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DISCRETE LYAPUNOV THEORY FOR EVOLUTION FAMILIES

P. PREDA anp C. L. MIHIT

ABSTRACT. The aim of this paper is to obtain some necessary and sufficient con-
ditions for the uniform exponential dichotomy of discrete evolution families in
Hilbert spaces. We prove the discrete versions of some theorems from [17], [18]
for Cp-semigroups, differential systems and we use them to obtain Lyapunov type
results. Also, we get generalizations for abstract evolution families.

1. INTRODUCTION

An important role in the study of asymptotic behavior of evolution families is
represented by the results of Lyapunov type.

The theorem of A. M. Lyapunov states that if A is an n X n complex matrix,
then A has all its characteristic roots with real parts negative if and only if for
any positive definite Hermitian matrix H, there exists a unique positive definite
Hermitian matrix W satisfying the equation

AW + WA= —H,

where * denotes the conjugate transpose of a matrix (see [1] for details).

This result was extended by M. G. Krein and J. L. Daleckij in [5]. They proved
that the semigroup 7'(t) = e*4 (with A a bounded linear operator) is exponentially
stable if and only if there exists a bounded linear operator W, W > 0 (more
precisely, there exists m > 0 such that (Wx,z) > m||z|| for all z € X) as a
solution for the autonomous Lyapunov equation

AW +WA=—1I.

Also, R. Datko [6] showed that a Cy-semigroup {T}};>0 on a Hilbert space X
is exponentially stable if and only if there exists a bounded linear operator W,
W* =W, W <« 0 such that

(Az, Wz) + (Wz, Az) < —||z|)? for all x € D(A),

where
w in X} and Az = lim M

D(A)={z e X :3 lim
t—04 t—04 t
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Other important results were obtained by C. Chicone, Y. Latushkin [2], L. Pan-
dolfi [13], A. Pazy [14] for the case when A is an unbounded operator.

A generalization of exponential stability is the so-called dichotomic behavior. In
the same paper from 1974 ([5]), the authors showed that the semigroup 7'(t) = e*4
is exponentially dichotomic if and only if the autonomous Lyapunov equation has
a bounded linear self-adjoint solution W.

Other results by exponentially dichotomy for Cy-semigroups were obtained by
K.J. Engel, R. Nagel in [8] and P. Preda, M. Megan in [17], more precisely they
generalized the result of exponential stability, obtained by R. Datko [6], to uniform
exponential dichotomy.

The case of linear differential systems

(4) #(t) = A(t)z(t),

was studied by W.A. Coppel who in 1978 obtained that in finite dimensional
spaces, the differential system (A) is exponentially dichotomic if and only if the
non-autonomous Lyapunov inequality

W(t) + A* ()W (t) + W()A(t) < —I  forallt >0
has a bounded self-adjoint solution (see [4, page 59, Proposition 1 and Proposi-
tion 2]).

In [11, Chapter 9], J. L. Massera and J.J. Schéffer proved that the existence of
the Lyapunov function ensures a dichotomic behavior for the differential system
(A) if the subspace X» (which is a complement of the space of initial conditions of
initial solutions for the system (A), denoted X ) is finite dimensional. This fact is
mentioned in terminology [11] in the form of X; has a finite codimension.

In the literature relating to the asymptotic behavior of solutions of the differ-
ential system (A), the hypotesis A € M;(B(X)) is used frequently which means,

t+1
sup/ |A(u)||du < oo
>0

and according to the references [5], [11], this ensures the uniform exponential
growth property of the evolution family ® (generated by the differential system
(A)), i.e., exist M,w > 0 such that

[®(t, to)|| < M el for all t >ty > 0.

The extension of Datko’s result from stability (see [7]) to dichotomy was made
by P.Preda and M. Megan [18] for differential systems and for abstract evolution
families (i.e. not necessary provided by a differential system).

