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ON THE UNIFORM STABILITY OF THE SPACE-TIME
DISCONTINUOUS GALERKIN METHOD FOR NONSTATIONARY
PROBLEMS IN TIME-DEPENDENT DOMAINS

MONIKA BALAZSOVA * AND MILOSLAV FEISTAUER?

Abstract. In this paper we investigate the stability of the space-time discontinuous Galerkin
method (STDGM) for the solution of nonstationary, linear convection-diffusion-reaction problem
in time-dependent domains formulated with the aid of the arbitrary Lagrangian-Eulerian (ALE)
method. The stability is uniform with respect to the diffusion coefficient. The ALE method replaces
the classical partial time derivative with the so called ALE-derivative and an additional convective
term. In the second part of the paper we discretize our problem using the space-time discontinuous
Galerkin method. In the formulation of the numerical scheme we use the nonsymmetric, symmetric
and incomplete versions of the space discretization of diffusion terms and interior and boundary
penalty. The space discretization uses piecewise polynomial approximations of degree p > 1, in time
we use only piecewise linear discretization. Finally in the third part of the paper we present our
results concerning the uniform unconditional stability of the method.
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1. Formulation of the continuous problem. We consider an initial-boundary
value nonstationary, linear convection-diffusion-reaction problem in a time-dependent
bounded, polygonal domain , C R?:

Find a function v = u(x,t) with x € Q;, t € (0,T) such that

(1.1) %—I—v-Vu—eAu—l—cu:g in Q,te(0,7),
(1.2) u=up on O, te (0,T),
(1.3) u(z,0) = u’(x), x€ Q.

We assume that v = (vi,v2), ¢, g, up, u® are given functions and € > 0 is a

given constant. Moreover let Qr = {(z,t); t € (0,T), = € Q}, and let us assume,
that there exist constants ¢,, ¢, > 0, such that

v e C([0,T]; Whe (), [Vu| < ey, o] <ey in Qr,
c € C([0,T],L=()), |le(z,t)] <c. in Q.

Problem (1.1)—(1.3) will be reformulated using the so called arbitrary Lagrangian-
Eulerian (ALE) method (see, e.g., [7]). It is based on a regular one-to-one ALE
mapping of the reference domain 2y onto the current configuration €2;:

.At Zﬁo _>§t7
XeQ»r=z(X,t)=A(X)eQ, tel0,T].
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We assume that A; € CL([0,T]; W1>°(£;)), i.e. the mapping A; belongs to the
Bochner space of continuously differentiable functions in [0,77] with values in the
Sobolev space W1>(€,;). We define the ALE velocity by

z(X,t) = %At(X), te€0,T], X €Qy,
z(x,t) = 2(A;7 Y (x),t), t€][0,T], z € Q.

Let |z(x,t)|, |divz(z,t)] < ¢, for x € 4, t € (0,T). Further, we define the ALE
derivative Dy f = Df /Dt of a function f = f(z,t) for z € Q; and ¢ € [0,7T] as

D of
D t) = — t) = —(X,t
tf(x’ ) th(x7 ) 875( ’ )7
where f(X,t) = f(A«(X),t), X € Qp, and z = A(X) € Q. The use of the chain
rule yields the relation

Df _of
14 i — .
(1.4) ot =g T2V
which allows us to reformulate problem (1.1)—(1.3) in the ALE form:
Find v = u(x,t) with z € 4, t € (0,T) such that

(1.5) Diu+(v—2z)-Vu—eAu+cu=g in Q,te(0,T),
u=up on O,
(1.7) u(z,0) =u’(z), =€ Q.

In what follows, we shall use the notation w = v — z for the ALE transport
velocity.

In the case, when problem (1.1)—(1.3) is considered in a domain €2 independent
of time, the space-time discontinuous Galerkin discretization was used and error es-
timates were derived in [6]. These results were generalized to the case of nonlinear
convection and diffusion (cf. [4]). The paper [2] is devoted to the proof of uncondi-
tional stability of the space-time discontinuous Galerkin method (STDGM) applied
to the nonlinear convection-diffusion problem in a fixed domain. The solution of
initial-boundary value problems in time-dependent domains plays an important role,
particularly in fluid-structure interaction. In [3], the stability of the time discontin-
uous Galerkin semi-discretization of problem (1.5)—(1.7) was analyzed. The work [1]
deals with the stability of the complete space-time discontinuous Galerkin method for
the nonlinear convection-diffusion problem in time-dependent domains. The stability
was proved in the discrete L>°(L?)-norm and the DG-H '-norm, which is bounded by
a constant multiplied by an expression containing norms of data. Because of the non-
linearity of the problem, the constant in the stability estimate blows up exponentially
in dependence on the 1/8y, where f; is the lower bound of the diffusion coefficient.
Here we are concerned with the investigation of the uniform stability independent of
the arbitrarily small diffusion coefficient ¢ > 0 of the complete STDGM applied to
problem (1.5)—(1.7) in a time-dependent domain.

