . . , l, are the coefficients.
The BDF time discretization of system (2.15) reads

ρb

τ

l∑
j=0

clz
k+1−j + CMρbzk+1 − divP k+1 = fk+1,(3.8)

1

τ

l∑
j=0

clu
k+1−j − zk+1 = 0(3.9)

in Ωb
h, where P k+1 = P (uk+1) and fk+1 = f(tk+1).
Now we apply the process described in Section 3.2 to arrive at the following

formulation: the BDF-DG approximate solution of problem (2.15)–(2.18) is defined
as a couple of sequences {uk

h}Mk=0, {zk
h}Mk=0 such that

a) uk
h, z

k
h ∈ Shp, k = 0, . . . ,M,(3.10)

b)

ρb

τ

l∑
j=0

clz
k+1−j
h ,vh


Ωb

h

+
(
CMρbzk+1

h ,vh

)
Ωb

h

+Ab
h(u

k+1
h ,vh)

= ℓbh(vh)(tk+1) ∀vh ∈ Shp,

c)

ρb

τ

l∑
j=0

clu
k+1−j
h ,vh


Ωb

h

−
(
zk+1
h ,vh

)
Ωb

h

= 0 ∀vh ∈ Shp,

k = 0, . . . ,M − 1,

d) (u0
h − u0,vh)Ωb

h
= 0, (z0

h − z0,vh)Ωb
h
= 0 ∀vh ∈ Shp.

The initial values uk
h, z

k
h, k = 1, . . . , l are obtained by k-step BDF schemes.

In the numerical experiments we use the second order BDF method with l = 2
and c0 = 3/2, c1 = −2, c2 = 1/2. In the first step we use the BDF of the first order
with l = 1, c0 = 1, c1 = −1.

The discrete nonlinear problems are solved on each time level by the Newton
method. For the solution of linear subproblems either direct UMFPACK solver or
GMRES method with block diagonal preconditioning are used.

4. Dynamic elasticity test problem. The applicability and accuracy of the
presented method is tested on the benchmark problem denoted by CSM3 proposed
by J. Hron and S. Turek ([7]). We consider a 2D domain represented by a rigid
cylinder with an attached elastic beam behind, as see in Fig. 3.1. The circle has
radius r = 0.05 m and the beam has length l = 0.35 m and height h = 0.02 m.
Further we define a control point A in the middle of the end of the beam as shown in
Fig. 3.1. The evolution of the position of the point A = A(t) is the quantity of our



DGFEM FOR DYNAMIC ELASTICITY AND COMPRESSIBLE FLOW 79

Fig. 3.1. Rigid cylinder with an elastic beam of the nonlinear elasticity benchmark problem.

Fig. 3.2. Linear elasticity: The deformation of the beam in case CSM3.

interest. In [7] the elastic beam is modelled as the St. Venant-Kirchhoff material. In
addition, here we consider also neo-Hookean material and the linear elasticity model.

The following data are used: f =
(
0,−2ρb

)T
[m.s−2], ρb = 103 [kg.m−3], on the

left part Γb
D of the boundary connected with the rigid body we prescribe homogeneous

Dirichlet boundary condition uD = 0 and on the rest part Γb
N of the boundary we

prescribe the Neumann boundary condition with no surface traction gN = 0. The
initial conditions u0 = z0 = 0. The material is characterized by the Young modulus
Eb = 1.4 · 106 and the Poisson ratio νb = 0.4.

Figures 3.2, 3.3, and 3.4 demonstrate the deformation of the beam at several
time instants computed by the linear model, St. Venant-Kirchhoff and neo-Hookean
model, respectively. There is no significant difference between both nonlinear models
in contrast to the linear model, which does not give results correct from the physical
point of view.

In the following tables we present the comparison between the reference results of
the CSM3 benchmark with our computation carried out by the second-order BDF2
time discretization with several time steps and polynomial degrees in the space dis-
cretization. According to [7], the time dependent values are represented by the mean
value, amplitude and frequency. The mean value and amplitude are computed from
the last period of the oscillations by taking the maximum (max) and minimum (min)
values. Then mean = 1/2(max + min), and amplitude = 1/2(max − min). The fre-
quency of the oscillations is computed by the fast Fourier transform (FFT) and taking
the lowest significant frequency present in the spectrum. Tables 4.1 and 4.2 show a
satisfactory agreement with the reference data from [7].
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Fig. 3.3. St. Venant-Kirchhoff: The deformation of the beam in case CSM3.