Concerning the discrete-time approach, we can mention the papers of C. V.
Coffman, J. J. Schéffer [3], La Salle [9], M. Megan, B. Sasu, A. L. Sasu [12], M.
Pinto[15], A. Pogan, P. Preda, C. Preda [16] and P. Preda, A. Pogan, C. Preda
[19]. Also, K. M. Przyluski [20] and K. M. Przyluski, S. Rolewicz [21] showed
applications related to the discrete theory of stability for linear infinite-dimensional
continuous-time systems.
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In this paper, our aim is to give new results for uniform exponential dichotomy,
in the discrete case for Cy-semigroups, differential systems and abstract evolution
families in Hilbert spaces. We prove firstly the discrete versions of some theorems
from the continuous case from [17], [18], and then use them to obtain the results
of Lyapunov type.

2. PRELIMINARIES

Firstly, we establish the main notations and we recall some definitions used in the
present paper.

Let X be a Hilbert space with the inner product (-, -) and B(X) be the Banach
algebra of all linear and bounded operators acting on X. The norms on X and
B(X) are denoted by | - ||. Also, Ry = [0, 00), N represents the set of nonnegative
integers and N* = N~ {0}.

Definition 2.1. A family {T}};>0 of linear and bounded operators on X is
called a Cy-semigroup if the following conditions hold:
(i) T(0) = I (where I is the identity on X);
(i) T(t+s)=T(t)T(s) forall ¢,s>0;
(iii) lim T(t)x =« for all z € X.
t—04

We suppose that the subspace X7 = {x € X : T(-)xr € L*(X)} is a closed
subspace in X, where L>°(X) represents the Banach space of X-valued functions
f almost defined on Ry, f is strongly measurable and essentially bounded. By
X, we denote a complement of X; and a projector by P, (P, € B(X), P? = P,
Ker P, = X5). Also P, =1 — P;.

Definition 2.2. We say that {1} }:>0 is ezponentially dichotomic if there exist
Ny, Na, v > 0 such that:

(i) IT#)z|| < Nye “t|z| forall z € Xq;

(i) || T(t)z|| > Nae’'|jz| for all z € X,.

Definition 2.3. A family of operators ®: {(n,n9) € N x Nyn > ng} — B(X)
is called a discrete evolution family if the following properties hold:

(i) ®(n,n) =1 for all neN;
(ii) ®(n,m)®(m,ng) = ®(n,ng) forall n>m >mngy, n,m,ng € N.

Remark 2.1. If in addition to the conditions (i), (i) from Definition 2.3, there
are M, w > 0 such that

|®(n, ng)|| < M e (n=m0) for all n > ng > 0,

then {®(n,n0) }n>ne>0 is called a discrete evolution family with uniform exponen-
tial growth.

We assume that for every ng € N, the vector subspace

Xi(ng) ={z € X : (-, np)z € I*°(X)}
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is closed in X, where
1°(X) ={2: N—= X :sup ||z,|| < oo}
neN
By X2(ng) we denote a complement of X;(ng) and a projector by Pi(ng) (i.e.

Pyi(no) € B(X), P%(no) = Pi(ng)) such that Ker Pi(ng) = Xa(ng) and Py(ng) =
I — Pi(ng). Also P;(0) is denoted by P;,i =1,2.

Definition 2.4. A discrete evolution family {®(n,n¢) }n>n,>0 is uniformly ez-
ponentially dichotomic if there exist the constants N1, No, v > 0 such that:

(i) |®(n,no)z|| < Nye*(=m0) ||z|| for all x € X;(ng), n > ng;
(ii) ||®(n,no)z| > Nye¥™=m0) |||, for all = € Xa(ng), n > no.

Definition 2.5. A function P;: N — B(X) is called a dichotomy projector
family if:
o Pi(n)®(n,ng) = ®(n,ng)P1(ng) for all n > ny;
e O(n,ng): Ker Pi(ng) — Ker Pi(n) is an isomorphism for all n > ng;
o the discrete evolution family {®(n,n¢)}n>ne>0 is uniformly exponentially
dichotomic with X7i(ng) = Im P;(ng).