2. Derivation of the discrete problem. In the time interval [0,7] we con-
struct a partition formed by time instants 0 = ¢y < t; < ... < tjy = T and
set Iy, = (tm-1,tm) and 7, = ty — typ—1 for m = 1,..., M. Further we set
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T = MaX;=1,... M Tm. For a function ¢ defined in Un]\le I,,, we denote one-sided limits
at ty, as ot = o(ty,+) = limy ¢, + @(t) and the jump as {¢}nm = @(tm+) — P(tm—).
For any t € [0,T] we denote by Ty a partition of the closure ; into a finite
number of closed triangles with mutually disjoint interiors. We set hx = diam(K)
and denote by pg the radius of the largest circle inscribed into K € Tj, +.
The boundary of the domain will be divided into to parts: 99 = 9Q; U 00 :

w(z,t) -n(x) <0 on dQ; ,Vt € [0,T] (inflow boundary)
w(x,t)-n(z) >0 on O, Vt € [0,T] (outflow boundary),

where n denotes the unit outer normal to 9. Similarly for each K € T} ; we set

0K~ (t) = {z € 0K; w (x,t) - n(z) <0},
OK* (t) = {z € 0K; w (z,t) - n(z) > 0}.

Here n denotes the unit outer normal to 0K.
By Fi+ we denote the system of all faces of all elements K € Tj, +. It consists of the
set of all inner faces ]-"}{’t and the set of all boundary faces .7-",%: Fhit = f,{,tuf,fft. Each

I' € 73+ will be associated with a unit normal vector nr. By KIQL) and KI(‘R) € Thi

we denote the elements adjacent to the face I' € Fp ;. We shall use the convention

that nr is the outer normal to 6K1£L). Over a triangulation 7p ¢, for each positive

integer k, we define the broken Sobolev space
H*(Q, The) = {93 0lx € H*(K) VK € The}.

If o € H'(Qy, Th) and I' € Fp, 4, then <p|§1L), <p|§1R) will denote the traces of ¢ on

T’ from the side of elements KéL), KIQR) adjacent to I'. For I € f;;t we set

1 L R L R
(ir =3 (AP +elt™), Tele = ol — oI,
hKl(ﬂL) +hK1(“R>

h(T) = for '€ Ff,, h(I)=h for ' € 77,

()
2 Ky

If u,p € H*(Q4, Tht), 0 € R and ey > 0, we introduce the following forms (let
us note that in integrals over faces we omit the subscript I').
Diffusion form:

(2.1) an(u, @, t) = Z /Vu-V@dx
K€7-h,t K

- > /F(<VU>'n[<P]+9<V50>~n[uD ds

rerf,
- / (Vu-ng+0Vyp-nu) ds,
KTy, )oK~ NoQ,
Interior and boundary penalty:

(22)  LwmeH=cw S AT / () [¢] dS

reri,

(2.3) tew 3 A / wpds,

KT K~ N,
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Complete diffusion form:

(2.4) Ap(u, @, t) = eap(u, o, t) + € Jp(u, o, t),

Reaction form:

(2.5) Z / cup dz.

KGTht

We consider § = 1, § = 0 and § = —1 and get the symmetric (SIPG), incom-
plete (IIPG) and nonsymmetric (NIPG) variants of the approximation of the diffusion
terms, respectively.