Fig. 3.4. Neo-Hookean: The deformation of the beam in case CSM3.

5. Interaction of compressible flow and elastic structures. The DGM
described above is combined with the solution of compressible flow in a time dependent
domain Ωt and the resulting coupled problem is applied to the simulation of fluid-
structure interaction. The boundary of Ωt is formed by three disjoint parts: ∂Ωt =
ΓI ∪ΓO∪ΓWt , where ΓI is the inlet, ΓO is the outlet and ΓWt represents impermeable
time-dependent walls.

The time dependence of the domain Ωt is taken into account with the aid of the
Arbitrary Lagrangian-Eulerian (ALE) method (see, e.g., [4] and [5]). It is based on a
regular one-to-one ALE mapping of the reference configuration Ω0 onto the current
configuration Ωt : At : Ω̄0 −→ Ω̄t, i.e. X ∈ Ω̄0 7−→ x = x(X, t) = At(X) ∈ Ω̄t.
Further, we define the domain velocity z̃(X, t) = ∂

∂tAt(X), t ∈ [0, T ] , X ∈ Ω0,

z(x, t) = z̃(A−1
t (x), t), t ∈ [0, T ] , x ∈ Ωt and the ALE derivative of the state vector

function w = w(x, t) defined for x ∈ Ωt and t ∈ [0, T ]: DA

Dt w(x, t) = ∂w̃
∂t (X, t),

w̃(X, t) = w(At(X), t), X ∈ Ω0, x = At(X). Then the continuity equation, the
Navier-Stokes equations and the energy equation can be written in the ALE form

(5.1)
DAw

Dt
+

2∑
s=1

∂gs(w)

∂xs
+wdivz =

2∑
s=1

∂Rs(w,∇w)

∂xs
,
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method τ u1

[
×10−3

]
u2

[
×10−3

]
ref −14.305± 14.305 [1.0995] −63.607± 65.160 [1.0995]
BDF2 0.04 −10.566± 9.963 [1.0675] −64.866± 45.218 [1.0675]
BDF2 0.02 −13.477± 13.462 [1.0850] −64.133± 61.177 [1.0850]
BDF2 0.01 −14.119± 14.111 [1.0900] −63.905± 64.212 [1.0900]
BDF2 0.005 −14.454± 14.453 [1.0925] −64.384± 64.939 [1.0925]

Table 4.1
CSM3: Comparison of the position of the point A for BDF2, St. Venant-Kirchhoff material and

different time steps τ . The values are written in the format “mean value ± amplitude [frequency]”.

p. degree τ u1

[
×10−3

]
u2

[
×10−3

]
ref −14.305± 14.305 [1.0995] −63.607± 65.160 [1.0995]
1 0.01 −14.119± 14.111 [1.0900] −63.905± 64.212 [1.0900]
2 0.01 −14.159± 14.150 [1.0900] −63.928± 64.290 [1.0900]
3 0.01 −14.061± 14.054 [1.0925] −63.969± 64.246 [1.0925]

Table 4.2
CSM3: Comparison of the position of the point A for BDF2, St. Venant-Kirchhoff material

and different polynomial degree of approximation in space. The values are written in the format
“mean value ± amplitude [frequency]”.

where w = (ρ, ρv1, ρv2, E)T ∈ R4, gs(w) = f(w)s − zsw, fs = (ρvs, ρv1vs +
δ1sp, ρv2vs+ δ2sp, (E+p)vs)

T , Rs(w,∇w) = (0, σV
s1, σ

V
s2, σ

V
s1v1+σV

s2v2+k ∂θ
∂xs

)T , s =

1, 2, σV
ij = λδijdivv + 2µdij(v), dij(v) = 1

2

(
∂vi

∂xj
+

∂vj

∂xi

)
, i, j = 1, 2. The following

notation is used: ρ – fluid density, p – pressure, E – total energy, v = (v1, v2) –
velocity vector, θ – absolute temperature, cv > 0 – specific heat at constant vol-
ume, γ > 1 – Poisson adiabatic constant, µ > 0, λ = −2µ/3 – viscosity coeffi-
cients, k > 0 – heat conduction coefficient, σV

ij – components of the viscous part
of the stress tensor. System (5.1) is completed by the thermodynamical relations

p = (γ− 1)
(
E − ρ |v|2

2

)
, θ = 1

cv

(
E
ρ − |v|2

2

)
and equipped with the initial condition

w(x, 0) = w0(x), x ∈ Ω0, and the boundary conditions:

ρ = ρD, v = vD,
∑2

j=1

(∑2
i=1 σ

V
ijni

)
vj + k ∂θ

∂n = 0 on the inlet ΓI ,

v = zD(t) = velocity of a moving wall, ∂θ
∂n = 0 on the moving wall ΓWt ,∑2

j=1 σ
V
ijnj = 0, ∂θ

∂n = 0, i = 1, 2, on the outlet ΓO,
with prescribed data ρD, vD, zD. By n we denote the unit outer normal.