Also, we present an auxiliary lemma as follows:

Lemma 2.1. Let 1)(n), p(n) be two positive functions, n € N.
If ingp(n) < 1 and ¥(n) < p(n —no)(ng) for all n > ng > 0, there exist
ne

N,v > 0 such that
Y(n) < Ne V(07m0) 4)(ng) for all n > ng > 0.
If sup p(n) > 1, and ¥(n) > p(n —ng)v(ne) for all n > ng > 0, there exist
N’,V’niNO such that
P(n) > N’ e’ ("=70) 4 (ng) for alln > ng > 0.
Proof. Is similar to that of [10, Lemma 5.3]. O
Definition 2.6. The differential system (A) @(t) = A(t)z(t) is said to be

uniformly exponentially dichotomic if there exist IV, v > 0 such that:
U PLU(s)] < Ne (=9 for all t > s > 0;
|U#)PU ()| < Ne v(s70 for all s > ¢ > 0.

In the following we recall characterizations for the dichotomy of a Cy-semigroup

and differential systems in Banach spaces, results that will be used in our discrete
researches into the dichotomy of a Cy-semigroup and differential systems.

Theorem 2.1. ([17], Corrolary 3.2) Let T'(t) be a Cy-semigroup of linear oper-
ators defined on a Banach space X. Then T(t) is exponentially dichotomic if and
only if there exist m,c > 0 and p > 0 such that:

o0
. /HT(u — O Pi|Pdu < & - | PP,
t
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. /HT(s)PQprds < & | T Poz|?,

0
o ||T(1) Pex|| = m| Pox||
forallt >0 and z € X.

Theorem 2.2. ([18], Corollary 3.2 and Corollary 3.3) The differential system
(A) &(t) = A(t)x(t) is uniformly exponentially dichotomic if and only if there exist
N,p >0 such that'

@ U@ P Ol sN f0rallt>0

1/p
(ii) /||U PlU (t)x deT + /||U(T)P2U71(t)I||pdT) < N||z|
0
forall t>0, zeX.

3. THE DISCRETE LYAPUNOV METHOD FOR THE DICHOTOMY
OF Cy-SEMIGROUPS
Firstly, we obtain the discrete version of the Theorem 2.1 as follows:

Proposition 3.1. If there exists L,p > 0 such that:
(i) X IT(Hk)z|P < oo forall z € Xi;
k=0

n—1 1
(ii) ( > \|T(l<:):z:||p) P < LT(n)z|| forall n>1, € Xo
k=0
then {T;}t>0 is exponentially dichotomic.

Proof. Let x € X1, t >0, k= [t], (where [-] represents the largest integer less
than or equal to t). We have that
IT@)x]| = Tt = )T (k)x|| < M e ||T(k)x],

and then
1

k=0
It follows that

|T(t)z||Pdt < (M e®) ZHT )z||P < oo.

(1) /||T(t)x||”dt oo forallze X,.

Taking now x € Xo, t >0, 7 € [0,t], n=[t], k=][r], we get
1T(r)z|| = T (T = K)T(k)z| < Me* [[T(k)x|.

Proceeding similarly as above, we obtain

n k1 n

> / IT(r)e|Pdr < (M )Py |T(k)z|? < (M e L)P|T(n + )z,

k=0 %, k=0
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which implies
n+1
/ [T(r)z||Pdr < (M e L)P|T(n+ 1 = t)[[P[|T(t)x]|".

Thus,

1

/||T a?deT E < (M e*)?L|T(t)x|| forallt>0, x € Xy.

By (ii), it results that
1
(3) IT(1)z| > E||x|| for all z € Xy.

From the relations (1), (2), (3) and Theorem 2.1, we obtain that {7} };>¢ is expo-
nentially dichotomic. Il

Proposition 3.2. If T(n)P; = PiT(n) for all n €N, where P,X = X, then
{T};}1>0 is exponentially dzchotomzc if and only if there exist L, p > 0 such that

() > ITR)zl? < 00 for all =€ Xy;
k=0
n—1 1
(i) ( > HT(k:)xHP) "< L|T(n)x| for alln > 1, x € X.
k=0

Proof. Necessity. We assume that {T}};>0 is exponentially dichotomic. By
Definition 2.2, we have

P

B NI
Z 1T (k)2 < kazoe PP = =5 il < oo

for all xEXl, p>0. Let now z € X, n>1, k€ {0,1,...,n—1}. Then
|IT(n)a|l = | T(n = k)T (k)z|| > Nz e || T(k)z||,

which implies

n—1
1
—vp(n—k) -
> IT (Ml < 55 L5 et b [ 7(myelp < e 1T
k=0 k=0
We obtain
3 1
(Z T (k x||p)P Il forallnz 1, € X,
Ny(1 - e
Sufficiency. It follows from Proposition 3.1. O

Theorem 3.1. Let {T}};>0 be a Co-semigroup. If there exists W = W* € B(X)
such that:

(i) T*(n)WT( )+ZT* k)T(k) <W for all n e N*;
(i) Wz, z) >0 forallxeXl,
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(i) (Wz,z) <0 forall z € Xo,

then {T}}i>0 is exponentially dichotomic.