It is important to discretize the expression [ (w - Vu)pdz in a suitable way.
Applying Green’s theorem, we get

(2.6)
/(w-Vu)gpdx:—/ uV - (pw)dr + (w-n)updS
K K oK
:—/ uV - dac+/ (w - nu<pd5+/ (w-n)updS.
K K~ K+

Then we approximate the expression [ (W - Vu)pdr in the form

(2.7 /('w Vu)godxrvf/ uV - (pw)dz + Z /HuF ,u%R) nr)edsS,
K K

TCOK

where H is the numerical flux defined with the aid of upwinding:

_Jw-nu, ifw-n<o,
(23) Hl gy ={ e Bl
and H(u1,us,n) = w-nup on 0K~ NIY; (this numerical flux is Lipschitz continuous
in wuy,us, consistent and conservative (see [5], Section 3.3.). We use the notation
[u] = u —u~, where by v~ we denote the value of u from outside of the element K
on 0K ~. Then substituting (2.8) into (2.7) we get the relation

(2.9) / (w - Vu) pdx

K

—/uV-((pw)dac—i— / (w-n)u”pdS + / (w - n) updS

K OK~— OK+

- / uV - (pw) dz + / (w - n)updS — / (w - n) updS
K oK OKTUIK~

+ / (w-n)u”pdS + / (w - 1) updsS.
oK~ oK+

Applying the Green theorem to the first term on the right-hand side of (2.9), we find
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that

(2.10) [ (w - Vu) pdz

= [ (w- Vu) pdz + / (w-n)(u” —u)pdS
0K~
(w - Vu) pdz — / (w-n)u]ledS — / (w-n)(u—up)pdS.

OK—\09Q, OK— Ny

N R A

On the basis of this relation, we define the convection form

(2.11) by (u = > /'w Vugdr

KeTh
- Z / (w-n)updS — Z / n)[ulp dS.
KT, JoK-noe, KeT,, oK~ \an,

and the right-hand side form

(212) l(pt)= Y /gcpderecW > h(I)” /uDngS

KETh. rerp,
/ (w-n)upepdsS.
OK~NoQ

-y / OV -nupdS —
OK—NoQ

KeTh¢ KeTn,t

Further, we set

1/2
(pt) = [ v ||w||w=( / |<p|2dx> ,

19llep o = || /Tl )

where w C R?, ¢ is either a subset of 9Q or OK and m denotes the corresponding
outer unit normal to 92 or 0K, provided the integrals make sense.
Let p, ¢ > 1 be integers. For any m = 1,..., M and ¢t € [0,7T] we define the
finite-dimensional spaces
Shi={pe L*(Q); ¢k € PP(K), K € Ty, t€1[0,T]},
S§P1={pe L*(Qr); ¢ =¢(z,t), for each X € Q
the function ¢(A.(X),t) is a polynomial

L2(o)

of degree <gqint, ¢(-,t) € S}Z:,,t for every t € I,,,, m = 1,...,M}.

DEFINITION 2.1. We say that function U is an approximate solution of problem
(1.5)-(1.7), if U € Si’% and

(2.13)/} (DU, @), + An(U, @, t) + b (U, @, t) + cn (U, @, t)) dt

m

T N /zh ooty dt Ve ST, m=1,... M,

(2.14) Uy €5, (Uy — uo,vh) =0 Vo, €S,
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The discrete problem is constructed in such a way that it is consistent, which means
that the exact solution u € H?() satisfies identity (2.13), when U is replaced by u.

3. Investigation of the stability. Our goal is to prove the uniform stability
represented by an estimate of the approximate solution in suitable norms by data
with constants independent of h, 7 and the diffusion coefficient €. Since this analysis
is rather complicated, it is possible to give here only a brief description of results and
of their proofs.

In our further considerations for each ¢ € [0, T] we introduce a system of conform-
ing triangulations {7h.t}he(0,ny), Where hg > 0. We assume that it is shape regular
and locally quasiuniform. This means that there exist positive constants cg and cg,
independent of K,T',¢ and h such that for all ¢ € [0, 7] it holds

h
(3.1) K <ep forall K€ Ty,
PK
(3,2) hKf“L) < CQhKliR>, hKlgR) < CQhKéL) forall T e ]:}{,t'

Under these assumptions, the multiplicative trace inequality and the inverse inequality
hold. Moreover, we assume that

The ={K: = Ai(Ko); Ko € Tho}-

This assumption is usually satisfied in practical computations, when the ALE mapping
A is a continuous, piecewise affine mapping in € for each ¢ € [0, T].
In the space H'(2, 75.+) we define the norm