The compressible flow problem is solved by the ALE space-time discontinuous
Galerkin method described, e.g., in [1], [3].

In the FSI simulation we assume that the set Γb
N ⊂ ΓW0 and the common interface

between the fluid and structure at time t is defined as Γ̃Wt = {x = X+u(X, t);X ∈
Γb
N}. The flow and structural problems are coupled by the transmission conditions

v(x, t) =
∂u(X, t)

∂t
, P (u(X, t))n(x) = σf (x, t)Cof(F (u(X, t)))n(x),(5.2)

X ∈ Γb
N , x = X + u(X, t), σf

ij = −p δij + σV
ij .

We solve the FSI problem by a partitioned coupling mechanism, where the elas-
ticity problem and the flow problem are solved separately. In order to satisfy the
transmission conditions, we use a coupling procedure containing a few subiterations:
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Fig. 5.1. Computational domain with the mesh at time t = 0 and the description of its size:
LI = 50 mm, Lg = 15.4 mm, LO = 94.6 mm, H = 16 mm. The width of the channel in the
narrowest part is 1.6 mm.

Fig. 5.2. Pressure and velocity distribution in the vocal tract at time instants t =
0.0032, 0.0036, 0.004, 0.0044 s.

1. Assume that the approximate solution whτ,k of the flow problem in the time
interval [tk−1, tk] and the displacement of the structure uh,k at the time level
tk are known.

2. We set u0
h,k+1 := uh,k, l := 1 and apply the following iterative process:

(a) Interpolate ul−1
h,k+1 on the common boundary of the fluid and the struc-

ture domain in order to get a continuous function on this interface.
(b) The approximation Ωl

tk+1
of the domain Ωtk+1

is determined by the inter-
polated displacement of the moving part of the fluid domain boundary.

(c) Determine the ALE mapping Al
tk+1h

and approximate the domain ve-

locity zl
hτ,k+1.

(d) Solve the flow problem in the domain Ωl
tk+1

to obtain the approximate

solution wl
hτ,k+1 in the time interval [tk, tk+1].
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(e) Compute the stress tensor τfij and the aerodynamic force acting on the

structure and transform it to the reference configuration Γb
N .

(f) Solve the elasticity problem in order to compute the displacement ul
h,k+1

at time tk+1.

(g) If the variation
∣∣∣ul

h,k+1 − ul−1
h,k+1

∣∣∣ of the displacement is larger than a

prescribed tolerance, go to a) and set l := l + 1.
(h) Set uh,k+1 := ul

h,k+1, whτ,k+1 := wl
hτ,k+1 and k := k + 1 and go to 2.

The presented algorithm represents the so-called strong coupling scheme. Omittting
(g) yields the so-called weak coupling scheme.

As an example of the FSI problem we present the simulation of vibrations of vocal
folds, which are caused by the airflow originated in human lungs. We use a simplified
geometry of vocal tract and vocal folds shown in Figure 5.1. Figure 5.2 shows the
pressure distribution and the velocity field containing a number of vortices in the
deformed vocal tract at time instants t = 0.0032, 0.0036, 0.004, 0.0044 s. The light
shades correspond to higher pressure, whereas the dark shades represent low pressure.
The pressure is in the range between 90950 and 98400 Pa = the inlet pressure, the
outlet pressure is 97611 Pa. The inlet velocity is 4 ms−1. The deformation of the
vocal folds was computed with the use of St. Venant-Kirchhoff model. We see that
the deformations of the vocal folds are very small. In this case the results are identical
with those obtained by the linear elasticity model. The solution of situations with
large deformations is in progress.

In the computation, the strong coupling had to be used. The stopping criterion
was 10−6, but only 3 iterations were necessary. In the first iteration, the maximal
relative error in the displacement is err = 0.028. In the 2nd iteration we have err =
0.000011 and in the 3rd iteration err = 2.02 · 10−7.
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