Proof. Let x € X;. From (i), we have

(WT(n) ) + Z T (k)| < (W, z).
Thus
Z IT(k)z]|? < [(Wa,z)| < W] ||z forall n > 1.
We obtain
(4) i IT(E)z||> < |W]| - ||z||* < oo for all z € X;.

k=0
Setting now x € X5, n > 1 and proceeding similarly as above we obtain
Z IT(B)z||> < (Wa,z) — (WT(n)z, T(n)z)

< |(WT(n)a, T(n)x)| < [W]| - I T(n)z]?,

which implies

n—1 1
5) (Y ITwal?)” < VIV Tl foralln>1, o € X,
k=0

From (4), (5) and Proposition 3.1, it follows that {T}};>0 is exponentially di-
chotomic. O

Theorem 3.2. Let {T;},>0 be a Co-semigroup with T(n)Py = PiT(n) for all
n € N, and there exist n € N such that T(n) restricted to Xo is surjective. If
{T3}i>0 is exponentially dichotomic, then there exists W = W* € B(X) such that:

(i) T*(n)WT(n) + E T*(k)T (k) <W for all n € N*;

(i) (Wz,z) >0 forall ze Xq;
(iil) (Wz,z2) <0 for all x € Xs.

Proof. Let W =2 5% (T(K)P) T(k)Pr —2 35 (T} (k) ) T~ () P
Using Definition 2. 2 We obtain

— 1 2 1
2 \—2vk —2vk 2
|\W||<2ZN +2};@e S (N1+N22>,
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so W € B(X) and from the properties of the self-adjoint, we obtain W = W*.
Then

T*(n)WT(n)

S T ) (TR P TR PT(n) — 23 T () (T (K) Po) T (K) Py ()
k=0 k=1

=2 (T(k+n)P)*T(k +n)Py —2 i(T‘l(k)T(n)Pz)*T_l(k:)T(n)Pz
k=0 k=1
=2 Z ()P —2 zn: —k)P)*T(n — k)P,

—9 Z (T(R)T(k — 1))~ T (n)Ps)* T~} (k — n) Py

k=n-+1

722 P172Z Przz (i) Py
_W—QZ P1—2Z T(i)Ps.

We get
n—1
)+ 2 Z (i) Py + 2 Z Py =W.
But
o S on)TORE) +2 S0P TO )
()Pyz,x (i) Pyx, x
=0 =0
n—1 n—1
=2 |IT()Pua|® +2 ) T () Po]|*.
1=0 1=0
Therefore,
n—1
(Wa,z) = (WT(n)z, T(n)x) + 2> (IT(0) )| + ||T(i) Pox|®)
=0
> (WT(n +Z||T )(Py + Py)z|?
=(WT(n +Z )z, x) forallz € X, n>1.

It results that

WT(n)+ > T*(i)T%) <W  forallneN".
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For x € X, we obtain

(Waz) =23 |T(k)z]* >0
k=0
and if x € X5, then

(We,z) = -2 [T(kR)e|? < 0.
k=1

4. THE DISCRETE LYAPUNOV METHOD FOR THE DICHOTOMY
OF EVOLUTION FAMILIES

Proposition 4.1. Let {®(n,no)}n>n,>0 be a discrete evolution family such
that there exist L,m > 0 and p > 1 such that:

0o 1
() (3 Ik no)z|?)” < Liall for all z € X(no), no € N;

k=ngo

n—1 1
() (= 19k no)al?)” < LI®(n,no)el for all @ € Xa(no), n > no+1;
k):no

(iii) [|®(n+ 1,n)z| > ml|lz|| for all x € X3(n), n € N.
Then {®(n,n0) }n>ne>0 @8 uniformly exponentially dichotomic.
Proof. Let x € X1(ng),n > ng and k € {ng,no +1,...,n}. We have
[®(n, no)x|| = [[®(n, k)@ (K, no)z| < L|®(k, no)x|,
and then

(n—no + D) ®(n,no)z|[? < L Y || @ (k, no)al|P < L |a||P.

k?:’rlo
We deduce that
L2
[|®(n,ng)zx| < =z for all n > ng, = € X1(nop).
n—ng+1)r
Taking now n > k > ng, € X1(ng), we get
L2
[®(n, no)x|| = [[@(n, k)@ (K, no)z| < ————=[|®(k, no)z||
(n—k+1)»
and by Lemma 2.1, it follows that there exist Ny, v > 0 such that
|®(n,no)z|| < Nye "R ||®(k,ng)z||  for all n >k > ng, = € X1(ng).
Thus,
6)  ||®(n,no)z|| < Nye ¥ m0) ||z||  for all n > ng, x € X;(no).

Let n > ng + 1,2 € Xa(ng). We denote

om) = 3 8k, no)z|?

k:’no
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and by (i), we obtain
o(n) < LP||®(n,no)z||? for all n > ng + 1.

Thus,
n—1 n—1
(n—no—DlzP < > @k) <LP > [|®(k,no)a|” < L*||®(n, no)z|”,
k=no+1 k=ng+1
which implies
( 1)
|1®(n, no)z|| > %Hxn for all n > ng + 1,7 € Xo(ng).

1
We deduce that ||®(n,ng)z| > m_iigl)pﬂé(k,no)xﬂ forall n >k > nog+1,
xr € XQ(TLQ).
Applying Lemma 2.1, we obtain that there exist No, v > 0 such that

(7) |®(n,n0)z| > Nye™=m0) |z|| for all © € Xa(ng), n > no.
From relations (6), (7) and Definition 2.4, we obtain that the discrete evolution
family {®(n,n0) }n>ne>0 is uniformly exponentially dichotomic. d

Theorem 4.1. If there exist m > 0 and W: N — B(X) bounded, W(n) =
W*(n) for all n € N, such that:

(i @*(n,ng)W(n)fb(n,no)—J—nil O*(k,ng)®(k,no) <W(ng) for all n>ng+1;

)
(ii) (W(n)x,z) >0 for all I;cigOXl(n), n € N;
(iii) (W(n)z,z) <0 for all z € Xa(n), neN;

(iv) |®(n+ 1,n)z| > m|z|| for all x € X3(n), neN.
Then the discrete evolution family {®(n,no) tn>n,>0 i uniformly exponentially
dichotomic.

Proof. Let x € X1(no), n > ng + 1. According to the hypothesis, we have

z_: 1@ (k, no)[|* < (W(no)z, z) — (W (n)®(n, o)z, ®(n, no))
kZTL(J
< [(W(no)z, z)| < [W(no)ll - |lz[|* < Lll[|*,

where L = sup ||W(n)]|. It follows that
neN

(8) ( 3 ||<I>(k,n0)x||2)§ <VI|z| forallng €N, z € Xi(no).
k‘:no

Let € X5(ng), n > no+ 1. Then
n—1
Z |®(k,n0)z||* < (W (ng)z,z) — (W (n)®(n,no)z, ®(n,no)z)
k:no

< [(W(n)@(n,no)z, ®(n,no)z)| < L[| ®(n, no)z|®

— Y
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which implies

1
(Z ||Q>(k,n0)x||2)2 <VIL|®(n,no)z| for all n>no+1, x€ Xa(no).

k‘:no

From (8), (9), (iv) and Proposition 4.1, it follows that the discrete evolution family
{®(n,n0) }n>no>0 is uniformly exponentially dichotomic. O

Theorem 4.2. If P;: N — B(X) is a dichotomy projector family associated to
a discrete evolution family {®(n,no)}n>ne>0, then there exist m >0 and W: N —
B(X) bounded, W(n) = W*(n) for all n € N such that:

n—1
(i) @*(n,mo)W(n)®(n,ng)+ >, ®*(k,no)®(k,no) < W(ng) for alln > no+1;
k}_no
(W(n)x,z) >0 forall x€ Xi(n), neN;
(Wn)z,z) <0 forall v € Xa(n), neN;
m||z|| <||®(n+1,n)x| forall x € Xa(n), neN.