1/2
lelpa:=| D lelinu + Jale @:t)
KeTh
Moreover, over 0f) we define the norm
1/2
lupllpee:r = | ew Z h_l(r)/ lup|?dS
KeTn. OK—No%Y,
If we use ¢ := U as a test function in (2.13), we get the basic identity
(3.3) / (DU, U)g, + An(U,Ust) + b (U, U, ) + e (U, U, 1)) dt
Im

+{Um-1,Us Ve, :/ (U, t) dt.
I

Let us denote

1
(3.4 o) =3 2 (IU13.0xn00 + U110 0x-00) -
KeTy,

For a sufficiently large constant ¢y, whose lower bound is determined by the constants
from the multiplicative trace inequality, inverse inequality and local quasiuniformity
of the meshes, we can prove the coercivity of the diffusion and penalty terms:

€
(3.5) /1 An(U, U, t) dt > 5/1 1U1[De, dt.
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Furthermore, for every k; > 0 the following inequalities for the convective term,
reaction term and for the right-hand side form hold:

(3.6) /I b (U, U, 1) dt — /I

m m

(3.7) / \ch(U,U,t)|dtgcc/ U8, dt,

I, I,

(U(U) —% i U2V-wdx) dt,

1
68) [ m@old<s [ (g, + 101, @

I, m

€
teky / Junlfba, dt+ 1 / 1013 dt.

m m

The proof of (3.7) follows immediately from the definition of the form ¢, and the proof
of (3.8) is a consequence of the definition of the form I;, and the Young inequality.
However, the proof of (3.6) is rather complicated and technical and will be contained
in a paper in progress.

In what follows, we are concerned with the derivation of inequalities based on
estimating the expression f I, (D:U,U)q, dt. By a simple manipulation we find that

(3.9) / (DU, V), dt + ({Ubm 1, U,
I"7L
1 _ _
> L (W0l ~ Uil + bl )

1
—5/ (U%V - 2)q, dt,

m

and
(3.10) / (DU, U), dt+ (U1, U e,
I,
1 B 1 _
> (Ul + 51051 R,, )~ Ut Uoa,

1
”/ (U%V - 2)q, dt.

2 Jr,

Taking into account that o(U) > 0 and w = v — z and putting k; = 4, from (3.3)
and (3.5)—(3.9), we get the relation

(3.11) U, ~ 105, = [ (U9 ), de

m

1

€
+/ (26—1,U2)Q,,+*/ U, dt
I 21, ’

m

<o / (lgl3, + luplBan.) dt

Im

with a constant ¢; independent of data, h, 7 and €. First, let us assume that

(3.12) 2¢(z,t) = V- v(z,t) > 1, xzey, te(0,T).
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Then the summation of (3.11) over m =1,...,k < M yields the estimate
¢k
(313) Ul +5 3 [ 101Bedt
m=1 m

k
AT / (93, + luplben.,) dt.
m—1 m

which proves the stability.

If condition (3.12) is not valid, then the stability analysis is more complicated.
In this case, instead of (3.11) we get the inequality

_ _ €
(3.14) Ul = nalls, , +5 [ 10TBeede
k
<oy / (912, + luplBen,) dt +ca / U3, dt,
m—1Y1m m

where the constants ¢y and ¢y are independent of h, 7, € and of the data g, up.

It is necessary to estimate the term [ I, \o H%, dt. It is rather technical and the
proof has been carried out for ¢ = 1, i.e., for piecewise linear time discretization.
Then similarly as in [1] it is possible to show that there exist constants Ly and M;
such that

Ly
(3.15) Ul + 10l = 72 [ U1,
M,
0l < [ IO
m Tm I

m

This allows us to prove that there exists a constant ¢* > 0 depending on ¢y and L,
such that

8M;

261 _
(316) [ 10 < Porn [ (gl +lunlben) di+ S rlUl,,
1

1
m I m

holds, if 0 < 7,,, < c*.
Now, by virtue of (3.14) and (3.16), the summation over m =1,...,k < M and
the application of the discrete Gronwall lemma we get the following result.

THEOREM 3.1. Let g =1 and 0 < 7, < ¢*. Then there exists a constant cg > 0
independent of h, T, e such that

B m € m
BA7) U, + {U;-1}I&,, , + 52/} 1Ul5e,; dt
j=1 j=171;

_ 2coc”
<ec U3 +c (1 +
3 H 0 ”Qto 1 I,

m
)3 [ (ol + hunlpes.) dt |
j=1"71i ’

m=1,..., M, he(o,ho).
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