(iii

(iv

)
(i)
iii)

)
Proof. Let W: N — B(X),
=2 Z (k,n)Py(n))*®(k,n)Py(n)

- 22 (n, k) Py(n))*® ' (n, k) Py(n)

It follows easily that W is bounded and W (n) = W*(n) for all n € N, Thus,
D" (n,ng)W(n)®(n,ng)
=2 Z ®*(n,ng)(P(k,n)P1(n))* @k, n)Pr(n)®(n,no)
-2 z_: ®*(n,n0) (@~ (n, k) Pa(n))* @~ (n, k) Py(n)®(n, ng)
=2 (®(k,n0)Pi(no))" ®(k,n0) Pi(no)

-2 (@ (n, k)®(n,n0) Pa(no))* @1 (n, k)®(n,n0) Pa(no)

-2 Z (@ (n, k)®(n,n0)Pa(no))* @ (n, k)®(n,no) Pa(ng)
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=2 Z ]ﬂ no P1 no)) @(lf TL() P1 ’no QZ k no P1 no)) @(k,’no)Pﬁ(no)

k=ng k=ng
nog—1
—QZ no k P2 no)) ‘1371(110 k P2 no QZ k ’no PQ ’no ) ‘b(k/no)Pz(no)

k=ng

’rlo -2 Z k’ no P1 no)) (k),no)Pl(’l’Lo)

k=ng

-2 Z k no PQ n())) (I’(k,n())PQ(TLo).

But
2< z_: (‘I)(k’,no)Pl(no))*q)(k,no)Pl(no)l‘,.’E>
k=ng
+2( 3 (D (k, o) Pa(no))* ®(k, no) Pa o), )
k=ng
n—1 n—1
=2 [|®(k, n0)Pr(no)zl|* +2 > [[®(k, no) Pa(no)z|*.
k=ng k=ng
We obtain
(W (ng)x,z) = (W(n)®(n,ng)z, ®(n,ng)z)
+2 z_: (| (k, 10) Py (no)z||* + [|®(k, no) P2 (n0)[|*)
k=ng
> (W(n)®(n,ng)z, ®(n,ng)z Z |®(k, no) || for all z € X.

k’ﬂo

It results that

D" (n, ng) W (n)®(n,ng) Z D" (k,ng)®(k,no) < Wi(ng) forall n>mng+ 1.

k‘no

If x € Xy(n), then

(Wn)z,z) =2 Z |®(k,n)z||* >0
k=n
and for € Xa(n), we have

(W (n —f22||<1> (n, k)z|? < 0.
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By Definition 2.4, we obtain
|®(ng + 1,n0)z|| > Nae” ||z]| for all ng € N, z € Xa(ng).
O

Theorem 4.3. If there exist m > 0 and W: N — B(X) bounded, W(n) =
WH*(n) for all n € N such that:

n—1
(i) @*(n,no)W(n)®(n,ng)+ >, ®*(k,ng)P(k,no) < Wing) foralln > no+1;
k:’ﬂo
(ii) W(n)x,x) >0 forall x € Xy(n), neN;
(iii) (W(n)x,z) < —mlz||®> for all x € Xa(n), n €N.
Then the discrete evolution family {®(n,no) tn>n,>0 i uniformly exponentially
dichotomic.

Proof. Denoting L = sup ||WW(n)||, we obtain in a similar way as in Theorem 4.1
neN
that
00 1
(10) ( 3 ||<I>(k,n0)xH2>2 <VI|z| forallmeeN, z € X;(no)
k‘:no
and
n—1 1
(11) ( 3 ||<I>(k,n0)x||2)2 <VIL|®(n,no)z|| for all n>no+1, x€ Xa(no).
k:n()
Now we take © € X5(ng), no € N. By (4) and (iii), we obtain
(W(no 4+ 1,10)®(ng + 1,m0)x, (no + 1,n0)z) < (W(ng)z,z) < —ml|z|?
and then
m||z||* < —(W(no + 1,10)®(ng + 1,n0)z, ®(ng + 1,n0)x) < L|®(no + 1,n0)z>.
It follows that

(12) |®(no + 1,n0)z|| > ,/%Hx” for all x € X3(ng), no € N.

From the relations (10), (11), (12) and Proposition 4.1, we deduce that the discrete
evolution family {®(n,n9)}n>n,>0 is uniformly exponentially dichotomic. O

5. THE DISCRETE LYAPUNOV METHOD
FOR THE DICHOTOMY OF DIFFERENTIAL SYSTEMS

In the following we consider A: Ry — Li (Ry,B(X)), where Ll (R4, B(X)) is

the space of strongly measurable and locally Bochner integrable functions with
SUP;>0 fttH [|A(7)||dT < oo. It is known that the differential equation

(A)a(t) = A(t)x(t),
has the general solution given by

x(t) = (I)(t, to)l‘o,
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where ®(t,tg) = U(t)U~'(tg) and U is the solution of the operatorial Cauchy
problem

U(t) = A()U(t)
U0) =1,

xg € X (see [5], [11] for details). We obtain a similar result to that one in

Theorem 2.2 for the discrete case, by replacing the Lebesgue measure with the

counting measure.

Proposition 5.1. If A € M;(B(X)), then (A) is uniformly exponentially di-
chotomic if and only if there exist L,p > 0 such that:
() [Um)PU Y (n)|| <L forall neN;
. e _1 1/p n . 1/p
6) (S IURPU el ) "+ (S [UEBU m)el7) < Lal
foriall neN, reX. B

Proof. The necessity is a simple verification of the inequalities (7) and (i7), using
Definition 2.6.
For the sufficiency, we take ¢t > 0, n = [¢t] . Then

IUOPU ) = [UGU U ) U™ (m)U @)U (1) < L(M ¢)?.
Putting now L; = L(M e*)?, we obtain
(13) \U@PU )| <Ly forallt>0.
Let t >0, 7>t+1, n=[t], k=[r] and z € X. Weget k >n+1 and
|U(r)PL U ()z|| = |U(T) U (k)U (k)PLU H(n+ 1)U (n + 1)U (t)z||
< (Me?)?|UR) U (n+ 1) - [|]].

Therefore
k+1

/ U PUT ()||Pdr < (M )P ([U(K)PLU ™ (0 + DIP - J|”
k

and
> IU(NPU )z|Pdr < (M) > |[UR)PU (n+ 1|7 ||z]?
k=n+1 % k=n+1
< LY||=|P.
We obtain

(14) (/ U@ PU Balpdr) " < Lijle]|  forall 120, 2 € X.
t

Takingnow 7 >0, t >7+1, n=[t], k=[r] and z € X, we haven > k+1 and
IU(r)PU )zl = [U () U™ (k + 1)U (k + 1) P,U ™ (n)U (n)U " (t)|
< (M e)?|U(k+1)PU ()] - [|]].
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Proceeding similarly as above, we obtain

n—1 k+1 n—1
> [ WEORU @alrar < e UG+ DPU @] -l
k=0 7. k=0

< (e Y UG RU @)l < L el
that is equivalent to -
[1w@ P @alrar < Lol
But

/||U VPU x||pd7f/||U VPU ()x||pd7+/||U YPU 1 (t)z||Pdr

< LY|jz||P + / |U(HU U ) PU (t)z|[Pdr

< (LY + (Me Y (L4 1)P)||z|?, forallt >1, z € X.
If ¢t € [0,1), then

/wWﬂ%UA@ﬂWhSUW&V@+DWﬂVSLﬂMﬂ
where Ly = LY 4+ (Me“)P(L + 1)P. Finally, we have
1/p
(w)(/mﬂﬂgU*@nww) <LYP|z|  forallt>0,z € X.

By (13), (14), (15) and Theorem 2.2, it follows that (A) is uniformly exponentially
dichotomic which completes the proof. O

Theorem 5.1. Let A € M1(B(X)). The differential system (A) is exponentially
dichotomic if and only if there exist L > 0 and W: N — B(X) bounded, W(n) =
WH*(n) for all n € N with the following properties:

@nmmaU*WWSLﬁrmﬁeM
(ii) ®*(n,ng)W(n)®(n,no)x + Y. ®*(k,no)®(k,no)xr = W(ng)x

k=n,
foralln,ng € N, n>ng+1, xOEX;
(iii) (W(n)z,z) >0 for allx € X1(n) = P1(n)X and n € N,
where Py(n) = U(n)P,UY(n);
(iv) W (n)z,z) <0 for all x € Xa(n) = Pa(n)X, and n € N,
where Py(n) = U(n)PU~1(n).
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Proof. Necessity. By Definition 2.6, we have that there exist IV, v > 0 such that
|U(n)PLU (m)|| < Ne v(n=m) for all n,m € N, n > m.
Putting m := n, we obtain the first assertion.
We consider W: N — B(X), n>ng+ 1,

n—1

W (n)z = Z@ k,n)®y (k,n)z — Y @3(k,n)0y(k,n)z,
k=n k=0
where ®;(n,ng) = U(n)P,U"Y(ng), i=1,2.
Using the Definition 2.6, we have
2N?

o0
W (n)z| < 2N?|z|| Ze_m = m\\%“”’

and from the properties of the self-adjoint, we get W(n) = W*(n) for all n € N.
Thus

n—1
@*(n,no)W (n)@(n,no)z + Y & (k,no)®(k, no)x
k}ZTLO
Z (n,ng) @7 (k,n)®1(k,n)®(n,ng)x
k=n
n—1

- Zq) (n,no)®5(k,n)Pa(k,n)®(n,ng)x

+Z(I) kno k"flo)

K=no
- ?(U‘l(no))*PlU*(k)U(k)PlU_l(nO)x
_ Z ))* PoU* (k)U (k) P,U ™ (ng)
+kz ) PLU* (k)U (k) PLU " (ng)
+ kz N*PoU* (K)U (k) PyU ™Y (o)
= 5: (U(k)PLU " (no)) U (k) PLU (o)

= > (Uk)PU ™ (n)) " U (k) PoU ™ (ng)a: = W (ng)
k=0

forall n,ng €N, n>ng+1, z € X.
It is easily seen that the conditions (iii) and (iv) are satisfied.
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Sufficiency. Let x € X1(ng),n > ng + 1. From (ii) we have

n—1
> @k no)al|* = (W(no)a, @) — (W (n)®(n,no)z, ®(n, no)a)
k=ng

< (W (no)z, 2)| < [W(no)|l - l=]* < sup [[W(n)]l - [l

But x € Xi(ng) implies that = U(ng)PLU 1 (ng)y, y € X and ®(k,ng)x =
U(k)PLU 1 (ng)y, y € X. We obtain

n—1
S NUEPU  (no)yl* < Ly - Ll

k:’ﬂo

where L; = sup |[W(n)|| and
neN

o7} 1
(16) ( > ||U(k:)P1U_1(nO—|—1)yH2)2 <V/Li-L|y| forall noeN, yeX.
k=no+1

Let € X5(ng), n > ng + 1. From the hypothesis we have

z_: @ (k, no)x|* = (W(no)z,z) — (W (n)®(n,ng)z, ®(n,no)z)
k=ng

< [(W(n)@(n,no)z, @(n,n0)z)| < Ly - [|@(n, no)z|>.

Putting = = Py(ng)U(no)U "1 (n)y, y € X, we get x € Xa(ng) and
®(k,no)x = U(k)P,U (n)y.

Therefore,

n—1
D NURPU (m)yll* < Lo - [ Po(m)* - lyll* < Ly - (L+ 1) |y
k):’ng

and

D NURPU (yll* < Lo-|lyl®  foralln>ng+1, y€ X,

k:’ﬂo
where L2 = Ll(L + 1)3
Putting now n :=ng + 1 and ng := 0 in the last inequality, we have

no+1 1
a7) (Y IUEPU o+ 1yl?) " < VIo- |yl forall ng €N, y € X.
k=0

By (16), (17) and Proposition 5.1, we have (A) is uniformly exponentially di-
chotomic. O
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